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Tuts new dull-emitter transmitting valve is 
capable of dissipating 60 watts continually, and 
can handle, even when working at 10 metres, 
more power than any other valve of its class. 

On a wavelength of 20 metres the input power 
should be limited to 100 watts at 1,200 volts 
D.C. and at 10 metres to 60 watts at 800 volts. 
The high emission of the filament and the care- 
ful design of the electrode system result in the 
remarkably high mutual conductance at 4:5 
mA/volt with an amplification factor of 21. 


OPERATING DATA 


Filament Voltage . ; ; . 6:0 volts 

Filament Voltage . : - . 4:25 amps. 

u alk Total emission , . 1,500 mA. approx. 
2,000 volts D.C. 
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: 5 ; h 
THE-MASTER-VALVE — “rots inosiowes #7000 
Ry 6S RE ES ST TP Anode dissipation 
(continuous operation) ; . 60 watts 
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TIME-MARKING A CATHODE-RAY OSCILLOGRAM 
By LEWIS F- RICHARDSON,-F.R.S. 


Received August 2, 1932. Read December 2, 1932. 


ABSTRACT. Time-marks have been arranged as little blurs or gaps in the trace, by 
periodically unfocusing the electron stream. The current in and voltage across a con- 
ductor can thus be recorded simultaneously with the time on a single oscillogram. 


are already available, such as the linear time-base used by Appleton, Watson 

Watt and Herd* combined with the trigger of Finch, Sutton and Tooket, 
yet these give the time as one co-ordinate and so leave only one co-ordinate for the 
phenomenon to be investigated. There is an obvious need for a different method, 
now to be described, having the advantage that both co-ordinates are allocated to 
the phenomena, say one co-ordinate for voltage, the other for current. It would be 
possible to distort the trace by an impressed ripple. In particular D. W. Dye has 
shown how to apply a small deflection either parallel to a fixed direction or radial or 
circular. But ripples are not satisfactory for two reasons: (1) the distortion hinders 
measurement; (ii) the ripple is invisible where its displacement is parallel to the 
undisturbed trace. Instead, time-marks at intervals of 10-* or 10~* sec. have been 
arranged as little blurs or gaps in a trace otherwise undistorted. 

In recent types of oscillograph (I have used that of Standard Telephones and 
Cables Ltd.) the spot is focussed by applying a suitable potential to a cylindrical 
shield surrounding the filament. The time-marks have been made by unfocusing 
the spot at regular short intervals of time, by applying to the shield a periodically 
varying potential generated by a triode oscillator of an ordinary kind §. 


A LTHOUGH excellent arrangements for recording the time on an oscillogram 


* Proc. R. S. A, 111, 672 (1926). 

+ Proc. Phys. Soc. 43, 502 (1931). 

{ National Physical Laboratory; Report for the year 1924, pp- 77) 78. 

§ Like figure 177 of L. B. Turner’s Wireless, p. 267 (Camb. Univ. Press, 1931). 
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The appearances are shown in oscillograms 1, 2, 3, 4, in all of which the two 
co-ordinates of the phenomenon depend severally on the voltage and current in a 
condenser supplied with a.c. at 50 ~ from the town mains. 

The tuning capacitance of the time-marker was placed close to the oscillograph 
so that the observer could vary the frequency of the time-marks while watching the 
oscillograph trace. But the tuning inductance was put 5 metres away to avoid its 
stray field. 

The effects of mistuning are like those seen on a stroboscope. For example sup- 
pose that by means of a frequency, known to be about 20 times that of the mains, 
20 stationary time-marks appear on the orbit of the light-spot; and that the tuning 
capacitance of the time-marker is then gradually decreased until 21 stationary marks 
appear. During this passage various appearances are seen: time-marks hurrying to 
and fro, and blurred stationary patterns of about $, 4, 4, ... of the spacing charac- 
teristic of the 20th harmonic. It is easy to recognize these intermediate patterns by 
their closeness and by their blurring, and so to avoid them. They have been avoided 
in the present work. 

To decide which way the light-spot was moving, the following experiment was 
made. The tuning capacitance of the time-marker was set to give stationary har- 
monic marks. The capacitance was then suddenly increased by a small fraction of 
the change that would produce the next lower harmonic. This caused the time-marks 
to move along the trace in the same sense as the light-spot. Thus we can put the 
head on time’s arrow. 

Some puzzling oscillograms concerning neon-lamps were resolved by the aid of 
slowly moving time-marks. A piece of trace that had appeared to be single was seen 
to be traversed by two sets of time-marks moving opposite ways. 

The following three propositions have been found very serviceable in the in- 
terpretation of oscillograms: 


I. The speed of the moving time-marks is the same fraction of the speed of the 
light-spot in all parts of its trace. 


II. When the marks are stationary, a sudden increase of the tuning capacitance 
by one five-hundredth of its effective amount, including self-capacitance, causes the 
marks to advance with one-thousandth* of the speed of the light-spot. 


III. The separation of sufficiently close time-marks is to their speed in a ratio 
which is the same for all parts of the trace. 


Proofs of these propositions are given in the Appendix. 

As this scheme has been tried out in various special forms, some of which gave 
neat definite gaps in the trace while others gave blurred patches too vague for 
accurate measurement, it may be desirable to describe the arrangements in more 
detail. 

Figure 1 shows a simple connexion. On the left F is the filament, S the shield, 
and 4 the anode of the oscillograph. The focus is adjusted by the voltage B of the 


* More accurately 1/1001. [Note added December Ry LOS. 
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No. 2. 50 X 20 marks per second. Circuit of figure 2; 


M = 129 V., K= 5oppF. 


To face page 137 
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No. 3. 50 X 86 marks per second. Circuit rather like that of figure 2. Undesirable ripple. 


lf 


No x 107 marks per sec ‘ircuit of fi 5 i 
+4. 50 X 107 marks per second. Circuit of figure I, Separate beads, easily counted. 
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battery. There was a range of about 12 volts over which the focus was moderately 
good; so the oscillating voltage supplied by the coil L had to be of this order. If 
B were set for the middle of the range of fair focus and the amplitude ¢ of the time- 
marking oscillation were large enough, we should expect a blur for every half wave. 
Actually ¢ was usually too small for that, so B was set near one end of the range, 
making only one blur in each whole wave. For example in oscillogram No. 1, the 
phenomenon had a period of 0-02 sec., the time-marker a period of o-oor sec., and 
there are 20, not 40, gaps. 

It is an advantage to have the resistance R adjustable between ro! and 107 Q, for 
by its aid the conspicuousness of the time-marks is easily controlled. The trade- 
name of the resistance was ‘‘ power-clarostat, universal range.” 


Figure 1. 


bll- a 


Iit-— — ~~ =i 


Figure 2. 


In oscillogram No. 1 the gaps are too large and the trace near the gaps too dis- 
torted. The circuit of figure 2 gave better results. . ah 

Here N was a neon (osglim) lamp to make sudden jerks of potential by lighting 
10% times per second. As the oscillator alone did not give enough volts to flash the 
lamp, the battery M was added. But even so the range from maximum to minimum 
given by the coil L had to exceed some 40 volts in order both to light and extinguish 
the lamp. The function of the capacitance K of about oolop HE is to transmit the 
jerk but to insulate for steady currents. If the potential at one side of N be steadied 
by shorting W to earth, the jerk of potential will all come on the other side of N. 
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When this was tried, the oscillograph emitted a note of the frequency of the time- 
marker, and lest the filament should be broken, the circuit was hastily disconnected. 
But a moderate resistance W might be helpful. As the jerk at the lighting of the 
osglim only lasts about 10~* sec., it seemed desirable to treat the connexion from 
N to Sin the manner customary for radio-frequency, taking care to avoid stray 
capacitances to earth and removing the choke-coil which the makers put in the cap 
of the osglim. No protective coil was needed, as the power supplied by LZ was in- 
sufficient to cause arcing. Oscillogram No. 2 was marked by the circuit of figure 2. 
It is seen that the marks are definite to 3 x 107° sec. 

Photography was difficult because the marks were seldom still for 3 seconds 
continuously. Their random to-and-fro motion along the trace was presumably due 
to variations in the frequency of the Paisley town mains; and this disturbance was 
less in the small hours of the morning. By watching the trace through a magnifying 
glass and beginning the exposure when the marks were still, relative to the crystals 
on the screen, I obtained about one successful photograph for five exposures. By 
a fortunate chance a cinematograph lens was found which had a field curved so as 
approximately to fit the end of the oscillograph like a cap. The curvature was there- 
fore opposite to that given by a simple bi-convex lens. This lens is marked “‘3} in. 
Paragon Special,”’ and is a variety of the Petzeval objective*. Ilford “‘Golden Iso- 
Zenith” plates were used with satisfaction. Almost confluent marks on the negative 
were sometimes separated by making a contact print on a process plate. 

Standards of frequency. The triode oscillator kept a frequency sufficiently steady 
for photography ; for as tested by beats against a vibrating steel bar, its frequency 
varied only by 1 part in 2000 during the course of an evening. But variations of 
several per cent from month to month, depending on the filament-temperature and 
on the potentials of the anode and grid, made it desirable to refer to better standards. 
These are well known, and include for instance tuning-forks, Campbell hummer- 
bars and wave-meterst. But perhaps I may mention that a gramophone, a pro- 
tractor and a neon lamp make a domestic stroboscope; also that a water-tube 
resonator with a telephone fixed near its mouth is a cheap and convenient in- 
strument. 

Peculiarities at 10,000 ~. The audio-frequency oscillator would not go so high 
until provided with coils of less self-capacitance. Then small time-marks got across 
mysteriously from oscillator to oscillograph even when there was no wire connex- 
ion. ‘These marks however were not of much use, because they were small displace- 
ments of the trace all parallel to one direction and therefore invisible for those parts 
of the trace that went in that direction when unmarked. The circuit of figure I pro- 
vided proper time-marks visible in all parts of the trace. The circuit of figure 2 did 


not succeed any better, owing to insufficient voltage to flash and extinguish the 
osglim lamp. 


* J. W. French, Dict. App. Phys. 4, 158. 
t D. W. Dye, “ Radio-frequency Measurements,”’ Dict. App. Phys. 


Time-marking a cathode-ray oscillogram 139 


Example of an observation to standardize a wave-meter : 


Time of day All capacitances mentioned below were those of the generator; 
a.m. and C = 0:066) nF. 
2.55 Stroboscope of 100 holes illuminated by neon lamp at the town’s frequency, 
100 revolutions in 100°Ip sec. : 
2.59 Wave-meter maximum resonance at C + 0:00036 
3.10 Photograph of oscillogram at C + 0:00016 
Bans Wave-meter maximum at C + 0:00027; 
RAS) Stroboscope as above, in 100°0g sec. 
3.30 A correction for the effect of the galvanometer lamp on the filament-current 


of the generator was easily determined by holding the same harmonic 
pattern of time-marks steady on the oscillogram while switching the lamp 
on and off. It was found that the capacitance at the time of the photograph 
should be increased to C + 0:00036, leaving the other capacitances as stated 
The change of frequency v with capacitance C, although given roughly by 
v = 1/27/(LC), is easily and more accurately determined by suddenly turning the 
knob of an air condenser so as to pass from the photographed harmonic pattern to 
the next, a change of 50 ~. In this way it was found that 50 ~ corresponded to 
o-00059uF. On projecting the photograph to form an image 44 cm. in diameter it 
was just possible to count the time-marks. There were 196 of them. 
The frequency of the wave-meter was accordingly calculated thus: 


LOO eet LOOs ssa. 36 + 27°5 50 
IO0O*Ig + 100°0, Gs (247s >: 36) 59 9792 + 4 = (9796 + 10) ~, 


an absolute determination. Another set of observations gave 9801 ~. The separation 
of these marks is about equal to the diameter of the light-spot, so that closer marks 
could hardly be resolved and there is little prospect of counting 400 time-marks on 
a single oscillogram. 
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APPENDIX 


Proofs of theorems 


Let 7 denote the time taken by the light-spot to make each circuit of its trace. 

Let (T+ ¢)/n denote the interval of time between successive time-marks ; and 
let n be an integer. 

If «=o the marks are stationary. Let us ignore in this theory those rather 
blurred stationary marks for which n is an integer plus a simple fraction such as 
1,1, 2; for it has been shown how to observe and reject such marks experimentally. 

The arcual distance S, between two successive stationary marks is travelled by 
the light-spot in a time 7/n. So if V, denote the mean speed of the light-spot for 


that part of its course, Tense (1). 


Ee, n 


dC 


L,y 
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But if ¢ > 0, consider any time-mark. Call it the zeroth mark occurring at time 
zero. The light-spot returns to the same point on the screen at the time T. But the 
nth mark has not yet arrived and so the light-spot moves on through a further 
distance S, say, to where the mth mark occurs at the time 7+ «. If S is a small 
fraction of the distance between successive marks, we see an apparent forward 
motion, familiar on the stroboscope. Let U be the speed of this apparent motion. 
It is due to an advance S during the time between the zeroth and the nth mark. 


This time-interval is T+ «. So Slur a oe Oo ee (2). 
Let V denote the speed of the light-spot for the arc S. Then 
S2V.c = oa eee (3)- 
Here S is so small that V is indistinguishable from the instantaneous speed of the 
light-spot. 
Eliminating S between (2) and (3), 
U=V ae eee (4). 


Now e/(7' + «) is independent of position on the trace and so theorem I on page 136 
follows. 

Next suppose that when the marks are stationary (« = 0) we suddenly increase 
the tuning capacitance C of the time-marker by an amount dC so that dC/C is small. 
easy for simplicity that the period P of the time-marker is given by the usual 
ormula 


Paan{L(C ey io >) ieee (5), 


in which L is the fixed tuning inductance and y its self-capacitance. Differentiating 
(5) logarithmically, we have 


aP_1 aC 
P26) ee (6). 
dP (T+ TT 
But a = = 7 
R ( n a) a) = i. 4° (ee (7). 
Eliminating dP/P between (6) and (7) and inserting the result in (4), 
: dC 
Ua) 
W3(Ce ae ake (8)*, 


which includes theorem IT. 
To prove theorem III we compare equation (1) with equation (4), obtaining 


vd peel Ae a hike ¢ V 
S =— Ny et eee +e 
: aoe ie eye . )\- caswten (9). 
Now as 2 > 00, V,/V +1, leaving 
S) T+e 
elt ten Re ee (10), 


* Revised December 3, 1932. 
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and although we cannot make m approach oo in the experiments, yet we can usually 
make n large enough for (10) to be an excellent approximation. The factor 
T (T + «)/en is independent of position on the oscillogram; whence theorem III. 


DISCUSSION 


Prof. G. I. Fincu. The trace-luminosity afforded by a medium-speed electron 
beam focussed by a Wehnelt cylinder is often so low that the phenomenon under 
observation must be repeated many times in order to obtain a photographic record. 
The value of Dr Richardson’s neat and useful method of time-marking would 
therefore be greatly enhanced if means could be found of locking time-marking 
and trace together in such a manner that the time-marks coincided accurately 
throughout a large number of repeated traces. 


Autuor’s reply. Thinking of the work of Finch, Sutton and ‘Tooke on synchro- 
nization I made many attempts to use a continuous method of synchronization, 
namely to take as the time-marker a high harmonic of the trace-frequency. The 
harmonic was produced by a copper-oxide rectifier and picked out by a resonant 
triode circuit. This scheme succeeded with the lower harmonics such as the roth, 
but was no use at all with the higher harmonics such as the 2ooth. 
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ABSTRACT. Measurements of the velocity from point to point in a liquid rotating in 
the space between two concentric cylinders, of which the outer rotates while the inner is 
still, are made by means of a hot-wire anemometer. It is shown that in a suspension the 
velocity-gradients are abnormal but can be explained in terms of a variable viscosity, 
which is a function of the velocity-gradient. 


§1. INTRODUCTION 
HE anomalous viscosity of disperse systems has become a common subject 
! of research in recent years. As soon as liquid suspensions and gels were 
investigated in viscometers of either the capillary-flow or the concentric- 
cylinder type, it was found that the coefficient of viscosity was not a constant for 
a given liquid; for instance, that in the capillary-flow apparatus the pressure- 
gradient increased less rapidly than the outflow it produced, or, that in the con- 
centric-cylinder apparatus the velocity of the outer rotating cylinder increased more 
rapidly than the torque it produced on the inner. It was, in fact, impossible to 
measure the viscosity absolutely, the measured value being dependent on the 
apparatus and the conditions under which it was used. In order to obtain data 
for comparing the behaviour of such systems with that of ordinary liquids, it is 
necessary, as Hatschek* points out, to measure the velocity from point to point 

across the liquid, and to compare velocity-gradients. 

Two attempts in this direction have recently been made, both with a flow 
apparatus and with a gelatine solution. Kroepelin} traversed a Pitot tube across 
the end of the flow tube at the place where it debouched upon the outflow reservoir, 
and obtained curves of velocity transverse to the flow, showing small departures 
from the Poiseuille (parabolic) distribution. The sol was a gelatine solution. Pichot 
and Dupin} used a fluid partaking of both suspension and sol characteristics, 
consisting as it did of a 7 per cent solution of gelatine in water, with aluminium 
particles to make visible the relative velocities of different parts when an exposure 
was made. | From the two photographs given (water and gelatine solution re- 
spectively) it is difficult to detect any considerable difference in the behaviours of 
homogeneous and heterogeneous liquids. We have found that gelatine is very 
difficult to work with, owing to the gradual change in its properties which occurs 
during an experiment. 


* Viscosity of Liquids, bibliography given on p. 227 (1928). 
t Z.f. phys. chem. 149, 291 (1930). 
t Comptes Rendus, 192, 1079 (1931). 
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§2. EXPERIMENTAL ARRANGEMENTS 


The hot-wire anemometer can readily be adapted to measurements in liquids* ; 
there is however a smaller change of resistance with velocity of the liquid than 
when the same wire is used under the same conditions in air. 

In the present research a vertical wire of nickel, o-oor in. in diameter, was used. 
It was heated by a current of 0:30 A. and was calibrated by being mounted on a 
small whirling arm which carried it in a circular path, 42 cm. in diameter, through 
the liquid contained in an annular tank. The resistance of the wire was measured 
in a Kelvin bridge circuit for various speeds of revolution of the whirling arm, an 
allowance being made for the drift of the fluid in the tank. Typical calibration 
curves are shown on figure I. 


Balance point (cm, on bridge wire) 


Velocity (cm./sec.) 


Figure 1. Calibration curves for hot-wire anemometer. 


Before applying these curves, another test is necessary. When the wire is used 
in close proximity to a solid surface, e.g. the walls of the vessel containing the fluid 
in motion, there is a loss of heat due to conduction across the thin film of fluid 
between the wire and the surface. This is additional to the heat-loss by convection 
due to the moving fluid. In this case, it was found, by moving the wire towards 
the outer cylinder while the liquid inside was still, that the resulting decrease of 
resistance did not arise until the wire was within 0-5 mm. of the brass surface. 
As all measurements of flow were made outside this distance, it was unnecessary 
to apply a correction. 

The actual apparatus for the viscosity and velocity gradients was of the Couette 
type, and is drawn in figure 2; it had been previously used in a slightly different 
form by one of ust for measurements in homogeneous liquids. The hot wire W, 
1°5 cm. long, is carried vertically on the ends of two fine needles inserted through 


* Davis, Phil. Mag. 40, 692 (1920) et seq. 
+ F. Sci. Inst. 6, 337 (1929). 
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ebonite bushes in the outer brass cylinder, which is rotated by the pulley a eo 
Electrical connexion to the fork blades is assured by dippers working in t A : 
annular rings of mercury GG mounted below the fork. The speed of this = in 2 
is observed by means of a neon lamp NV illuminating the stroboscopic disc D, an 
the flashing of the lamp is controlled by a vibrating reed of standardized frequency. 


4S 


LA 


Figure 2. Apparatus. 


The hot wire can be traversed across the annular space between the two 
cylinders by means of a micrometer head M. The cylinders are 1 in. and $ in. in 
diameter respectively and 1 ft. long. The torque communicated to the inner 
cylinder is taken up by a suspension wire, not shown in the sketch, the twist on 
which was indicated by mirror, lamp and scale. With the outer cylinder rotating 
at constant speed, measurements of the resistance of the wire at various points 
across the inter-cylindrical space were made, and these were converted into relative 
velocities by the use of the appropriate calibration curve. Figure 3 shows a set of 
velocity-distribution curves for paraffin. These are nearly linear, in accordance with 
theory. Figure 4 shows graphs of torque (in cm. of scale deflection) against velocity 
of outer cylinder, similar to those by which anomalous viscosity was first indicated. 
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Figure 3. Velocity-gradients in paraffin. 
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Figure 4. Variation of torque with speed of outer cylinder. 
The ordinates for the top curve have been reduced to zy. 
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The paraffin shows, of course, constant viscosity (torque EO Se fers 2 
shear), but the suspensions, with the exception of the weakest, : S ee! ee: a BE 
viscosity as the rate of shear is increased. These suspensions were © rice s - 

carbon tetrachloride and paraffin, made up according to the recipe of Hump ey 
and Hatschek* as follows: finely ground rice starch was heated carefully in a steam 
oven for 2 or 3 hours, then passed through a fine sieve and allowed to cool. The 
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Velocity (cm./sec.) 
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Figure 5. Velocity-gradients in 3-9-per-cent Figure 6. Velocity-gradients in 10-9-per-cent 
suspension, suspension. 


suspension was then made up to the required strength with a mixture of paraffin 
and carbon tetrachloride of density 1-5 gm./em$ The most concentrated suspension 
had the consistency of paste, and was chosen to compare with the measurements 
of Keen and Scott Blair} on clay pastes. The outer annuli of this paste rotate with 
the outer cylinder as a rigid whole, particularly when the speed of the latter is low. 


* Proc. Phys. Soc. 28, 276 (1916). We wish to thank Mr Hatschek for the recommendation to 
use these suspensions on account of their stability. 


t+ F. Agric. Soc. 19, 684 (1929). 


= 
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In no case was the critical velocity for turbulent flow exceeded, although there was 
difficulty in obtaining the torque-measurements for the more concentrated specimens 
owing to instability of the inner cylinder. A small difference in the height of the 
column of liquid, made with the object of detecting an end effect, did not alter the 
velocity-gradients but affected the torque-measurements in the proportion of the 
wetted surface. Results, the suspensions of four different concentrations, are shown 
in figures 5, 6, 7, 8. They all, with the exception of the weakest, exhibit gradients 
varying notably in the neighbourhood of the inner cylinder. 


§3. THEORY 


Theories of colloid viscosity may be grouped under two types: 


(i) The hypothesis of structural friction. Buckingham* supposed that, in 
addition to a viscous force proportional to the velocity-gradient dv/dy between 
neighbouring annuli, there was a constant force a due to friction between the 
disperse phase and the neighbouring liquid. Newton’s law then becomes 


F=(a—ndufdy)dS neve (1), 


n being the coefficient of viscosity and dS an element of area. This theory predicts 
an outer section of fluid endowed with a constant angular velocity in the case of 
the concentric-cylinder apparatus, moving en bloc with the outer cylinder. This 
theory Pichott} thinks to be confirmed by his measurements with gelatine in a flow 
tube. The theory also predicts a limiting shear, below which no flow should take 
place. This limiting stress has unfortunately never been observed. 


(ii) The hypothesis that the viscosity-coefficient is variable and a function of 
the velocity-gradient. Porter and Raof write 


1) = No (dv/dy)™. 
For the heterogeneous liquids, for which n is given a small positive value while it 
is zero for the homogeneous liquids, velocity-gradients similar to those given by 
the first theory can be constructed. This theory has the advantage that no static 
friction is expected of the fluid. Newton’s law, on this theory, becomes 


ree (duidyiet dS ee fa (2). 


In the case of the concentric cylinder, the velocity-gradient at any radial 
distance r being rdw/dr, the moment of the annulus about the axis is 2777 (rdw /dr) r 
per unit length, and this moment is the same for every value of r in steady motion, 
so that the torque 7 is proportional to r°y dw|dr. Thus 7 (r?dw/dr)-! should be a 
measure of relative viscosity. Accordingly, for each of the suspensions of figures 6, 
7, 8, the slope of the angular-velocity curves was first plotted against 7, and hence 
z (r3dw/dr)+ could be plotted against rdw/dr, the appropriate torque being read 
from figure 4. The resulting (viscosity, velocity-gradient) curves are shown on 


* Proc. Amer. Soc. Tent Materials, 21, 1154 (1921). 
+ ¥. de Physique, 3, 205 (1932). 
t Trans. Farad. Soc. 23, 311 (1927). 
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ure solvent being included, for purposes of comparison, at its 
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figure g, the p 
absolute value (y = 0-012). 

Each suspension shows a diminish 
tending however to an asymptotic va 
fact nearly normal at high velocity-gradients, 


ing viscosity as the velocity-gradient increases, 
lue at high velocity-gradients. The flow is in 
unless turbulence intervenes. A note- 
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Figure 7. Velocity-gradients in 31°2-per-cent Figure 8. Velocity-gradients in 
suspension, 54°5-per-cent suspension. 


worthy example of this normal flow occurs in the top curve of figure 6. By plottin 

log against log (rdw/dr) the mean values of m were found to be o-55 and Pe: 
respectively for the two medium suspensions, and o-g for the paste. These values ae 
of the same order as those deduced by Farrow, Lowe and Neale* by semi-empirical 
methods from outflow measurements in capillary tubes. An exponential ea such 
as that suggested by Reiner and Riwlin} might also be fitted to the curves. Finally, 


* J. Test Institute, 19, 'T 18 (1928). 
| Kolloid. Z. 43, 72 (1927); 44, 9 (1928). 
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in fi i 

a Bae ihe have plotted n against concentration by volume for several values 

ae ocity-gradient, including data for an 18-per-cent suspension for which the 
ves are not reproduced. The deduction of Einstein* from Stokes’s law, that the 
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Figure 9. Variation of viscosity with velocity-gradient. 
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viscosity should be a linea 
tions, but at high velocity-gra 
mates to that of an ideal suspension, con 

* Ann. der Phys. 19, 289 (1906); ¢ 
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on by volume 

he curves denote 7(dw/dr). 


rt function of the concentration, fails at large concentra- 
dients the variation of 7 with concentration approxi- 


forming to Newton’s and Einstein’s laws. 
f, Humphrey and Hatschek, loc. cit. 
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§4. CONCLUSIONS 


These results, which we believe to be the first systematic measurement of 
velocity from point to point in a series of colloids in motion, confirm the earlier 
deductions from integrated flow-measurements that the coefficient of viscosity in 
a disperse system diminishes with increasing velocity-gradient, but tends to a 
constant value at high rates of shear. At moderate rates of shear the distribution 
of flow in the concentric-cylinder system is such that the velocity falls gradually 
from the outer cylinder inwards, with a more rapid drop at the surface of the inner 
cylinder. We have indeed assumed the condition of no slip at the solid boundary. 
That there is none at the outer cylinder, at least, is shown by the velocity graphs, 
and our extrapolation to zero velocity at the surface of the inner cylinder is confirmed 
by the torque on the latter, for in each of figures 6, 7 and 8, the ratio torque/velocity- 
gradient at the inner cylinder is a constant for a particular suspension, although 
the ratio torque/velocity of the outer cylinder is not. Neither is there sure evidence 
of a yield value, such as the Buckingham theory requires*. The smallest shear which 
we applied started the fluid into motion. In this theory the force a, equation (1), 
which many writers identify with a solid-liquid friction, need not indeed be 
constant; it can be a function of the velocity-gradient, vanishing with the flow. 
With this modification, indeed, the two theories coalesce. 

As to the ultimate cause of anomalous viscosity, these experiments tell little, 
except that there is some sort of interference to the flow on the part of particles of 
the disperse phase, which is reduced as their relative velocity is increased. This 
may be due to the formation of aggregates gradually broken down as the rate of 
shear increases, or, as Hatschekt has suggested, to combination of the two phases, 
the particles so produced being reduced in size as their liquid envelopes are shorn off. 
That some form of interlocking may well be a property of even a homogeneous 
liquid is shown by the success which Andradet has had with a formula, based on 
his concept of ‘“‘transitory and fluctuating crystallization,’ which covers the 
variation of viscosity with both pressure and temperature in a homogeneous liquid. 


DISCUSSION 
Mr E. W. Mance. In connexion with the Einstein relation 


7)/ Ndispersion ahs 5 Ke, 


medium 


where @ is the volume concentration, it would be of value if the authors would 
state what in their opinion is the most probable value of K over the linear portion 
of the curve. Such a statement based on what appears to be an accurable method of 
investigating the flow of suspensions would no doubt serve to settle the differences 


* Except in the case of the thick paste. 
t Kolloid. Z. 40, 53 (1926). 
} Nature, 125, 309, 580 (1930). 
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of opinion concerning the hypotheses on the basis of which such a formula is 
derived. 

The linear formula also implies that the viscosity relative to the dispersion 
medium depends only on the total volume of the suspended particles and not on 
their actual dimensions. It would be interesting to know whether the authors 
have in mind extending their work to determine over what range this is valid. 


AUTHORS’ reply. Owing to the dependence of 7 on velocity-gradient even at 
low concentrations, it is rather difficult to deduce a precise value for K from the 
experiments. If we understand Einstein’s formula correctly, it depends on the 
laws of classical hydrodynamics and assumes no material interference between the 
suspended particles or adsorption of the dispersion medium. The existence of 
anomalous viscosity seems to indicate that such interference does in fact take place. 
If this be so, the application of Einstein’s formula to suspensions seems of doubtful 
validity, but we agree that an investigation of the effect of the size of the particles 
would be useful. However, on the assumption that the interference is least when 
the rate of shear is large, the flow then approaching most closely that of a homo- 
geneous fluid, the value of K in the experiments was of the order of that (2°5) 
deduced theoretically by Einstein. 
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THE INFLUENCE OF ATMOSPHERIC SUSPENSOIDS 
UPON THE EARTH’S ELECTRIC FIELD AS INDI- 
CATED BY OBSERVATIONS AT KEW OBSERVATORY 


By H. L. WRIGHT; MS 


Communicated by Dr F. F. W. Whipple, October 7, 1932. Read December 2, 1932. 


ABSTRACT. Changes in the electrical resistivity of the air and in the potential-gradient 
may be associated with changes in the concentration of gross particles and of condensation 
nuclei. Observations of these four quantities made at Kew Observatory over a period of 
three years are analysed with a view to formulating functional relations between them. 
The observations indicate that resistivity depends upon the number of gross particles and 
of condensation nuclei, while potential-gradient varies with resistivity and the number of 
nuclei. The theoretical implications of this statement are considered. 


§1. INTRODUCTION 


largely from observations of the potential-gradient near the earth’s surface. 
Continuous records of potential-gradient have been accumulated for many 
years now at numerous stations widely distributed in geographical position. 
Observations are thus plentiful, and the changes in potential-gradient have been 
extensively studied, but why these changes occur is not yet completely understood. 

At any one station the potential-gradient is subject to certain variations which are 
regular and well defined, and especially is this the case with the diurnal variation. 
But when the diurnal variations at different stations are compared, it is found that 
they do not all conform to one particular type, either in amplitude or in phase angle. 
Sometimes a difference even of period is found, the potential-gradient at certain 
stations having two maxima and minima each day, that at others having only one 
maximum and minimum. 

Some degree of uniformity was introduced when Mauchly found? that the 
diurnal variation of potential-gradient over the oceans proceeds according to uni- 
versal time and not local time. Shortly before this Hoffmann, comparing observa- 
tions in polar regions, noticed that the principal maxima and minima in the 
diurnal variation agreed if the hours were referred to universal time. Mauchly later 
analysed) the readings at observatories in different parts of the world and found 
indications of a diurnal oscillation in universal time. Whipple has shown™ that this 
oscillation is similar to the diurnal frequency of thunderstorms all over the world. 

Much earlier, Chree and Watson had pointed out'S) that the diurnal variation 
of potential-gradient at Kew Observatory is remarkably similar to that of atmo- 
spheric pollution. Now atmospheric pollution is evidently a local phenomenon, and 


er knowledge of the electrical conditions of the atmosphere is derived very 
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therefore it follows that potential-gradient is a function of local time, at any rate in 
polluted areas. More recently Whipple has shown that the adoption of summer 
time in Great Britain, whereby the clock is put forward one hour in summer, has 
resulted in a displacement of the morning maximum and minimum of potential- 
gradient in summer, the G.m.t. of their occurrence now being one hour earlier than 
before the introduction of summer time. Thus the maximum and minimum in 
summer occur at the same hours as before by the civil clock, but are one hour earlier 
by the sun and by Greenwich time. More definite evidence that the diurnal varia- 
_ tion of potential-gradient is affected by local phenomena could scarcely be expected. 

The conclusion is irresistible that the diurnal variation of potential-gradient is 
governed by two factors, one of which is a function of universal time, the other of 
local time. At certain stations the universal term may predominate, at others the 
local term, and the magnitude of the local term obviously depends upon local con- 
ditions. For future interpretation of the diurnal variation of potential-gradient it 
becomes increasingly important to know what proportion of the local variation is 
due to the local term, and this presupposes a full knowledge of the dependence of 
the local term on local conditions. The purpose of the present paper is to investigate 
the effect upon the local electric field of the two types of atmospheric suspensoids : 
condensation nuclei, and the larger, opaque particles which at Kew Observatory are 
mainly particles of smoke. 

The work of Chree and Watson shows the effect of the gross particles alone, 
though the unit employed by them was not the individual particle but the total 
weight of suspended matter. Special interest is attached to the correlation of the 
number of particles with electrical conditions, because the reaction is likely to de- 
pend upon the individual particles rather than on their total weight. Wait and 
Builder have investigated the effect of nuclei separately on potential-gradient and 
the electrical conductivity of the air. No work is known to the writer in which the 
effect of gross particles and condensation nuclei conjointly has been considered. 


§2. OBSERVATIONS AT KEW OBSERVATORY* 


At Kew Observatory observations of the electrical conductivity of the air have 
been made regularly for many years at 15 h. G.m.t. on fine days. Since the be- 
ginning of 1928 observations of the concentrations of gross particles and condensa- 
tion nuclei have been made at the same time, as opportunity offers. 

The observation of conductivity is made with a Wilson gold-leaf electrometer 
set on a tripod. Details of the method of observing are given in a memoir by 
Watson in which reasons are adduced for believing that the element which is 
measured is the positive unipolar conductivity. The presence of the tripod results 
in a disturbance of the equipotential surfaces, the potential-gradient over the test 
plate of the electrometer being increased about six-fold. In winter, when the gradient 
is high, the congestion of the equipotential surfaces may produce a “saturation 


* Certain modifications of the routine observations have been made since the period dealt with 


in this paper. 
IT-2 
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alue for the conductivity which is 
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effect the consequence of which is to give a v 


artificially low. 
The observation of conductivity takes half an hour, and between the times at 


which the gold leaf is read observations of the concentration of condensation nuclei 
are made with an Aitken nucleus counter ®’, As nearly as possible at 15 h. a sample 
of air is introduced into an Owens jet dust counter” and the gross particles con- 
tained in this sample are subsequently counted* under a microscope. The observa- 
tions of condensation nuclei and gross particles for the three years 1928-30 which 
are utilized in the present work are discussed in a paper by the writer”. 

The potential-gradient is recorded continuously at Kew Observatory by a 
Kelvin water-dropper. Particulars of the methods used to standardize the water- 
dropper are to be found in the Observatories Year Book®). The values of the 
potential-gradient and conductivity which form the subject of the present in- 
vestigation are published in the same work. 

It should be noted that the values of conductivity are the means for a period of 
about half an hour centred at 15 h., those of potential-gradient are the means for an 
hour centred at 15 h. The values of the concentration of condensation nuclei are the 
means for about twenty minutes centred at 15 h., while the values of the concentra- 
tion of gross particles are instantaneous values. All the observations under discussion 
were made out of doors and in dry weather only. 

In view of the reciprocal relation which is found to exist between the con- 
ductivity and each of the quantities (1) concentration of gross particles, (2) con- 
centration of nuclei, (3) potential-gradient, it is more convenient to utilize the 
reciprocal of conductivity, which is here termed resistivity. The effect of saturation 
in winter is to give enhanced values of resistivity. It should therefore be borne in 
mind that when resistivity is high the true value is probably less than that which is 
given here. 

Monthly means of the four elements under review are given in table 1. Since 
15 h. is approximately the time of day at which a minimum of all four quantities is 
to be expected, the true monthly averages are considerably higher than those given 
in the table. A graphical representation of the results contained in table 1 is shown 
in figure 1. The resemblance of the behaviour of all four quantities is striking. 


The annual inequalities may be resolved by harmonic analysis; the value of the 
element being : : 
Co + ¢, Sin (¢ + a) + cg sin (2t+ a) +..., 
where the unit of time is such that 1 year = 27, the values of the amplitudes c, and 
phase angles a of the first harmonic term are as given at the foot of table 1. The 
agreement in phase angle 1S noteworthy, the minimum of all four quantities occur- 
ring in the middle of July within a few days of each other. But no great significance 
can be attached to this coincidence, for most meteorological elements subject to a 

well-defined annual variation have turning points at about this time of year. 
‘ "i According to an Investigation carried out by Prof. Whytlaw-Gray, on behalf of the Atmospheric 
ollution Research Committee of the Department of Scientific and Industrial Research, the number 


of ee atcha by the Owens instrument is about a fifth of the number present in the air and large 
enough to be seen by a microscope. The details of this investigation have not yet been published. 


oe 
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The association between these four quantities will now be examined in greater 
detail. The influence of particles and nuclei on resistivity will be dealt with first, 
and their effect on potential-gradient will be considered later. 


Table 1. Monthly averages, Kew Observatory, 1928-30, 15 h. G.m.t. Dry weather. 


Gross | Condensation spe Potential- 

Month particles nuclei Resistivity gradient 

(No. per cm’) | (No. per cm?) (ro*® Q.-cm.) | (V./cm.) 
January 1670 43,000 108 4°27 
February 1560 35,000 Tie 4°61 
March 880 31,000 6:9 3°42 
April 414 23,000 Bo AiSaf 
May Bar 26,000 Ser 2°21 
June 60 15,000 2°4 1°81 
July 60 21,000 2°0 1°54 
August 86 15,000 I'9 167 
September 226 19,000 2°5 2°26 
October 345 27,000 38 2°76 
November 1245 36,000 8-6 3°48 
December 2400 55,000 11-8 4°50 
Mean: Cy 705 29,000 G7, 2°94 
Amplitude: c, 964 14,300 5:0 1'49 

Phase angle: a S28 83° 73a 73 
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Figure 1. Annual variation, 1928-30, Kew Observatory, 15h. G.m.t. 
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§ 3. SUSPENSOIDS AND RESISTIVITY 


Individual observations have been grouped according to the oe 
firstly, of gross particles, and secondly, of condensation nuclei. F a eee — 
group the mean of the associated values of resistivity was determine . Since = 
group covers for the most part only a small range of numbers of particles or pi ers 
of nuclei, as the case may be, the middle number of each group may be taken to 
represent with sufficient accuracy the average of the numbers of particles or of 
nuclei in the group. Thus we may associate the mean value of resistivity for each 
group with the middle number of particles or nuclei of that group. 


20 


3 | ; / 
© CONCENTRATION DF PARTICLES < 1000 ber cm * 14 ae 
@ » ” n > 1000 | = | | 
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Figure 2. Values of resistivity for specified concentrations of gross 
particles and condensation nuclei. 


The results thus obtained are represented graphically in figure 2. Owing to the 
extensive range in the concentration of gross particles found at Kew Observatory, 
the values of resistivity associated with these are represented on two scales. In the 
left-hand diagram of figure 2 circles refer to concentrations of particles less than 
1000 per cm?, crosses to concentrations greater than this figure. For the higher 
concentrations the scale is reduced tenfold, and the scale of resistivity is reduced in 
the same proportion. The two straight lines drawn in this diagram have the same 
equation, on their appropriate scales. 

It may be seen that resistivity increases linearly with the number of gross particles 
until concentrations of the order of 3000 per cm are reached. Beyond this point 
the resistivity increases more slowly with increasing pollution. The following argu- 
ment shows that this is to be expected. The conductivity is composed of two parts, 
that due to small ions and that due to large ions. Ordinarily the contribution from 


— 
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large ions is so small as to be negligible, but increasing pollution is associated with 
enhanced concentrations of large ions, and the contribution of these to the con- 
ductivity then becomes appreciable. By so much is the resistivity reduced. 

It may be mentioned that a concentration of gross particles greater than 3000 
per cm’ at 15 h. is normally associated with conditions of mist or fog. 

That the straight lines drawn through the points in the diagram do not pass 
through the origin is also to be expected, for if gross particles were completely absent 
the resistivity would not be zero. 

The association between resistivity and the number of nuclei is shown in the 
right-hand diagram of figure 2. A straight line may be drawn to pass through the 
points with fair accuracy, though a curve may at first sight seem to give a better 
representation of their distribution. It is to be remembered, however, that high 
values of resistivity are probably enhanced artificially, and the departure from 
linearity indicated by these may not necessarily be valid. At the other end of the 
scale, where a departure from linearity appears to be suggested, there are theoretical 
reasons for believing that the curve should pass near the origin: the resistivity of air 
free from nuclei would depend only on the recombination of small ions, and the 
resistivity would then be such that on the scale used in the diagram it would appear 
to be very close to the origin*. All things considered, there seems to be no cogent 
reason at this stage for departing from a linear relationship. 

That resistivity increases more rapidly with enhanced concentrations of nuclei 
is not in accordance with the argument put forward above, which applies equally to 
the case of nuclei, whereby a falling off in the rate of increase of resistivity with en- 
hanced concentrations is to be expected. In spite of the fact that high values of 
resistivity are unduly augmented, we might have anticipated that the points repre- 
senting these would lie below the optimum line, as was found in the case of gross 
particles. That the points representing low concentrations of nuclei should lie above 
this straight line is also unexplained. Itis, however, almost certain that the points in 
the diagram in figure 2 may not be taken to represent purely the association between 
resistivity and the number of nuclei; for, if part of the resistivity is due to gross 
particles, that part is likely to be greater when nuclei are numerous than when 
nuclei are few, owing to the number of gross particles being greater when nuclei are 
more numerous. 

It is necessary therefore to consider simultaneous values of all three quantities. 
The observations may be grouped according to values of resistivity, and mean values 


* For air free from nuclei the resistivity 


[Pb J (2) e-em. 
ek q 


: : : aie a 
where e is the electronic charge per 10n, 15°9 X 10 


coulombs ; 
- kthe mobility of small ions, 1-3 cm./sec. per V./cm.; 
a the recombination coefficient of small ions, 1'6 X 10°; and 
q the rate of production of ions per cm? per sec. 
If gq is between 10 and 20, values appropriate to land stations, R is between o'r x 101° and 


o2 « 10! 2,-cm. 
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of particles and nuclei determined for each group. The results obtained by grouping 


in this way are shown in table 2. 


Table 2. Average 


concentrations. 


The number of observations in each group is shown by the figures in brackets. 


Gross | Condensa- | 
ross Condensa- eer c | C > 
Resistivity aa fou nucle entrees, particles _ tion mucles 
(101° Q.-cm.) (No./cm3) (No./cm?) (107° Q.-cm. (No./cm?) (No./cm?) 
er 13,800 5°0-5°9 (11) 582 30,100 
oer re = se 6, 7 (11) 1380 33,000 
2°0-2'4 (10) 148 23,200 8, 9 (x0) 1250 pee 
2°8-2°9 (16) 217 25,000 10, 11 (7) 2050 38,000 | 
3°0-3°4 (12) 293 27,000 £2, £305) 4470 agin 
3°5-3°9 (9) 321 22,200 14, 17 (11) 5240 ia gs 
4°0-4'9 (10) 676 30,700 20-25 (4) 8050 71,000 


A graphical representation may be made by selecting one of the variables as 
divisor and plotting the two resulting quotients against one another. Accordingly 
the middle value of resistivity for each group and the associated number of nuclei 
have been divided by the associated value of the number of particles, and the 
quotients are plotted in figure 3. Against each point in the diagram is placed the 


value of resistivity in units of 101® Q.-cm. 
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Figure 3. Illustrating the results contained in table 2. 


Owing to the limitations of the observations of resistivity, 


can be attached to the points representing v 
It may be seen that the remainder lie fairl 


no great significance 
alues of resistivity above 12 x 10!®Q,-cm, 
y closely to a straight line. 
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The position of this straight line illustrates very clearly that the effect of gross 
particles on resistivity is not negligible. If the resistivity depended only on the 
number of nuclei we should expect the optimum line to be parallel with the hori- 
zontal axis. This is far from being the case. 

The equation of the straight line to which figure 3 has been drawn is 


Rok nea yd eta oki hk ee ac (a); 


where P and N denote the concentrations of particles and nuclei respectively 
per cm? 


§4. CORRELATION OF INDIVIDUAL OBSERVATIONS 


So far we have been considering group means, and have found from these that 
resistivity appears to depend on both particles and nuclei more or less in accordance 
with a law represented by equation (1). It is necessary, however, to show that these 
results are borne out by the individual observations. 
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Figure 4. Simultaneous values of resistivity (101° 9.-cm.), and numbers of 
particles and nuclei per cm? 

In figure 4 are represented the simultaneous concentrations of particles and 
nuclei at the time of resistivity observations. The associated value of resistivity, in 
units of 101° Q.-cm., is placed over the representative point. Owing to the extensive 
range in the number of gross particles the observations in winter and summer are 
represented in two separate diagrams; while the scale of nucleation 1s the same in 
each diagram, the scale of concentration of particles is ten times larger in the summer 
diagram than in the winter diagram. If a definite value of nucleation 1s selected, 
e.g. 30,000, it may be seen that while in summer only low values of resistivity are 
found on this ordinate, in winter considerably higher values are found on the same 
ordinate. This shows very clearly the effect on resistivity of the presence of gross 
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particles. Isopleths of resistivity have been drawn in the figure from equation (1). 
On the whole this equation fits the observations quite well. a. 
A more detailed analysis may be made by a statistical correlation of the indi- 
vidual observations by the method of least squares. For this purpose all the available 
observations extending over the three years have been utilized, the number of 
simultaneous observations of resistivity and gross particles being 251, and the 
number of simultaneous observations of resistivity and nuclei being 240. It is 
desirable to treat separately the two seasons of summer (April to September) and 
winter (October to March) owing to the uncertainty of the high values of resistivity 


160 


in winter. 
The correlation coefficients are given in columns (1) and (2) of table 3, the pair 


Table 3. Correlation coefficients. 


Resistivity Potential-gradient 
Total Partial Total Partial 
) (@ @ | @ G) |® @ (8) | @) Ge) Gry C2) (3) 
Trp TN ’ np Y RP. N lp N..P a XR Y ep ry Vv T vp. N Ten. P TY YR.N | og TEP.RN T eNRP : 
Summer) <66" <42) -25 630 96) 1s 54 eee “3 ‘12 “13 
Winter 660) 74-0 “7m | 20 s528|—e250 “550g teas eee "07 "34. 
Year 74 43% "69 | 48 “46 | “72° 60" 765 “25 . i “40 "07 we 
Means Standard deviations 
xe R P. N x R iz, N 
Summer | 2% 2°5 220 23,000 EE i°3 230 13,000 
Winter 4:3 8:5 2100 40,000 rier, 5°8 2500 19,000 
| Year 22 52 LGOOn 35-600 18 5°0 2000 18,000 


of variables to which each coefficient refers being denoted by suffixes. The correla- 
tion coefficient between resistivity and the number of particles is 0-74 + 0-03; that 
between resistivity and the number of nuclei is 0-73 + 0-03. Corrections for annual 
variation may be made to these coefficients, using the harmonic expressions given 
at the foot of table 1. Corrected for annual variation, the coefficient between re- 
sistivity and particles is 0-73, and that between resistivity and nuclei is 0-70. These 
are practically the same as the uncorrected coefficients ; thus the strong correlations 
are not due to similarity in the annual variation of the three variables. 

A high correlation between resistivity and nuclei is to be expected: it is well 
known that the number of nuclei largely governs the number of small ions and 
hence the resistivity. That gross particles are also effective has not up to the present 
been well established, and the novelty of this feature renders it liable to suspicion, 
It may at first be thought that the strong correlation found between resistivity and 
the number of particles is due to the association between particles and nuclei; for 
both particles and nuclei are produced by combustion, and meteorological condi- 
tions which favour the accumulation of the one also favour the accumulation of the 
other. Hence there is a tendency for particles and nuclei to increase and decrease 
together. The correlation coefficients between these two from 169 observations are 
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given in the third column of table 3. It may be seen that in winter the correlation 
between the numbers of particles and nuclei is strong; in summer it is weaker but 
still positive. 

Tt is necessary, therefore, to obtain a measure of the correlation between re- 
sistivity and the number of gross particles when the association of each with nuclei 
has been eliminated. This may be done by the method of partial correlation 
whereby the separate effects of each variable may be isolated. Partial correlation 
coefficients* are given in columns (4) and (5) of table 3, the notation being used in 


_which the suffixes to the left of the point denote the two variables correlated and the 


suffix to the right denotes the variable the effect of which has been eliminated. It 
will be seen that in summer the partial coefficient between resistivity and the number 
of gross particles is greater than that between resistivity and the number of nuclei; 
in winter it is less. On the average, for the year as a whole, the partial coefficients 
are about the same. It follows that the high correlation between the number of 
particles and resistivity is not due to mutual associations with nuclei, and that gross 
particles can be at least as effective as nuclei in determining the resistivity. 

Values of the means and standard deviations are included in table 3. The mean 
and standard deviation of R from simultaneous observations of R and P are not 
quite the same as the mean and standard deviation of R from simultaneous observa- 
tions of R and N. Later it becomes necessary to correlate R with the potential- 
gradient, and the mean and standard deviation of R from this set of observations are 
also slightly different. These differences are however small, and the values given in 
the table are the means of all three. The same remark applies to the other variables. 

If the regression equation is formed from the partial correlation coefficients and 
the values of the means and standard deviations are substituted, the equation ex- 
pressing R in terms of P and N is found to be 


ro-16R = 11 x 10P + 1:2 xX 10AN+02430CA wee, (2); 


where Ca denotes a casual numbert the standard value of which is unity. If the 
casual term is ignored, the correlation coefficient between the two sides of this 
equation is 0-80. 

The coefficients in equation (2) are not the same as those given in equation (1). 
This is because high values of R are included in (2), whereas in (1) these were de- 
liberately ignored. In view of the influence of the high values of R, of which the 
validity is doubtful, on the coefficients in (2), and of the good fit of equation (r) to the 
individual observations as shown in figure 4, it seems likely that the coefficients in 
(1) may be more reliable than those in (2). The accuracy of the coefficients in either 
of these equations may not however be insisted upon. 

It is to be noted that the residual term 0-2 in equation (2) is much less than the 
standard value of the casual term. A large residual term would mean that the 


* The coefficients are determined by such formulae as 
2 5 2 —t 
119-3 = (112 — 113723) (I — ey ES ee 
+ This notation is due to Whipple“). In this particular example, 3°0 is the standard error of a 
determination of 107!°R from the terms in P and N. 
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resistivity depended on other influences besides nuclei and particles. That the residual 
term is inappreciable suggests that the local resistivity may be wholly accounted for 
by the concentrations of nuclei and gross particles. 


§5. RESISTIVITY AND POTENTIAL-GRADIENT 


Before going on to examine the variations in potential-gradient with different 
concentrations of atmospheric suspensoids, it is desirable first to trace the associa- 
tion between potential-gradient and resistivity. The values of potential-gradient on 
occasions when the resistivity was within specified limits have been grouped together, 
and the mean for each group has been derived. These means are given in table 4, 
and the results are represented graphically in figure 5. 


Table 4. 
‘The number of observations in each group is shown by the figures in brackets. 
Resistivity Potential-gradient Resistivity Potential-gradient 

(ole Oe cna.) (V./cm.) (101 O.-cm.) (V./cm.) 
O'9-I'I 1°56 (8) 4°I-4°5 3°46 (3) ) 
L2-1-4 1°50 (39) 4°6-5'5 3°55 (24) | 
Ree ey 1°59 (21) 5°6-6°5 3°93 (28) / 
13-20 1°83 (35) 6°6—7°5 4°87 (17) | 
Zoe —8 1°86 (32) 7°6—-8°5 4°72 (16) | 
2°4-2°6 2°12 (23) 9, I0 | 5°12 (12) / 
22 O 2°18 (25) II-I3 5°41 (14) . 
3°0-3°2 2°47 (14) 14-17 5°94 (17) / 
Simi 2°65 (18) 20-33 5°55 (11) 


3°6-4-0 2°85 (29) — — 
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Figure 5. Values of potential-gradient for specified resistivity. 


a a ree in the graph do not lie along a straight line through the origin as 
de o a een expected from Ohm’s law if the air-earth current at Kew had been 
ant. A straight line may be drawn through the origin so as to pass close to the 
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points representing values of resistivity less than about 4 x 10! Q.-cm., but the 
falling off for values of resistivity above this figure is very evident. ‘The points re- 
presenting high values of resistivity are undoubtedly less reliable, but the curvature 
is apparent for much lower values than can be disregarded. 

A correlation of the individual observations has been made, all the available 
observations extending over the three years, 390 in number, being utilized. ‘The 
correlation coefficients thus obtained are given in column (6) of table 3. From all 
the observations the correlation coefficient between potential-gradient and resistivity 
_is 0-72 + 0-04; corrected for annual variation by use of the harmonic expressions in 
table 1 the value is 0-57. The correlation is stronger in summer than in winter ; thus 
changes in potential-gradient and resistivity are more closely related in summer than 
in winter. It is possible that the error attached to the high values of resistivity in 
winter reduces the coefficient for this season. . 

The coefficients are on the whole lower than might have been expected. They 
are of course worked out on the basis of linear regression. The graph in figure 5 
suggests that the relation between resistivity and potential-gradient may not be 
linear. In order to allow for a departure from linearity, additional coefficients have 
been worked out, as a matter of interest, on the basis of a logarithmic regression ; 
that is, potential-gradient was correlated with the logarithm of resistivity. The values 
of the coefficients were found to be 0-60 for summer, 0°65 for winter, and 0-79 for 
the year. Thus very little improvement in the value for the year is obtained by de- 
parting from a linear regression, and the value for summer becomes definitely re- 
duced. The weakness in the correlation based on linear regression appears therefore 
to be due less to the non-linearity of the resistivity potential-gradient curve than to 
the occurrence of changes in potential-gradient in addition to those consequent upon 
changes in resistivity. 


§6. SUSPENSOIDS AND POTENTIAL-GRADIENT 


Simultaneous observations of suspensoids and potential-gradient may be 
analyzed by methods similar to those used to trace the association between sus- 
pensoids and resistivity. Accordingly the observations have been grouped according 
to the concentrations firstly of particles and secondly of nuclei, and mean values of 
potential-gradient have been derived for each group. The results thus obtained are 
illustrated in figure 6, two scales again being used in the case of gross particles 
owing to the difficulty of representing the extensive range of these on a single scale. 

It may be seen from the diagram that potential-gradient increases with in- 
creasing concentration of particles, rapidly at first but more slowly later. The points 
do not appear to follow a straight line, the form of the graph resembling to some 
extent that between potential-gradient and resistivity. This suggests that gross 
particles affect potential-gradient only in so far as they lead to changes in resistivity. 
It will be seen later that this suggestion is supported by other considerations. 

The points representing the association between potential-gradient and con- 
densation nuclei are distributed closely about a straight line. It may be noted that 
this straight line does not pass through the origin. 
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Figure 6. Values of potential-gradient for specified concentrations of gross 
particles and condensation nuclei. 


specified limits. The results obtained by grouping in this way are shown in table 5. 
The last group in the table includes values of potential-gradient varying from 6-60 
to 8-90 V./cm., the mean value for the group being 7-55 V./cm. 


Table 5. Simultaneous concentrations. 


The number of observations in each group is shown by the figures in brackets. 


Potential- Smoke — Condensa- Potential- Smoke Condensa- 
gradient particles tion nuclei gradient particles tion nuclei 
(V./cm.) (No./em3) | (No./cm$) (V./cem.) _(No./em?) | (No./cm§) 
0°75-1°45 (20) 209 23,500 4°00-4'45 (6) | 2310 45,500 | 
I*50-1'°95 (27) 271 20,000 4°50-4°95 (5) 1470 | 34,000 
2°00-2'45 (24) 349 23,000 5°00-5°45 (10) 2100 44,000 
2°50-2'95 (17) 877 29,500 5*50-5°95(8) | 2740 56,500 
3°00-3°45 (13) 74.4 | 30,500 6-00-6°45 (5) 1'700 42,000 | 
| __3°50-3°95 (13) 568 | 31,000 > 6°50 (11) 4650 63,000 


The results given in table 5 may be illustrated graphically by selecting one 
variable as a divisor and plotting the two resulting quotients. If the number of gross 
particles is selected as divisor the graph between the two resulting quotients is as 
shown in figure 7. Against each point in the diagram. is placed the associated value 
of the potential-gradient. With but one exception the points are clustered fairly 
uniformly about a straight line. This straight line passes very close to, if not through, 
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the origin. If it does indeed pass through the origin the equation of the functional 
relation between X/P and N/P is reduced to the form 


X= aN, 


where X is the potential-gradient and N is the concentration of nuclei. This means 
that X is independent of P, the number of gross particles. 
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Figure 7. Illustrating the results contained in table 5. 


§7. CORRELATION OF INDIVIDUAL OBSERVATIONS 


A statistical analysis of the individual observations serves to show the strength 
of the association between suspensoids and potential-gradient, and gives some in- 
formationas to why the association exists. Correlation coefficients between potential- 
gradient and the number of particles and nuclei are given in columns (7) and (8) of 
table 3, the two seasons of winter and summer being treated separately as in the case 
of resistivity. It may be mentioned that in working out the coefficients a few occa- 
sions of negative potential-gradient were rejected at the outset, but all the available 
positive values of potential-gradient have been utilized, the number of simultaneous 
observations of potential-gradient and gross particles being 286, and the number of 
simultaneous observations of potential-gradient and nuclei being 275. 

The correlation coefficient between potential-gradient and the number of gross 
particles is 0-60 + 0:04; corrected for annual variation by means of the harmonic 
expressions in table 1, the coefficient is 0:53. The coefficient between potential- 
gradient and the number of nuclei is 0-65 -- 0:03, and when corrected for annual 
variation 0-47. Neither coefficient is particularly high, though both are too significant 
to be neglected. 

By combining these coefficients with those in column (3) between particles and 
nuclei, we may evaluate partial coefficients, representing the degree of association 
between potential-gradient and suspensoids when the mutual association between 


aN 
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the two types of suspensoids is eliminated. The partial coefficients uk eee ee 
shown in columns (9) and (10) of table 3. The partial coefficient between potentia 
gradient and the number of particles is only 0-28 and is practically negligible % 
winter, confirming the suggestion of figure 7 that the association between potentia - 
gradient and the number of gross particles is but slight. The partial coefficient be- 
tween potential-gradient and the number of nuclei is 0-41, a figure of some but not 
considerable significance. we m 

The following question now arises. Is the association between potential-gradient 
and suspensoids due to a mutual association with resistivity, OF does potential- 
gradient depend on suspensoids quite apart from, and in addition to, its variation 
with resistivity? This question may be expressed analytically as follows. The general 
linear equation between X, P, R and N may be written 


X=aR+6P+cN+d ———  csasee (3). 
If 6 and c are zero, X is still a function of P and N in consequence of the relation 
R=eP+fN, 


and the question is whether 6 and c are zero. 

The coefficient of P in equation (3) is zero if the partial correlation coefficient 
of X with P when the association due to R and N has been eliminated is zero; and 
the same is true of the coefficient of N. Although partial coefficients connecting 
more than three variables are not ordinarily of much value, it seems worth while in 
this case to obtain the partial correlation coefficients between X and each one of 
R, P and N, when the effect of the other two has been eliminated. The coefficients 
thus obtained are as given in columns (11) to (13) of table 3. 

It may be seen that the partial correlation coefficient between potential-gradient 
and the concentration of gross particles is so small as to be negligible, and this 
is true both in winter and in summer. Thus there is justification for stating that 
gross particles affect potential-gradient only in so far as they lead to changes in 
resistivity. The largest of the coefficients is that between potential-gradient and 
resistivity. This is however small in winter. As has been pointed out, the weakness 
of the correlation in winter may be due to errors in high values of resistivity. 
Condensation nuclei appear to have a small residual influence on potential-gradient 
in addition to their effect through resistivity, but this residual influence is practically 
negligible in summer. Consideration of the seasonal values of the coefficients sug- 
gests that changes in potential-gradient in summer may be due largely to changes 
in resistivity, while in winter there may be appreciable changes due to changes in 
nucleation. 

If the residual influence of gross particles is neglected and a regression equation 
is formed between potential-gradient, resistivity, and nuclei, 


dX = adR+ bdN, 
the correlation coefficient between the two sides of this equation is 0°73 in summer, 


0-65 in winter, and o-74 for the year. These are not of considerable significance, and 
Show that only about 50 per cent of the changes in potential-gradient may be 
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accounted for by local changes in the concentrations of atmospheric particles and 
nuclei. 

Approximate values of the coefficients aand 4 in the equation may be determined. 
On substituting the values of the means and standard deviations we find 


eo 0-9 10 R03 X TON 4s r20a (la... (4). 
The residual term is larger than the standard value of the casual term and may not 
therefore be neglected. It is of the same order as that of potential-gradient at sea at 
15 h.; it represents the best available approximation to the potential-gradient which 


_ would have been found at Kew at 15h. if the atmosphere had been free from 
pollution. 


§8. THEORETICAL CONSIDERATIONS 


The outstanding results of the statistical comparison are that: (1) The resistivity 
of the air at Kew depends on the concentration of gross particles and of condensa- 
tion nuclei; and (2) the potential-gradient is related to resistivity and also to the 
concentration of nuclei. No direct influence of the gross particles on potential- 
gradient is apparent. 

Resistivity. The usual way of regarding the association of resistivity with the 
amount of pollution is to say that the conductivity is due almost entirely to the small 
ions in the air. The number of small ions varies inversely as the number of con- 
densation nuclei; for the rate at which small ions are produced is nearly constant, 
and the life of a small ion is terminated by collision with a nucleus, charged or un- 
charged. ‘Thus the expectation of life of a small ion is inversely proportional to the 
number of nuclei, and it follows that resistivity is proportional to the number of 
nuclei. Moreover, since increasing pollution is associated with increased concentra- 
tion of nuclei, resistivity is also likely to be proportional to the number of gross 
particles. 

Conclusion (1) above is in general agreement with these ideas except that the 
statistics suggest that gross particles play an active part in determining the re- 
sistivity. The natural assumption to make is that some of the small ions collide with 
the gross particles and combine with them. 

When nuclei are plentiful the equation of electrical balance between the number 
of small ions and the number of nuclei may be written 


g = 0617 Nn, 
where q is the rate of production of small ions; 
n the recombination coefficient between small ions and large ions ; 
N the total number of nuclei, charged and uncharged ; 
and 2 the number of small ions. 


The factor 0-61 is adopted from the work of Nolan and O’Brolchain. It will be 
noticed that if the small ions had combined with equal readiness with large ions of 
opposite sign and with uncharged nuclei, and if the ions of either sign and the un- 


charged nuclei had been equally plentiful, this factor would have been §. 


I2 
PHYS. SOC. XLV, 2 


Se es a 


N',K 


a ee H. L. Wright 


In order to allow for the possibility of collisions between small ions and gross 
particles we may add to this equation a term 8 Pn, where P is the number of gross 
particles and B may be taken to represent a recombination coefficient between small 


ions and gross particles. Thus we write 


g=o6iyNn+ BPn | eee (5). 


Now the resistivity R is given by 
R-1 = e(nk+ N’/K), 


where k is the average mobility of the small ions; 


N’ is the number of large ions and K their average mobility ; 
and eis the electronic charge per ion, 15-9 « 107° coulombs. 


At Kew Observatory the average values of m and N’ are of the order of 300 and 
10,000 respectively. The value of k is about 1-3 cm./sec. per V./cm., that of K 
about 1/3000 cm./sec. per V./em. Thus N’K is small compared with mk, and we 


may write R= enk=207X 10m sae (6). 
Hence from (5) and (6) 10o-8R= 2:97 Nig+4-8BP/lg ease (7). 


Nothing is known as to the value of g at Kew or as to its variations. Let us suppose 
that if g is not a constant the fluctuations in g are independent of those of N and P. 
For the present we are only concerned with averages, and we note that equation (7) 
is of the same type as equation (1) which was derived from the observations, viz., 


Io VR = o-p7 4 o9h ) 5 7 eee seeaas (1). 


Comparing coefficients and adopting the value of » found" at Dublin, 5-7 x 10-*, 
we deduce 
q= 21 and B= 17 x 10-8. 


This value of g is improbably high. Perhaps we have taken too high an estimate 
for 7. 

For the ratio of the combination coefficients we are not dependent on the value 
of 7 or on the value of g at Kew. Equations (1) and (7) give 


B/o-61y = 37/0°77 = 48. 


This means that when nuclei and particles are equally numerous, the risk of a 
recombination between a small ion and a gross particle is about 50 times as great as 
the risk of a recombination between a small ion and a nucleus. 

Now in estimating the risk of collision we may ignore the velocity of the larger 
particles, since they are very heavy compared with the small ions. Only the move- 
ments of small ions need be considered, and the risk of collision is therefore pro- 
portional to the area of the obstacle. Accepting the estimates 4 xX Io cm. and 
4 x 10° cm. for the radii of particles °® and nuclei” respectively, we find that the 
areas are in the ratio roo: r. That the recombination coefficients should be in the 


> 
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ratio 50: 1 is quite consistent, for it is possible that the proportion of combinations 
to collisions is lower with the large particles than with nuclei. 

Potential-gradient. Potential-gradient may be regarded from two points of view, 
the statical and dynamical. According to electrostatics, if the charges in the atmo- 
sphere are distributed in uniform horizontal layers, then the potential-gradient at 
any point is proportional to the total charge above it. Hence we infer from the re- 
sults of the statistical investigation that the total electric charge in the atmosphere 
increases when resistivity near the ground increases, and also, for constant resis- 
tivity, when the number of nuclei near the ground increases. 

On the other hand, from the point of view of electrodynamics we note that the 


air-earth current J is numerically equal to the quotient of potential-gradient by 
resistivity. Hence from (4) 


I= X/R= 0-2 x 10-6 + 0-3 x 10-* N/R+ r4/R. 
Thus the current decreases when the local resistivity increases, the number of 
nuclei remaining constant. This would be expected on the assumption that the 
voltage of the upper atmosphere is constant and the total resistance at all heights, 
{Rdz, increases with the local resistivity. The significance of the term in N/R in the 
last equation is however not at all obvious. But the details of the mechanism of 
the air-earth current, the parts played by eddy movements and by conductivity, are 
not known, and so the discussion of the observations under review cannot be carried 


further at present. More light will be thrown on the subject when observations of 
volume-charge are available at Kew. 
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DISCUSSION 


Dr F. J. W. Wuirpie. I am glad to have this opportunity to express my 
appreciation of the work done by the author in analysing the observations made at 
Kew Observatory of the numbers of particles in the air and of the conductivity 
and potential-gradient. It happens only too frequently that such observations, 
published or unpublished, accumulate without analysis. 

One of the most striking developments in the paper is the demonstration that 
the resistivity of the air depends on the number of gross particles as well as on the 
number of nuclei. I mentioned this discovery of the author’s some time ago and 
Prof. J. J. Nolan then declared that it was not in accordance with his observations 
in Ireland. Further comparisons are called for. 

The explanation given by the author, that the gross particles are 100 times as 
effective as the nuclei in reducing the numbers of small ions by collision, may be 
correct, but we do not know that such collisions would destroy small ions. An 
alternative explanation is that the large ions associated with pollution are themselves 
bigger than those to be found in clean air. In fact there is no reason to suppose 
that the 7 of equation (5) is constant, and the factor to which the value o-61 is 
assigned is probably variable. 

The suggestion in figure 5 of the paper, that with resistivity zero the potential- 
gradient would be nearly 1 V./cm., invites comment. One can only surmise that 
the graph should bend sharply towards the origin. Unfortunately observations at 
Kew Observatory with air so pure that the resistivity falls below 10!*Q.-cm. are 


too rare to provide good averages. The investigation will have to be extended to 
include observations in other parts of the country. 


Prof. A. O. RANKINE pointed out that according to the author the conductivity 


of the air appears to decrease as the number of nuclei increases—a surprising 
conclusion. 


AuTHor’s reply. With regard to the apparent ineffectiveness of gross particles 
on the concentration of small ions in Ireland (reference 15), it is to be noted that 
variations in the function q/o-61mN may not be expected to show any conspicuous 
dependence on P, but rather on the ratio P/N. This is evident from equation (5) 
which may be written in the form g/o-61nN = 7» + BP/o-61N. Dr Whipple’s statement 
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that » is variable cannot, I think, be gainsaid, and to examine the extent of its 
variations is a problem for the future. Zero resistivity in air is difficult to imagine, 
but the resistivity at sea is about 0-7 x 10!°Q.-cm., and the potential-gradient is of 
the order of 1 V./cm. These coordinates would lie on the graph drawn in figure 5, 
and so it would seem that if the graph eventually bends towards the origin it does 
so at a stage when lower resistivities than those normally experienced at sea are 
reached. That the graph drawn in figure 5 fails to pass through the origin is the 
geometrical illustration of the residual term in equation (4), though the magnitude 
of this term is not quite the same as that indicated in figure 5. It may be that we 
have to consider this as representing a universal term in the potential-gradient, 
uniform all over the world at a given instant. 

The clue to the difficulty raised by Prof. Rankine is to be found in the second 
paragraph of § 8. I should perhaps have emphasized early in § 3 that the conductivity 
is preponderantly due to small ions owing to their extremely high mobility, and as 
a small ion is destroyed by collision with a nucleus, becoming in fact a large ion, it 
follows that the greater the number of nuclei the less the chance of survival of 
small ions, and hence the less the conductivity. Thus conductivity decreases with 
increasing concentration of nuclei. 


Le, t 


172 


621.352.12 


THE TEMPERATURE COEFFICIENT OF THE 
SATURATED WESTON CELL 


By P. VIGOUREUX anv S. WATTS of the National 
Physical Laboratory 


Communicated by Dr E. H. Rayner, October 17, 1932. Read Fanuary 20, 1933. 


ABSTRACT. The effect of temperature on the electromotive force and on the per- 
formance of acid Weston cells has been studied from — 24 to + 40° C. The e.m.f. reached 
a maximum at about 3°, and at — 20° it was just over a millivolt less than the maximum. 
The cells behaved satisfactorily at — 16°, but at — 18° freezing took place gradually and 
was accompanied by a rapid decrease in e.m.f. At — 24° the electrolyte had completely 
solidified, and the e.m.f. was about 12 millivolts lower than the maximum. The frozen 
cells resumed their normal behaviour when kept at room temperature for about a day. 
Cooling increased the internal resistance of the cells. The e.m.f. temperature formula in 
common use does not hold below 0°, but a slightly different formula has been obtained, 
valid between — 20° and + 40°. 


§xr. PREVIOUS INVESTIGATIONS 


cells is due to Wolff*, who gave for the change of e.m.f. between o° and 40° 


Ts most extensive investigation of the temperature coefficient of Weston 
the formula 


Ae = — 40°75 (t — 20) — 0-944 (t — 20)” + 0-098 (¢ — 20)8 


in which Ae is the divergence in microvolts from the e.m.f. at 20°, and ¢ is the 
temperature. It has subsequently been shown that acidity of the electrolyte does 


not affect the temperature coefficient to an appreciable extent+, and that the 
formulat 


Ae = — 40-6 (t — 20) — 0-95 (¢ — 20)? + o-o1 (¢ — 20)8 
expresses to a high order of accuracy the variation of electromotive force with 
temperature between the above-mentioned limits. 


§2. DESCRIPTION OF CELLS EXAMINED 


Twelve cells made in March 1932 were subjected to the temperature cycles. 
iene cadmium amalgam constituting the negative pole contained only 6 per cent 
of cadmium in eight of the cells, but the usual 10 per cent in the other four. The 
reason for using a lower cadmium-content in some of the cells is that, for stability, 
both the solid and the liquid phases of the amalgam must be present together. 
At temperatures below — 10°C. the solid phase only of a 10-per-cent amalgam 
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would be present, if extrapolation of experimental results from o° downwards is 
valid*, whereas a 6-per-cent amalgam would secure stability only between — 35° 
and + 28°. Experiment subsequently showed that the ro-per-cent amalgam, 
contrary to expectations, behaved satisfactorily down to — 20°, but the 6-per-cent 
amalgam acted according to prediction, and gave abnormal values of e.m.f. at and 
above 30°. 

In addition to the twelve cells subjected to the temperature test, six made 
in 1928 were connected permanently in parallel and used as comparison cells, and 
six made in 1929 were used individually as a check on the constancy of the com- 
parison group. The solvent for the electrolyte of all the cells was sulphuric acid of 
decinormal strength. 

Twelve cells, it might be thought, were hardly sufficient for the investigation, 
but the experience of many years acquired at the National Physical Laboratory, 
as well as the behaviour of the cells during the investigation, justified our views as 
to the stability and repetition of acid cells. At temperatures above 28° we could, 
it is true, use only the results obtained with the four cells containing 10-per-cent 
amalgam, but the exploration of that part of the range was only a verification of 
work often repeated, whereas the interest of the investigation lay chiefly with 
temperatures below 0°, at which the behaviour of standard cells had not as yet, 
as far as we are aware, been studied. 


§3. EXPERIMENTAL DETAILS 


A refrigerator, the tank of which contained a few hectolitres of a mixture of 
paraffin and machine oils kept constantly stirred, provided the required low 
temperatures. The twelve test cells were placed in a metal trough full of paraffin 
oil and provided with a heating resistance and a toluene thermostat. The trough 
could be lowered into the oil of the refrigerator tank. Stirring was effected by 
blowing dry air through small holes in a lead pipe resting on the bottom of the 
trough. By starting and stopping the refrigerator at intervals, it was easy to maintain 
in the trough a temperature constant to 0:05° at all points between — 242 andes 
The comparison and reference cells were in an oil bath maintained at 20°. Mercury 
thermometers were used in both baths. 

A Tinsley potentiometer giving single microvolts between successive studs of 
the last dial measured the difference in e.m.f. between each of the twelve test cells 
and the comparison group, and between each of the six reference cells and the 
comparison group. When the cells were all at 20° the sensitivity as read on the 
galvanometer was about 3 mm. for 1opV. At — 21° it was only about 0:8 mm., but 
even this was sufficient. 

The time required to lower the temperature of the cells by 20° was about 
two hours. When the cells had reached the required temperature, half an hour was 
allowed to elapse and the eighteen measurements were made; about twenty minutes 
later, another set of readings was taken. It will be seen from table 1 that the two 
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Table 1. Measurements of the e.m.f. of twelve standard cells 


6-per-cent amalgam 10-per-cent amalgam 
| 
Tea e.m.f. of | e.m.f. of | e.m.f. of | e.m.f. of 
Date, Summer} perature | test cells _ test cells | No. of | test cells _ test cells | No. of 
1932 ene at cella minus | minus cells minus | minus cells 
under test e.m.f. e.m.f. | used e.m.f. / e.m.f. used 
of 1928 of test | for the! of 1928 | of test | for the 
cells at | cells at | mean | cellsat | cells at | mean 
20° (nV.) | 20° (zV.) | / 20° (#V.) | 20° (pV.) | 
April 26 — 20 oF ° | 8 = var | | ° + 
May 3 —_— — 41 + 285 + 278 8 — — — 
= |<.) 2223 6 
= - + + 60 
<= = LOW + 62 "55 8 = 4 se SF | : 
16.30 — 15°35 — 249 256) »& — 246 | — 253 4 
17.00 — 14°95 = 224. — 23184 6 —221 | — 228 4 
May 4 10.20 — o'92 + 341 + 33 | 
4 8 
10,50 = 50.05 + 343 + 336 8 + 344 | + 337 4 
11.40 "0 + 354 + 347 8 + 354 + 347 
12.20 o'0 + 354 + 347 8 + 355 | + 348 + 
igh + Io + 362 + 355 8 + 365 + 358 4 
13.55 + 10 + 362 + 355 8 + 364 + 357 
16.40 — 19°95 — 653 — 660 5 — 660 | ha 667 | : 
17.15 = 19°9 — 652 — 659 5 — 663 | -— 670 2 
May 5 10.45 = 5 “ | 
326 =5 4. 
eis | om ee | 
TI.45 cose) + 348 + 341 8 +3 + 348 : 
12.10 oo + 348 + 341 8 4. a 4 pe . 
12.50 tk OF + 363 + 356 8 + 368 36 : 
re 3 + 361 4 
3-40 + 2°03 + 364 + 357 8 + 370 + 36 
14.15 + 2°95 + 369 +362 | 8 + 381 = ; Tee 
14.50 + 2°95 + 367 + 360 8 + 373 4 326 : 
15.25 + 3°9 +365 | +358 | 8 + 372 + 36 4 
ae cs 3°95 + tee + 359 8 +371 + 364 ; 
4°9 + 55 | o- 
17.00 5 ro + jee ts 355 : 308 + 361 4 
354 + 369 + 362 4 
May 6 | 10.45 + 20°0 foPnts _ 8 6 
II.20 + 20°0 a. e 8 Hi 2 + 
14.25 — 18-05 — 482 — 489 8 ae 7 * © 
15:35 18:0 — 483 — 490 8 aes pa 3 
16.50 esa — 583 — 590 8 - 360 oe 7 
17.30 — 193 ~ 607 ay ie 5) es 3 
May 7 10.50 ; ss iis : 
. — I9'0 = * 
oe] (8°. | 292 | 261 oe 
12.45 — 20°05 — 671 — 678 I ca 668 be he 
May 9 ag lie) a 7°65 rn 187 sg 75 I 
aes Ake ie! cE I : 8 + 188 + 181 4 
16.15 —ar = cee 8 + 190 + 183 
17.00 — 21 ; 796 aS Gh ot The oth . 
20'TS | e.m.f. was decreasing rapidly. ena eae: webiste ps: 
Results varied between =. aia ee meee 
Mayate — 3000 and — gooo pV. hi 
A039 — 24°09 |— 11000 _ 
15.10 — 24'0 — 11000 = on) 
17.20 +- 20'0 — 99 — = 
18.20 + 20°0 — 84 ee - 


Table 1. Measurements of the e.m.f. of twelve standard cells (continued) 


6-per-cent amalgam 10-per-cent amalgam 
T'em- e.m.f. of | e.m.f. of e.m.f. of | e.m.f. of 
Summer | perature | test cells | test cells | No. of | test cells | test cells | No. of 
time of cells minus minus cells minus minus cells 
under test e.m.f. enm.ts used @.mm.t. estate used 
of 1928 of test | for the} of 1928 of test | for the 
cells at cells at | mean | cells at cells at | mean 
AIS) (FEN) exe (GAYS) 20° (zV.) | 20° (vV.) 
10.00 + 20'0 = Oh — 8 — 6 = 4 
10.45 + 20°02 = 22, — 8 — 6 — 4 
Sens — 181 — 526 — 506 6 — 500 — 494 4 
16.05 — 181 — 526 — 506 6 — 506 — 492 a 
10.30 Tork — 519 — 499 5 — 505 — 491 2 
12.30 + 20°0 — 20 — 8 — 14 — 4 
14.00 + 20°0 — 17 — 8 — 13 — 4 
| 16.30 =16"1 3352 = 335 8 359 — 326 4 
11.00 ron =—335 =335 8 — 324 830 4 
12.30 = 16°55 — 338 = 338 8 — 329 1335 4 
14.30 SOS 337 537 8 — 326 = 332 4 
13.00 + 20°0 +O _— 8 + 6 = 4 
17.00 20°0 = 8 — 8 + 9 = 4 
16.30 20°0 0, SF aaa 8 + 9 aan 4 
— 20°0 + 4 Boe 8 4 16 a 4 
— 20°0 + 6 = 8 Sie LO ed 4 
— 20°0 + 6 — 8 a 49 cal 4 
— 20°0 + 6 — 8 +. = 4 
13.45 20°0 + 6 — 8 + 8 — 4 
14.55 20°0 | — 8 + 9 == 4 
16.40 26-0 — 264 — 271 8 — 263 = 272 4 
17.50 26:0 — 266 — 273 8 — 264 = 273 4. 
10.50 20°0 + 8 — 8 + 8 = 4 
12.00 20°0 + 8 — 8 + 10 = 4 
11.00 30°0 — 492 |Abnormal| — — 474 — 482 4 
12.00 30°0 = 2 = = 479 = 487 4 
13-45 34°0 —s » a =A — 722 4 
14.30 34°0 = >» —_ soe EN, | OR ae a4 
16.00 36°97 amar ” an — 910 = 95S : 
16.45 37°0 = - — — 906 = 909 aa 
11.20 20'0 ae = 8 ee wath 4 
12.30 20'0 = ‘af —_— 8 se 6 ew 4 
14.55 40° — Abnormal| — — 1116 — 1120 4 
Paso 40°0 = es aa Wet EEEG, Ml — ITS + 
16.45 40°0 rz ” ra EROS Naat + 
11.15 20°0 + 5 = 8 ius = - 
12.30 200 + 5 a 8 eee.) y 4 
10.45 20'0 + 6 = 8 Stig 0 as 4 
rigs 20'0 + 6 at 8 toe “8 it 
12.35 22'0 =e hs — 84 8 seth <s . 
14.30 22°0 =. 79 wi 83 8 le pens # 
: + 96 4 
10.30 17°41 + 103 + 96 8 + 104 
rape 17°54 +100 + 93 8 ne 3 pats ‘ 
13-45 OS ey ea SMa, aide i 
14.45 20°0 ph ee . aoe 
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sets were always in excellent agreement, indicating that the lag was very small. 
It was consequently possible to complete the low-temperature investigation in ten 
days, during which 736 individual measurements were made; they were spread 
over sixteen different temperatures between — 24° and 5°. In addition, the test 
cells were often raised to 20°, and measured at that temperature. A similar pro- 
cedure was observed for measurements at room temperature and above. 


§4. BEHAVIOUR OF THE CELLS 


The summary of results in table 2 shows that the electromotive force reaches 
a maximum at about 3°; the curve connecting electromotive force and temperature 
resembles a parabola with vertex upwards and axis perpendicular to the tem- 
perature axis as in figure 1. Down to — 16° the electromotive force reached the 


Table 2. Relation between e.m.f. and temperature 


é 
Experiment* Formula — experiment uv.) | 
‘Temperature 
(Cs) : Formula in Formula 
Actual points Best curve general use proposed 
— 20 — 672 — 674 139 / = 
— 19 — 582 — 577 124 +2 
— 18 — 487 — 485 108 +3 
— 16 — 324 — 313 76 ° 
— 15 — 230 — 233 62 —2 
— 10 68 75 18 —6 
aaa a7. 179 174 9 fe 
= eA 276 276 II #5 
— 1°75 322 aAS 10 +5 
= 335 333 | 7 ) +5 
° 346 346 6 +4 
t 356 355 | 5 +2 
2 359 361 ) 3 +I 
3 365 363 | 3 / - 
4 362 362 4 . ° 
5 358 358 | 4 | —1 
10 a 301 | ° = 
14 = 205 | 2 — 

. , . 3 
17°5 92 92 3 ° 
20 ° ° / ° ° 
22, — 83 — 83 —2 = me 
26 — 272 — 272 — 4 +5 
3° — 484 — 484 ae j +5 
34 iT Bia | — 722 —5 +6 
iy) — 912 — QI2 —3 ° 
40 — 1118 - 1118 1 6 6 


oe . . > = ; ‘ . ' 
Excess in microvolts of the e.m.f. over the e.m.f. at 20°. 


value expected from the curve in less than an hour, and suffered no subsequent 
change. When the cells were cooled to — 18°, the e.m.f. also reached the ex pe 
value within an hour, after which it would remain constant for several er 
but then one of the twelve cells would suffer a gradual decrease in e.m.f Then 
another cell, and then a third, would behave in a similar manner. It ve cam on 
examination that the electrolyte of the cells undergoing the abnormal decrease 
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was gradually becoming solidified. ‘The process was slow at — 18°, for after twenty 
hours at that temperature five out of the twelve cells were partly frozen, but it is 
probable that the electrolyte in all of them would have become solidified had the 
experiment been continued. A similar test was tried at — 16°, but the cells behaved 
normally during its twenty-four hours’ duration. We conclude that Weston cells, 
or at least those made with solvent of decinormal acidity, are satisfactory at — 16°. 

The process of solidification is much faster when the temperature is lowered 
to — 19° or — 20° instead of to — 18° only; but even at — 21° one of the cells 
behaved normally for about half an hour. In evaluating the mean electromotive 
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Figure 1. Relation between the electromotive force of the Weston (saturated) cell 
and its temperature. 


force at any temperature, only those cells were considered whose behaviour was 
normal; above — 18° results on all the cells were used, but below this temperature 
the cells which exhibited a continuous decrease in e.m.f. were, of course, not taken 
into account. 

After the freezing to — 24°, an undoubtedly severe treatment, the bath was 
warmed, and in an hour the temperature had reached + 20°. Half an hour later 
the 6-per-cent amalgam cells still gave about 100V., and the 10-per-cent about 
5sopV., below the normal value. This, and the subsequent behaviour, are shown 
in table 1. Recovery was complete in about a week. 

Want of space precludes us from giving here the individual results from which 
table 1 was constructed, but it should be mentioned that the behaviour of the cells 
was not so uniform that they all had the same value at all temperatures ; nevertheless 
the maximum and mean deviations from the mean, even at — 18°, did not exceed 
22 and 11,V. respectively, so that the mean of the twelve cells may be regarded 


as a fair average, of accuracy 5/V. 
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§5. DERIVATION OF A FORMULA 


The temperatures in table 1 are not all in round numbers, but it is easy to 
obtain the first two columns of table 2 by plotting a graph and applying the small 
corrections required. The figures in the second column are the means of the 
values of the 6-per-cent and ro-per-cent amalgam cells for all temperatures below 
30°, and of the latter only for higher temperatures, A curve drawn ona large scale 
yielded the figures in column 3, which agree closely with the experimental points. 


The formula in general use to-day, viz., 
Ae = — 40°6 (t — 20) — 0°95 (¢ — 20)” + o-o1 (¢ — 20)°, 


does not agree with experiment below 0°, as shown by column 4, which gives the 
differences between that formula and the experimental curve. A cubic formula 
seems inadequate to represent the actual state of things, but by going one step 
further it is possible to obtain for the whole range the same accuracy which the 
cubic formula gives for the positive half. From the figures in the last column, 
which are differences between the formula 


Ae = — 39°39 (¢ — 20) — 0°903 (¢ — 20)? 
+ 0:0066 (¢ — 20)8 — 1°5 x 10-4 (¢ — 20)4 


and the experimental curve, it will be seen that only in one case is the discrepancy 
as large as 6uV. The formula can be simplified by referring the temperatures 
to 3°, thus 


Ae = 363 — 1°5 (¢ — 3)? + 1°68 x 10-7 (f — 3)? — 1-5 x 10-*(¢ — 3). 


Other formulae have been tried with maxima at 3-2, 3-3 and 3-4°, but they do not 
give as good agreement as the above, and it seems that the maximum e.m.f. occurs 
very close indeed to 3°, which might, for some purposes, prove a convenient 
temperature for the standardization and comparison of cells. 


§6. DISCUSSION OF RESULTS 


The temperature of maximum electromotive force determined by this investiga- 
tion is in exact agreement with the results of Wolff*. Although it is possible that 
the variations of electromotive force with temperature depend on other factors 
besides the concentration of the electrolyte, the negligible temperature coefficient 
of unsaturated cells, indicating as it does that the influence of such factors is very 
small, suggests that the minimum solubility of cadmium sulphate, whether in water 
or decinormal sulphuric acid, occurs at a temperature of 3°. This result is in 
agreement with the solubility determinations of Mylius and F unk} and of von 


Steinwehr}, but at variance with those of Cohen and Wolters §, who assign — 9° to 
the point of minimum solubility. 


Loc. cit. + Ber. deuts. chem. Ges. 30, 824 (1897). 
} Z. phys. Chem. 88, 229 (1914). § Z. phys. Chem. 96, 253 (1920). 
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The phenomena observed at low temperatures can be explained from the 
freezing-point and solubility data* for cadmium sulphate. The solubility curve of 
3CdSO,.8H,O meets the freezing-point curve at — 17°, whena solid of composition 
CdSO, + 14:5H,O is precipitated. The cell can, therefore, be expected to function 
satisfactorily above this temperature, and probably, with suitable amalgams, up 
to 74°5°, at which temperature another transformation takes place. 'The slow rate 
of solidification at temperatures above — 19° might be caused by the formation 
of the metastable CdSO,.7H,O, which would lower the temperature of solidification 
of the solution, before it gradually suffered transformation into the stable salt 


3CdSO,.8H,0. 


§7. INTERNAL RESISTANCE OF CELLS 


An approximation to the internal resistance was obtained by observing the 
sensitivity of the potentiometer at various temperatures. The calibration was 
effected by replacing the cells by a resistance box. The figures below, representative 
of the values obtained, are only a rough approximation. The small resistance of 
the six comparison cells has been allowed for where necessary. 


Temperature (° C.) 20 5 © =10 —20 — 24 (completely frozen) 
Average internal resistance (Q.) 800 850 1700 2500 5000 40,000 


The average resistance of the reference cells made in 1929 seems to lie between 
500 and 6002. 
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ABSTRACT. A new method for the determination of the horizontal and vertical com- 
ponents of the earth’s magnetic field is described. A small cylinder of mu-metal is wound 
with fine wire whose ends are connected to wires forming a torsional suspension. This 
cylinder is placed with its centre at the mid-point of a Helmholtz coil system whose axis 
is adjusted to coincide with the direction of the component of the earth’s field which is 
to be measured, the suspension being perpendicular to the component. The current 
through the coil system can be adjusted so that there is no deflection of the suspended 
cylinder when the current in the solenoid wound upon it is reversed, in which case the 
calculated field produced by the coils is equal to the required component. The sources 
of error peculiar to the method are examined and their elimination is discussed. It is 
shown that measurements of high accuracy are possible. : 


§zi. INTRODUCTION 


it is necessary to determine the magnitudes of the horizontal and vertical 

components of that field. The horizontal component may be accurately found 
by several methods, the most rapid being that of Schuster and F. E. Smith*, of 
which a simple modification was recently described by the writert. The vertical 
component is usually calculated from a knowledge of the horizontal component 
and the angle of dip, the latter being generally determined with an earth inductor 
in series with a galvanometer. 

F. E. Smitht has outlined a direct method for the measurement of the vertical 
component. A small coil is rotated with constant frequency about a horizontal 
diameter in the magnetic meridian, the ends of the coil being connected to a 
vibration galvanometer. The vertical field acting on the rotating coil may be annulled 
by passing a current through a Helmholtz galvanometer coil system, whose axis is 
vertical and whose mid-point coincides with the mid-point of the rotating coil. 
When no current flows through the galvanometer, the current in the coil system is 
exactly that required to neutralize the vertical component of the earth’s field, so 


that this component can be calculated from the dimensions of the coil system and 
the magnitude of the current. 


F: a complete knowledge of the earth’s magnetic field in a particular region 


* F. E. Smith, Phil. Trans. R. S.A 223, 175 (1922). 
t L. F. Bates, ¥. Sci. Inst. 8, 324 (1931). 
t F. E. Smith, loc. cit. 177. 


ts 
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The writer was not aware that any other methods had been reported until his 
work with the apparatus described below had been completed and the following 
account—which has been left entirely unaltered—had been written. His attention 
was then drawn to a method described and tested with customary precision by the 
late Dr D. W. Dye*. 

In Dye’s method a very light coil is suspended so that it may rotate about a 
horizontal axis in the magnetic meridian, the plane of the coil being in the meridian. 
When supplied with alternating current of the resonant frequency, the coil vibrates 

_in a manner similar to a coil-type vibration galvanometer under the influence of the 
vertical component of the earth’s field. The mid-point of the coil is situated at the 
mid-point of a Helmholtz coil system whose axis is vertical. 

A current supplied to the Helmholtz coil system is adjusted until the resonance 
vibrations disappear, when the vertical component of the earth’s field is exactly 
neutralized in the region occupied by the vibrating coil. The vertical component is 
calculated from a knowledge of the current and the dimensions of the coil system. 
Using the refinements possible at the National Physical Laboratory, Dye thus 
measured the vertical component with an accuracy of one part in twenty thousand. 

The apparatus now to be described enables both the horizontal and the vertical 
components to be rapidly determined with considerable accuracy. With the present 
construction the mean error of a determination is of the order of one part in a 
thousand, but with further refinements greater accuracy is obtainable. 


§2. THEORY OF THE METHOD 


The method of determining the vertical component, for which the apparatus 
was primarily designed, will be first described. In figure ra, XX represents a small 


V.L.a. 


m & 
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Figure ta. Figure 1b. 


cylinder of mu-metal, chosen because of its very high permeability in low fields, 
on which is wound a solenoid of thin insulated wire. ‘The ends of the wire are brought 
to B and C, where they are soldered to the ends of two fine phosphor-bronze 
galvanometer suspensions, AB and CD. The whole system is then mounted so that 
AD lies horizontally and in the magnetic meridian, whilst the axis of XX is adjusted 
to be horizontal and perpendicular to the line AD. 

The passage of a current of a few milliamperes through the solenoid is sufficient 
to make the mu-metal, initially unmagnetized, a strong magnet. The vertical 
component of the earth’s field acts upon this magnet, which tends to set with its 


* D. W. Dye, Proc. R. S. A 117, 434 (1927). 
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the cylinder is deflected. The deflection 
h AD, and no deflection occurs if the 
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magnetic axis vertical, and, consequently, 
is reversed by reversing the current throug 
vertical component of the earth’s field is annulled. 

The cylinder XX is mounted with its centre at the mid-point of a Helmholtz 
coil system whose axis is vertical, as shown in figure 2. A steady current is supplied 
to the coils, and by repeated adjustment of the current the vertical component of 
the earth’s field may be entirely compensated in the region occupied by XX. 
When this condition is satisfied no deflection of A.X occurs on reversing the 
current in AD. If exact compensation is not attained, the direction of the deflection 
of XX on reversal of the current in the solenoid will depend upon whether the 
compensating current is too large or too small to annul precisely the vertical 


component. 


ag ee 
a 
=~ 
B 
| 
G| 


Figure 2. To measure the horizontal component: planes of coils are vertical with meridian on 
line ABC (i.e. the figure is plan view). To measure the vertical component: planes of coils are 
horizontal, with meridian perpendicular to plane of paper at B (i.e. the figure is an eleva- 
tion). The magnet suspension is at B and perpendicular to plane of paper. 


It is therefore possible to determine when exact compensation is attained, and 
hence, from a knowledge of the compensation current and the geometric cotistahits 
of the Helmholtz coils, to calculate the magnitude of the vertical component of 
the earth’s field. The several factors upon which the sensitiveness of the apparatu 
depends will now be described. e : 

Let J be the intensity of magnetization of the mu-metal cylinder, a its area of 
cross-section and / its length. Let the mass of the cylinder and cclentid be m, and 
suppose that the centre of gravity is at a distance x from the line about hich the 
cylinder turns. Let the axis of the cylinder make an angle @ with the horizontal 
and let the angle between the line from the centre of gravity perpendicular to the 
cae aeciie and the horizontal be 4, when the magnetization is such that the 
tee moet ae ate s field gives rise to forces in the directions shown 

Then, for equilibrium, 


VIal cos 0 + mgx cos 6 = Ty viuirwe( i) 
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where Vis the vertical component of the earth’s field, 7 is the torsion constant of 
the system and y is the angle through which it is twisted. The forces need not, 
of course, be coplanar. On reversing the magnetizing current the magnetic forces 


shown in figure 1d are reversed, the angles 0, 4 and y are decreased by 86, and we 
now have 


— VIal cos (0 — 80) + mgx cos (6 — 80)= T(y— 86)... (2). 
Subtracting (2) from (1), we have 
VIal {cos 8 + cos (8 — 56)} + mgx {cos ¢ — cos (¢ — 86)} = T88, 
or, since 5@ is small, 


VIal {2 cos 6 + 56sin 0} — mgx d0sin ¢ = T86, 
whence 


60 = 2VIal cos 6/(T + mgxsin@—VIalsin@)  —....... (3): 


Under the chosen experimental conditions the axis of the cylinder is practically 
horizontal, i.e. @= 0. Also, when the vertical component of the earth’s field is 
almost compensated, the field V must be replaced by a small field, 5V, and we have 


oo =o V lal Ti mexsin-}) 9a e s...%: (4). 


The second term in the denominator of equation (4) may be made vanishingly 
small by decreasing x by the method described below, so that, in the limit, we 
may write 

60 = 28VIJal/T. 
Hence the sensitiveness of the apparatus may be increased by increasing /—which 
means the use of solenoids of many turns—by increasing the dimensions of the 
cylinder, and, finally, by decreasing the torsion constant. 

The value of J is limited by the magnitude of the current which may be passed 
through the solenoid together with the high demagnetization factor of the cylinder. 
The latter determines to some extent the dimensions of the cylinder, which are 
also limited by the mechanical strength of the suspension and by the fact that, 


unless the cylinder is small, it does not lie within the region over which the field’ 


produced by the Helmholtz coils can be regarded as constant. In fact, given that 
the position of the centre of gravity of the system has been properly adjusted, the 
torsion constant of the suspension is the factor which mainly governs the sensitive- 
ness of the apparatus. 


§3. EXPERIMENTAL DETAILS 


Figures 3a, 3b and 3c represent respectively the elevation and plan views of 
the actual apparatus as arranged for the determination of the vertical component. 
The frame was constructed of non-magnetic brass. From figures 3a and 38, it will 
be seen that the tension of the suspension could be adjusted by means of the screw 5, 
which passes through a square hole in the brass pillar P. 

The axis of the cylinder XX could be brought into a horizontal position by 
means of the torsion head 7’. The latter passed, as shown, through an ebonite bush, 
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n electrical communication with the insulated terminal, R,. A second 
wed a current to be sent 
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and it was 1 
terminal, R,, directly screwed to the brass support, allo 
through the suspended system. 


The electrical arrangements are shown in figure 4. A shunted millivoltmeter 


was used for measuring the current supplied to the Helmholtz coils. The latter 
were each of 30 turns of mean diameter 40 cm. Their centres were fixed (for con- 
venience) 17:2 cm. apart in all experiments. The millivoltmeter was frequently 
calibrated and its shunt often changed so that the current determinations were free 
of bias. 

The levelling screw L together with two projections / /, from the left-hand side 
of the base, figures 3a and 3c, enabled the suspension AD to be arranged as nearly 


Figures 3a, 36, 3c. 


horizontal as the slight sag, which was inevitably present, permitted. The dimensi 
of the frame were chosen with the view of making this sag as sco sesible 
without greatly diminishing the sensitiveness. ; <a 
In the diagrams a simple device for clamping the suspended system, when i 
transit, is not shown. 'I'wo pointers, attached to the base of the inatdhient’ ai tly 
below the line AD, which were particularly helpful in fixing the nies 6 me 
apparatus with respect to the magnetic meridian, are likewise not x a as ae 
board case provided with mica windows was used to shield th pee. 
from the effects of air currents. ae 
No electromagnetic or frictional damping devices were necessary to bring th 
suspended system to rest, as with a little practice it was easy Re eae Bi 
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equilibrium position when small oscillations persisted, and large oscillations were 
easily reduced by proper manipulation of the reversing switch shown in figure 4. 

The cylinder XX was 1:5 cm. long and 1-4 mm. in diameter. These dimensions 
satisfied the conditions mentioned in the discussion of the theory of the method. 
Several such cylinders were wound and mounted, and experiments were made with 
those referred to as nos. 1, 2, 3 and 4 respectively. The solenoids on nos. 1 and 2 
were wound by hand, the ends of the wire being looped as in figure 5, and then 
drawn taut. No. 1 was wound with 40 turns of no 36 s.w.g. copper wire, and no. 2 
with 80 turns of no. 42 s.w.g. eureka wire. The wire was double-silk-covered and 
was passed through molten paraffin before being wound, in order to ensure more 
perfect insulation. 

The solenoids on cylinders nos. 3 and 4 were wound on a lathe. A small hole 
was bored through the middle of each cylinder, and the solenoid was wound in 
two layers. The winding was started at the middle of the cylinder. Half of the 
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Figure 4. Figure 5. 


cylinder to one side of the hole was completely wound and then the other half, 
the free end of the wire being passed through the hole. Special precautions were 
necessary to prevent short-circuiting of the solenoid where the wires passed through 
the hole. Cylinder no. 3 was wound with 160 turns of no. 42 s.w.g. eureka wire, 
and cylinder no. 4 with 140 turns of no. 36 s.w.g. copper wire. 

On mounting the suspension it was generally found that the centre of gravity 
of the system was too far below the line AD. The centre of gravity was therefore 
raised by attaching small quantities of molten picein or of sealing wax to each end 
of the upper surface of the solenoid, until the period of torsional oscillation about 
AD became large. This was best done by loosening the screw S, lowering the 
system on to a support, and adding or removing wax with a hot copper wire. 
Cylinders nos. 3 and 4 were very symmetrically mounted and only required the 
addition of very small quantities of wax. 

The phosphor-bronze galvanometer strip suspension which gave satisfactory 
results was 0:0025 x 0-0005 in. in cross-section, the lengths AB and CD being 
approximately those shown in figure 3. The mirror MV was mounted with picein 
on the upper side of the cylinder, before adjustment of the centre of gravity. It 
was made from a small piece of microscope cover glass coated with platinum. 

The optical arrangements for recording the rotation of the cylinder are shown 
in figure 2. The scale was usually conveniently placed about 50 cm. from the 
mirror M; this distance could, of course, be increased. A suspension was considered 
satisfactory if the reversal of a current of not more than 10 mA. in the solenoid 
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produced a deflection of about 10 cm. on the scale when the vertical component 
of the earth’s field was not compensated. 


§4. SOURCES OF ERROR 


The first possible source of error to be discussed is the effect of the current in 
AD upon the poles of the cylinder. For the purpose of calculation, we may look 
upon AD of figure 3a as a long straight wire carrying a current 7. The pole strength 
of the mu-metal cylinder is Ja, and a force approximately equal to (27/4/) Ja will 
act on each pole. Hence the system experiences a couple of electromagnetic origin 
equal to 4iJa. Since i and I always have the same sign, the sense of this couple is 
constant. 

The effect of the current in AD will therefore be to cause a constant displace- 
ment of the cylinder, but it cannot affect the determination of the vertical com- 
ponent unless / varies in magnitude with the direction of the current in the solenoid. 
In the experiments described below, the maximum value of 7 was 30 mA., and / was 
1-5 cm. Hence the maximum value of the couple was 0-008 Jal. 

Thus, even if the numerical value of J changes by as much as 1 per cent on 
reversal of the current in the solenoid, the deflection 6@ will only be proportional to 
0:00008 Jal. Since it is easily possible to measure the compensating current to 
one part in 800, the limiting deflection due to uncompensated field is proportional 
to V/800 Ial or 0-0005 Jal. The error due to the lack of constancy of J can only 
become important when measurements are made to an accuracy of greater than 
one part in 10,000. 

In any case, with a comparatively high field in the solenoid it is difficult to 
believe that the value of J can change by as much as 1 per cent on reversal. If, 
however, it is proved that the change is appreciable, then the error can be greatly 
reduced by running a wire parallel to and just below AD, so that the solenoid 
current passes along AD and returns through the lower wire, whose magnetic 
field will almost neutralize that of AD near the poles of the cylinder. 

Another source of error arises when the line AD does not coincide with a 
horizontal line in the magnetic meridian passing through the centre of the cylinder. 
A slight displacement of AD from the meridian can easily be shown to give rise 
to very little error. A slight displacement from the horizontal, however, gives rise 
to serious error. For let AD make a small angle « with the horizontal. Then 
the horizontal component of the earth’s field may be resolved into components, 
H cos « and H sin «, respectively parallel and perpendicular to AD. The latter com- 
ponent will produce a couple approximately given by H sin x. Jal. If xis of the order 
of 1°, this couple is approximately 0-004 Jal, i.e. about eight times greater than the 
smallest measurable current difference. There is, fortunately, every reason why 
a should be very much less than 1° with an apparatus properly constructed and 
set up. 

In any case the error may be avoided by taking a further value of the com- 
pensating current with the whole apparatus turned through 180° in a horizontal 


A new apparatus for the measurement of the earth’s magnetic field 187 


plane, when the direction of the couple due to the horizontal component of the 
earth’s field will be reversed, while the vertical couple remains unchanged. This 
rotation is much facilitated by the provision of the pointers mentioned in an earlier 
section, care being taken that the centre of the cylinder is always placed in the 
same position with respect to the Helmholtz coils. 

The most serious source of error arises if the axis of the coils is not strictly 
vertical. If measurements correct to 1 part in 1000 are required, a slight 
departure from the vertical will not be serious, but for more accurate measurements 
it is clear that the coil system must be wound on an accurately turned cylinder 
which can be adjusted with its axis vertical. 


§5. EXAMINATION OF ERRORS 


The exact current necessary for the compensation of the vertical field may be 
found in two ways, either by successive adjustment until no deflection occurs on 
reversal of the solenoid current, or by interpolation from the deflections produced 
on reversal when the current in the coils is a little too small or a little too large. 
The first method was found to be much the easier and the more satisfactory, 
although, in the tests made, both gave identical results within the limits of experi- 
mental error. The first method was therefore always employed. 

In the following experiments the procedure usually adopted was for one 
observer to record the deflection produced on reversal of the solenoid current. 
A second observer adjusted the current in the coils until the first observer signalled 
that exact compensation was attained. The compensating current was then read. 
Two observers are not necessary, but in these tests they made for more speedy 
progress. 

To investigate the presence of errors of the type described in the first portion 
of the last section, as well as any due to the heating of the suspension, the magnitude 
of the solenoid current was varied. The tests were confined to currents which 
produced a fairly high degree of magnetization of the mu-metal. For cylinder 
no. 1 the successive values obtained for the compensating current with a current 
of 12 mA. through the solenoid were 79-7, 79°9, 79°9 and 79°65, giving a mean value 
of 79-79 divisions on the shunted millivoltmeter. With a current of 30 mA. through 
the solenoid, and other experimental arrangements unchanged, the successive values 
were 79°8, 79°9, 79°8 and 79-7, giving a mean value of 79°80 divisions. ‘There was, 
then, no change with the higher current, and since the corresponding scale de- 
flections were larger with the higher current, it was usually employed with cylinders 
wound like no. 1. Heavier currents caused appreciable sagging of the suspension 
owing to expansion, and produced frequent changes of zero due to convection 
currents; they were therefore not employed. 

The errors due to the presence of the horizontal component of the earth’s field 
were next investigated; these should be very small if the cylinder is properly 
mounted. With the system on which the last tests were made, and a current of 
30 mA. through the solenoid, the following values of the compensating current 
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were obtained : 79'5, 79:4 and 79°5 divisions. The apparatus was then turned aie 
180° in a horizontal plane and the following readings were obtained: 79°, 79° _ 
79°6, 79°75 and 79°55 divisions. It was then restored to its seers ae an 

the following readings were recorded: 79-4, 79°6 and 79°55 divisions. e mean 
values for the two positions were therefore 79-49 and 79°63 respectively, so that the 
final error due to the horizontal component of the earth’s field was certainly small. 
The value for the vertical component of the earth’s field obtained from these 
determinations was 0°3931 gauss, a value consistent with the laboratory structure. 

Tests were also made with cylinder no. 3. The sensitiveness of the apparatus 
with this cylinder was very high, a deflection of about 30 cm. being recorded on the 
reversal of a current of 12 mA. in the solenoid when no current flowed in the 
Helmholtz coils. It was now not necessary to use more than 12 mA., owing to the 
large number of windings in the solenoid. 

With the apparatus in one suitable position the following values for the com- 
pensating current were obtained: 78-40, 78-35, 78-40, 78:30 and 78-30 divisions. 
The apparatus was then turned through 180° in a horizontal plane and the values 
now obtained were 78-50, 78-50, 78°55, 78-50, 78-50, 78-50, 78-35, 78°55 and 78-50 
divisions. It was then replaced in its former position and the values obtained were 
78-45, 78:45, 78°55, 78°55 and 78-55 divisions. The mean of all these values gave a 
value of 0:3926 gauss for the vertical component of the earth’s field. 

The first set of these readings gives a lower mean value than the last set. It 
should be recorded, however, that in the first set the zero error of the millivoltmeter 
was much larger than ever observed in any other set, probably due to a stray 
thermoelectric effect in the circuit. The first set may therefore be in error. If the 
mean of the second and third sets only is taken, the value of the vertical component 
obtained is 03929 gauss, which compares well with the earlier value of 0-3931 
obtained with the first system. The three sets of readings show, however, that the 
cylinder system was well mounted. 

In order to determine the magnitude of the error likely to arise through the 
line AD, about which the cylinder turns, failing to coincide with a horizontal line 
in the magnetic meridian, the apparatus was purposely inclined at various angles 
to the horizontal. 

With cylinder no. 2, the levelling screw L, figure 3, was first screwed into the 
base to the maximum extent, so that the line 4D made an angle of 1° 12’ with the 
horizontal. With the apparatus so placed that the screw S was to the north of the 
cylinder, the neutralization current was found to be 81-27 divisions. The apparatus 
was then turned through 180° when the neutralization current was 79°89. On 
restoring the apparatus to the first position the neutralization current was 81-31 
divisions. ‘The mean value for the two positions was therefore So: 59 divisions. 

The suspension was then made as horizontal as possible, by sighting, and the 
currents with the screw S' north and south of the cylinder were now respectively 
79°88 and 81-25 divisions, the mean value being 80°57. It will be observed that 
the neutralization current for the first position had become the smaller. 

The screw L was then unscrewed to the maximum extent, so that the line AD 
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made an angle of 5° with the horizontal. ‘The two neutralization currents were now 
77-82 and 83:53 divisions respectively, giving a mean of 80:68. Hence, for a 
displacement of over 6° a difference of only one part in 800 between the mean 
values was produced. 

This error may be made insignificant, for it is clear that for some setting of the 
apparatus the neutralization currents must be identical. In that event the line AD 
will be strictly horizontal if it lies in the magnetic meridian, which is practically 
the case. 

In determining this setting a simple graphical method was found very effective. 
The screw L was screwed in as much as possible and a datum line was marked 
upon its head. The neutralization current was measured with the apparatus so 
placed that L was to the north of the cylinder. The screw was then turned through 
one complete turn and the neutralization current was again measured. ‘This pro- 
cedure was repeated several times. The apparatus was then turned through 180° 
and the measurements were repeated with L to the south of the cylinder. A set of 
results, obtained with cylinder no. 2, are plotted in figure 6. It will be seen that the 
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Figure 6. Cylinder no. 2. 


best position of the apparatus was that obtained by turning the screw L through 
3:2 turns from the zero position. This was done, and the values of the two currents 
were then found to be 80-10 and 80-18 divisions respectively, giving a mean of 
80:14. The values of the vertical component of the earth’s field calculated from the 
mean of the observations, from the graph of figure 6, and from the measurements 
with the best setting were respectively 0°3927, 0°3925 and 03928 gauss. 

Experiments on these lines were also made with cylinder no. 4, the current in 
the solenoid being 24mA. Determinations of the neutralization currents were 
made for six recorded positions of the screw L. The value of the vertical component 
found from the mean of these six determinations was 0:3928, that found graphically 
was 0°3931, and, finally, that obtained from determinations when the apparatus 
was set in the most favourable position given by the graph was 0°3931 gauss. The 
corresponding graph was very similar to that of figure 6. 
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§6. COLLECTED RESULTS 
The results of the measurements with the various cylinders are given in the 


table. 


Specimen Date of. | Vv ats 
no. determination 
0°3931 
: a * a | o 3926} Zero error large 
2 Za Ve 32 0°3939 ; | 
2 BO. Vo 32 0°3927 Direct mean | 
0°3925 Value from graph 
0°3928 Best position 
4 aie oe {eas Direct mean 
| 0°3931 Value from graph ) 
0°3931 Best position 


The last two sets of results are considered to be the most accurate. However, 
even the earlier results show that it is possible, without taking any rigorous pre- 
cautions, to determine the magnitude of the vertical component to within 1 part in 
400 in a few minutes. If higher accuracy is required, the procedure described in 
the preceding section may be used, and then the accuracy appears to be limited only 
by the accuracy of the current-measuring arrangements, the surface of the table 
on which the brass frame rests, and the accuracy of the winding of the Helmholtz 
coils. 

It should be recorded that the above experiments indicated that, provided care 
was taken to ensure adequate insulation of the wires drawn through the hole, the 
drilled cylinders such as nos. 3 and 4 were the most satisfactory. Moreover, the 
cylinders wound with no. 36 s.w.g. wire were much the easier to adjust and mount 
symmetrically, and they exhibited far fewer displacements of zero, which probably 
arise from slight changes in the positions of the thin ends of the solenoid. 

There appears to be no reason why the apparatus, including the coil system, 
should not be designed in a portable form suitable for work in the field. 


§7. DETERMINATION OF THE HORIZONTAL COMPONENT 


It is clear from the diagrams of figure 3 that the apparatus may also be used for 
the determination of the horizontal component of the earth’s magnetic field. This 
is important, for a value of this component can be conveniently obtained by an 
independent method, and hence the behaviour of the apparatus can be checked. 
From figure 3 it will be seen that it is necessary to turn the whole apparatus through 
go” in a vertical plane. The Helmholtz coils are now, of course, set with their axis 
parallel to the magnetic meridian. The axis about which the cylinder rotates is 
made vertical by means of the levelling screws H, and Hy. 

The sources of error associated with the measurement of the horizontal com- 
ponent are essentially those described in the earlier portion of this paper. The chief 
error is due to the effect of the vertical component of the earth’s field on the 
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mu-metal cylinder when the axis about which the latter rotates is not strictly 
vertical. A slight displacement of this axis from the meridian is relatively un- 
important, but its displacement from the vertical in the meridian gives rise to 
serious error. In the latter case, if the axis of rotation makes a small angle o% with 
the vertical, the vertical component of the earth’s field can be resolved into com- 
ponents, V cos « and V sin «, respectively parallel and perpendicular to the axis of 
rotation. The latter component will produce a couple approximately equal to 
V sin. Jal. If « is of the order of 1°, this couple is approximately equal to 0-009 Lal. 

This source of error may be eliminated by determining the neutralization 
currents with the apparatus in two positions differing by 180° in a horizontal 
plane, the mean value of these two currents being equal to the correct neutralization 
current. The most favourable position for the apparatus may be found by the 
method outlined in an earlier section. 

For this, it is expedient to place the apparatus with the axis of the cylinder at 
right angles to the magnetic meridian and parallel to the line joining the screws H,. 
The centre of the cylinder coincides with the centre of the coil system. The sus- 
pension is rendered as vertical as possible by adjustment of the screws H, and H,, 
the suspension being sighted against two plumb-lines during the last operation; 
if the solenoid is well constructed this means that the axis of rotation is practically 
vertical. 

Let us suppose that in this position the mirror faces north. A datum mark is 
made on the head of the screw Hy, which may then be turned through a series of 
known angles and the corresponding neutralization currents may be determined. 
The apparatus is now turned through 180° in a horizontal plane, so that the mirror 
faces south, and the neutralization currents determined for the same series of 
positions of the screw H,. A set of such determinations is reproduced in figure 7a, 
cylinder no. 4 being used in this case because of its symmetry; the current in the 
solenoid was 24 mA. We see that the best position of the apparatus is obtained by 
turning the screw through two complete turns from the zero position of the table. 
This was actually the position in which the apparatus was initially placed by sighting 
with the aid of the plumb-lines. The correct neutralization current obtained from 
the graph was 35:90, and from the mean of the observations, 35°89 divisions. The 
value found from a series of observations specially taken with the apparatus in the 
best position was 35:90 divisions. The mean value of the horizontal component 
thus found was 0°1755 gauss. 

Figure 7a effectively illustrates the appreciable difference between the two 
values of the neutralization current for the two 180° positions of the apparatus, 
when the axis of rotation is tilted in a north-south plane. On theoretical grounds 
the effect of an inclination in the east-west plane should be much less. Such 
inclinations were produced by turning the head of one of the screws H, through 
known angles; a set of observations so obtained with cylinder no. 4 1s reproduced 
in figure 7b. The mean value of the neutralization current obtained from the 
graph of figure 7) is 35°93 and from the mean of the observations 35-98 divisions, 
the agreement is satisfactory. It will of course be recognized that the table on 
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aced must be levelled as accurately as 


192 
which the apparatus shown in figure 3 is pl 


possible. : 
The above determinations were checked by an entirely independent method. 


The apparatus shown in figure 3 was removed, and between the coils was placed a 
magnet and mirror system suspended by a very fine silk fibre. The neutralization 
current was now determined by a method described elsewhere*. The dimensions 
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of the magnet were very nearly the same as those of the mu-metal cylinder, so that 
the neutralization conditions should have been the same in both experiments, 
except that for the check determination the coils had to be rotated slightly. The 
corrected mean value obtained for the neutralization current for several displace- 
ments of the coils was 35-94 divisions; the check is satisfactory. 

If the axis of the Helmholtz coil system is not accurately horizontal and in the 
magnetic meridian, the experimental value of the neutralization current will be 
too high. Hence in an arrangement designed for very accurate determinations, 
both the coil system and the apparatus of figure 3 should be mounted on turn- 
tables. ‘The coil table could then be placed in known positions and the position 
giving a minimum value of the neutralization current determined by a simple 
graphical method. 
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DISCUSSION 


Mr R. S. WuippLe.- Has the author considered the application of an instrument 
of this type to geophysical surveying? A higher degree of accuracy than the figures 
given in the paper would be necessary, but not improbably, with care in con- 
struction, this could be obtained. It would then be possible to use the same instru- 
ment in the field for the determination of the horizontal and vertical forces. 
Members might be interested to know that a Dye magnetometer has recently been 
constructed in which the Helmholtz coils are wound on metal formers, instead of 
on a marble cylinder as in the original instrument. In this way a portable instrument 
of high accuracy has been produced. 


Mr GuiLp suggested that, as a null method was employed, the magnetizing 
solenoid need not be part of the suspended system. With a fixed solenoid, a small 
piece of mu-metal could be used in the suspension. 


AuTuor’s reply. In reply to Mr Whipple: I see no reason why the instrument 
should not be made with greater sensitivity than I have so far employed, in a 
portable form suitable for geophysical surveying ; in fact, I think it could be made 
very compact indeed. 

In connection with Mr Guild’s suggestion, I would like to point out that the 
difficulties of construction would be very considerably increased in providing fixed 
solenoids to magnetize the mu-metal, and I think additional sources of error would 
arise. In any case, the clamping of the moving system would be much more 
difficult. 
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ABSTRACT. The specific heats of aniline and benzene are determined by measuring 
the electrical power E?/R necessary to hold the temperature of a calorimeter and its 
contents steady at various temperature-excesses @. A cooling curve is then taken in order 
to evaluate the constant K in the equation 
(MS + W) Ke* = EY/RJ, 
where S is the specific heat of the liquid at a temperature @ above that of the surroundings. 
The specific heat of aniline at any temperature T between 20° C. and 50° C. is given by 
S =.+4959 + 000275 (T' — 20) + -0000035 (T — 20), . 
and that of benzene by 
S = -395, + 00125 (T — 20). 


§x1. INTRODUCTION 


HERE exists an increasing need for fairly precise values of certain thermal 

constants of organic liquids and solutions, which play an important part in 

technological processes—we refer especially to specific heats, specific volumes 

and latent heats. In this communication we confine ourselves to a measurement of 
specific heat and its temperature-variation over a moderate range. 

A glance at the relevant entries in the standard books of tables shows that the 
figures quoted in them must be of very doubtful value*, so that it becomes necessary 
to consult the actual papers, and to assess for oneself the reliability of the final 
figures. We may say here that, in comparing our figures with those of other 
experimenters, we have retained only the results of Messrs Williams and Danielst 
for benzene, which were obtained by the use of an adiabatic calorimeter, and of 
Dr H. R. Lang}, who used the continuous flow method, for aniline. 

We believe that there is room, and need, for an experimental method which 

o iee instance, Landolt and Bérnstein give for the specific heat of aniline, 0-510, 0°499, 0-491 
at 20° C, and for the specific heat of benzene, 0°4502, 0°441, and 0-438 at 50° C, 

t F. Amer. Chem. Soc. 486, 903 (1924). ft Proc. R. S. A 118, 138 (1928). 
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can be used in precision work and yet, in a simple form, give with such ordinary 
apparatus as is to be found in every reasonably equipped works laboratory, results 
that can be depended upon to 1 per cent or better. 

The method to be described does, we think, approximate to these requirements, 
and when it is used under the conditions we indicate the results may be depended 
upon, as far as the physical work is concerned, to at least 1 part in 500, which was 
the standard we set ourselves at the outset. 

Experience of the method has convinced us that, with standardization of 
corresponding accuracy, we may obtain results accurate to 1 part in 1000. Our 
results are certainly reproducible to about that order with the present apparatus. 


§2. METHOD 


In brief, the method consists in supplying by means of a heating coil, and 
measuring, the power necessary to hold a copper calorimeter and its contents at 
temperatures, for example, 5° C., 10° C., 15° C.... higher than that of the sur- 
rounding medium, which is usually kept at about room-temperature. After the 
calorimeter and its contents have been raised to a temperature of about 50° C. the 
power is switched off, and a cooling curve is taken. This completes the experimental 
observations. 

Then at any temperature 6° above that of the surroundings, if the power 
required to hold the temperature stationary is £?/R watts, we have 


Pee ee W) ETB ae (1), 


where J has the value 4-186 or 41845, according as a watt is defined as 107 ergs 
per second or in terms of the international ampere. In our case the appropriate 
value is 4:1845, although to the order of accuracy contemplated in these experiments 
the difference between the two values is without numerical significance. 

— dQ/dt in the above equation represents the rate of loss of heat from the 
calorimeter and contents, M the mass of liquid contained in the calorimeter whose 
water-equivalent is W, and S the specific heat of the liquid at the given temperature. 

If, now, we can show that 


and can determine the values of K and n, we have 
(MS + W) KO" = BRE vse (2) 
as the equation which gives the specific heat S at a temperature #° above that of 
the surroundings*. For each value of E2/R we can work out a value of S at the 
corresponding temperature. The unit in which S is measured is the 15°C. calorie. 
* It is the fact that we are enabled to express — d6/dt as a simple function of @ which gives the 
thod its power. But it must not be assumed that we claim any generality for the five-fourths- 
Pe law We ax no more than that it holds with very considerable exactness for the liquids which 
p 0) 


h tested over the range 20° to 50° C. It may be necessary to search for a function of another 
ave ‘ : ‘ c ~oA ‘ “| 
i in other tests. The value of K with our particular calorimeter varies, of course, with the nature 
orm i : 


of the liquid in the calorimeter. 
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§ 3. EXPERIMENTAL ARRANGEMENTS 


The simple arrangement adopted is shown in figure 1, which is almost self- 


explanatory. The copper calorimeter A, which is supported as shown, is A cm. 
from the base to the flange, has an internal diameter of 10 cm. and is about 0-45 mm. 
thick. The width of the flange is about 1:25 cm. The lid B, to which is attached 
the coil C with its current leads D and potential leads E and the stirrer F, is screwed 
down to the flange during the course of an experiment, a thin film of grease being 
placed on the flange beforehand. G is a casing containing the ball bearings for the 
stirrer. The thermometer is inserted at 1. 


i Sticadornd 
Cell 


To Potentiometer 


Figure 1. 


The calorimeter is surrounded at a distance of about 8 cm. from its walls by 
a cylindrical double-walled tank J which contains water at room-temperature and 
serves to define the “‘temperature of the surroundings.” In any one run this 
temperature never varied by more than 0:03° C. The stirrer was motor-driven at 
such a rate as to cause no appreciable rise of temperature during the period of an 
experiment. Nevertheless, the stirring was sufficiently vigorous to ensure ap- 
preciable uniformity of temperature throughout the mass of liquid. This was tested 
by systematically exploring the liquid by means of a sensitive thermocouple. 
Whatever the relative positions of the junctions, no difference of temperature so 
great as o-1° C. could be detected at any stage of the heating. 

At one stage of the proceedings, it was deemed that an exact knowledge of the 
temperature of the radiating surface of the calorimeter would be necessary, and 
experiments were made to test the temperature-gradient through the calorimeter 
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walls by soldering thermo-junctions inside and outside. It was found that a slight 
difference of temperature was established which increased with the temperature- 
excess of the contents of the calorimeter as shown in table 1. 


Table 1 


‘Temperature- 


exeess'( C.} 22°87 29°61 


2°90 | 0:27 12°86 18°43 


‘Temperature- 


: lo: . : 5 
difference « 8) | 0700016 | o loletes te) 0°00021 0°00024 


0700029 | 0:00031 


The thermometer used for reading the temperature of the liquid in the calori- 
meter was graduated in tenths from — 5° to 50° C. with an auxiliary scale at 100° C. 
It was an excellent instrument, supplied by B. Black and Son. It was standardized 
by comparison with a first-grade thermometer possessing a N.P.L. certificate. 

The coil was of eureka wire and had a resistance of o-1101 Q. Its resistance was 
determined by comparison with a standard half-ohm coil. The temperature- 
variation of its resistance was neglected. 

The potentiometer used was a simple Gambrell instrument and was calibrated 
in the ordinary way. Both the resistance-comparisons and the measurement of 
the potential difference at the terminals of the heating-coil were made on this 
potentiometer, which was standardized by means of a Weston cell. 

Current was supplied to the heating-coil from a battery of secondary cells of 
capacity 50 ampére-hours, arranged in three rows in parallel, with two cells in 
‘series in each row. 


§4. THE NATURE OF THE COOLING CURVE 


It may be well to mention here that, although it is usually considered unwise to 
read temperatures on a falling thermometer, we have nevertheless found no 
difficulty in obtaining a very smooth experimental curve, and in reproducing our 
results to a high order of accuracy. This is probably to be attributed to the slight 
but continuous shaking produced by the stirring. 

A typical curve is shown in figure 2 and is designated curve A, The ordinate 
scale for this is shown under A on the y axis. 

As is well known, the rate of heat-loss (— dQ/dt) from a vertical wall, cooling 
under clearly defined conditions by natural convection, is proportional to the 
five-fourths (}) power of the temperature-excess. In this experiment, the calori- 
meter is losing heat very slightly by conduction, very slightly by radiation (this 
loss being minimized by highly polishing the external surface) and mainly by 
convection. We find, however, purely empirically, that the rate of fall of temperature 
(— d6/dt), and not the rate of heat-loss, is connected with the temperature-excess 0 


by the equation y 
m= Wi dtiee KOs me aes (2): 
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Whatever the régime, equation (1) holds at any stage of the cooling ; and 
combining this with (3) we have, under the conditions of cooling just specified, 
(MS -+W) KO =BYRJ steeee (4) 
as the equation from which to determine the specific heat S at any temperature- 


0. . . . 
on We have now to consider how we establish the validity of (3). This leads by 


integration to 


4 = tek ee (5), 


where 0, is the initial temperature-excess corresponding to the zero value of ¢. 
Experiment has furnished us with a series of values of @ and ¢. Hence if we plot 


Time (10 x sec.) 


Ne : . ‘ aa 
Figure 2. Ordinates of curve 4 are °C., ordinates of curve B are @~?, 


gt against ¢ we obtain, if (3) holds, a straight line, the slope of which determines K. 
Such a line is the line B in figure 2; its ordinate scale is to be found under B on 
the y axis. : 

K may also be determined by a simple application of the rule of least squares 
to (5), and, in practice, we employ both methods. The graphical method, however, 
serves to test the equation as well as to determine K. It has been suggested that, 
in the very moderate temperature-range with which we are concerned, the form 
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of the law employed is a matter of secondary importance. It would not be difficult 
to devise a method by which, without assuming the ‘-power law, equation (3) 
might be tested by putting m for 5 and determining its value experimentally. But 
we have thought it sufficient to assume the quasi-Newtonian form — d0/dt = K@ and 
to make a plot of log @ against ¢, using our experimental data. The resulting line 
shows appreciable curvature, and indicates that the Newtonian law is certainly not 
applicable. The agreement between the observed and calculated values of @ using 
the j-law is shown for an experiment with aniline in table 2. 


‘Table 2 
| 
t ee observed ? eg ee u Sagas 
| (sec.) ©) (°C) CC) 
fo) | 30°69 = faa 

2700 Zo us 20°11 20°14 
3660 17°44 17°49 17°46 
4500 15°48 15°53 15°51 
6000 12°68 12°69 12°67 
7200 10°76 10°84 10°82 
8460 9°23 9°28 9:26 
9900 hse | 7°81 7°80 
II400 6°59 6:57 6:56 
12600 5°75 5°76 5°75 
13800 5°07 5°07 5°06 
15000 4°49 4°48 4°47 
15600 4°21 4:22 4:21 
17800 3°36 3°38 Bis, 
18300 3°19 3°22 Bye) 
19500 | 2°88 2°89 2°89 
22000 232 222 232 


[K, found graphically = -07004 « 107%; K, calculated by the method of least squares = 07012 x 10-*.] 


§5. THE WATER-EQUIVALENT OF THE CALORIMETER 


The water-equivalent of the calorimeter was determined by filling the calori- 
meter with water, and performing an experiment similar to that described. ‘The 
experiment provides a fairly stringent test of the method, inasmuch as the water- 
equivalent is but about 12 per cent of the water-equivalent of the whole mass. 

After carrying out the experiment as indicated, and using the equation 


(MS, + W) K0' = JR, 
we found that the water-equivalent increased linearly with the temperature. The 
International-Critical- Tables values of the specific heat of water S,, at the respective 


temperatures were used for calculating the results. 
The relation between W and T can be expressed by 


Woy = W, (x + -0005541), 
where T' is Centigrade temperature on the thermodynamic scale. 
The agreement between the observed and calculated values of W is shown in 


table 3. 


PHYS. SOC. XLV, 2 14 
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Table 3 
Temperature Te | 22°05 | 26°33 | 23°31, | 38-32 40°65 / 45°25 
Wicbeerved | 7r-22 | 71°39 | 71°67 | 71°87 | 7199 | 72°21 | 
W calculated Bese 71°29 71-61 | 71°86 | 71°93 72°05 


The calorimeter is almost completely of copper. 5, the specific heat of copper, 
is given very closely by the following relation* 


5 = -0g088 (1 + 00053417 — -o0000048T*) 


between o° C. and 100° C. 

It will be seen that, although the water-equivalent of the calorimeter is but a 
small fraction of the whole water-equivalent, the method is sensitive enough not 
only to determine its value, but also to indicate fairly closely the magnitude of the 
temperature coefficient. 

The water-equivalents used in subsequent calculations are, of course, those 
appropriate to the temperatures concerned. 
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Figure 3.¢ Aniline: Ferguson and Miller’s results, 4; Lang's results, B. 


* E. H. Griffiths and E. Griffiths Phil. Trans. 218, 11 Pr 
ars S . S% , 119 (1gQT4). oc. KR. SS. 88 49 (19 _ 
90, 557 (1914). Belen 


t+ Amended: see the discussion, p. 207. 
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§6. RESULTS FOR ANILINE 


Although aniline has been widely used as a test liquid, it is by no means an 
ideal liquid on which to test a new method; it is hygroscopic and it polymerizes. 
The aniline used was of research quality and was dried over calcium chloride. 
It was then distilled and was collected in a closed flask which had previously been 
cleansed and dried by passing warm dry air through it for a considerable period. 
The calorimeter after being polished was similarly treated, and the aniline was 

) transferred to the calorimeter by a siphoning process which involved practically 
no contact with undried air, the air which entered the storage flask as the aniline 
escaped being drawn over calcium chloride. The experiment was carried out as 
described, with the results as tabulated below in table 4. In this and other tables, 
T stands for Centigrade temperature, and @ for the temperature excess. 


Table 4 


(a) Heating experiment 


Mass of liquid = 1099°30 gm. 


E2/R qeap ie Temperature /Temperature-| | Water- Specific 
(W.) roundings of calorimeter excess equivalent heat 
Cc) GG) (tes) S 

06688 17°18 20°08 2°90 71°16 0'4951 
2°8687 17°18 26°45 9°27 7147 04969 
4°3278 17°19 30°05 12°86 FS 04981 
6°8024 17°20 35°63 18°43 71°67 0°5000 
8-9541 17°20 40°07 22°87 71°97 0°5019 
12°4512 eee 46°82 29°61 42°20 | 0°5054 


[K, found graphically = 0:07004 x 10-*; K, found by the method of least squares = 0:07012X 10 °.] 


(b) Cooling experiment 


So | | 
‘Temperature | 
Temperature Pisa calm Hs Time t ‘Temperature of sur- Time ¢ 
of calorimeter) ;oundings (sec.) of calor imeter) +oundings (sec.) 
( G) (< C) ( C3) @ €) 
Tere) 17°21 ° 22°95 17°20 12600 
ee Je 2700 22-277 17°20 13800 
34°65 P72 3660 21°69 17°20 ie 
32°69 17‘21 4500 2a 17°20 ee 
29°89 2a 6000 20°54 17°19 7 00 
27°97 72% 7200 20°38 17°19 18300 
26°43 17°20 8460 20°07 17'19 Bee 
24°97 17°20 9900 19°52 17°19 22000 
23°79 17°20 11400 ; 


A second experiment gave almost identical figures for S, and these together 
1 * 
with the values found by Dr Lang are shown in table 5 below. 
ms of the 20° C. calorie. In table 5, however, 


°C, calorie. See the discussion, p. 207. 
14-2 


* In his paper Dr Lang’s results are given in ter 
the values have been recalculated in terms of the 15 
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Table 5 
Experiment 1 
T 2008 |..2645 |. 3008 || 3503) | aeer epee 
S(F. and M.) 0°4950 | 0:4969 0°4981 | 0°4999 | oso1g | 075054 | 
SH. R. L.) 0°4945 | 0°4965 | 0°4976 0°4997 O5017 | 05052 | 
Experiment 2 
48 18°45 24°06 | 28°24 36°96 | 40°59 49°62 | 
S$ (F. and M.) 0°4947 0°4961 | 0°4972 | 075005 o-5019 0°5073 | 
S (H. R. L.) 0°4943 0°4957 | 04971 it. 0°5003 0°5020 0°5074 


Our results are very satisfactorily represented by the equation 
S' = 0°495,) + 0:000275 (T' — 20) + 0:0000035 (T' — 20)? 
and agree with those of Dr Lang to about 1 part in 1000. The results are shown 
graphically in curve A of figure 3, where the O’s and A’s represent our values 
for experiments 1 and 2 and the circles represent Dr Lang’s values, the curve for 


these being designated B. 
The values of the specific heat of aniline calculated from the formula just given 
are compared with the observed values in table 5a. 


Table 5a 

ih | S observed S from formula | 

| 
20°08 o-4951 0°4950 
26°45 | 04969 04969 
30°05 o-4981 04982 
35°63 / 0"5000 0"5002 
40°07 O'5019 0"5021 
46°82 | 0° 5054 05053 


§7. RESULTS FOR BENZENE 


The benzene used was guaranteed free from thiophene or sulphur and was 
tested for freedom from thiophene by the fact that isatin dissolved in sulphuric 
acid showed no blue coloration when shaken with the benzene. Freedom from 
sulphur was indicated by the fact that no discoloration of mercury took place when 
the benzene had been shaken with concentrated sulphuric acid. 

The benzene was fractionally crystallized, the portion employed in our experi- 
ments melting at 5:48° C. It was transferred to the calorimeter, with precautions 
similar to those just detailed, and the experiment was carried out in the manner 


P 
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described. 'The results of two independent runs are given in table 6, and the values 
obtained by Williams and Daniels are appended for comparison. 


Although not overtly stated, it may be inferred from Williams and Daniels’ 
paper that the results are in terms of the 20° C. calorie. The results obtained by 
these two experimenters are shown in curve B, and our results on curve A of 


figure 4. 


*4300-— 


-4200}- 


-4150/— 


Specific heat 


| | | hes | | 
25 30 85 40 45 50 


Temperature (° C.) 


Figure 4. Ferguson and Miller’s results, A; Williams and Daniels’ results, B. 


‘Table 6 
Experiment 1 
fhe 22°61 25°62 30°69 39°51 43°93 48°56 
SS (F. and M.) 0°3993 0°4025 a 0°4092 0°4220 0°4.264 0'4321 


iS (W. and D.) O'4015 0°4044 0°4106 0°4236 0'4280 0'4336 


Experiment 2 


Pe a 24°03 28°65 34:80 42°83 48:89 
S (F. and M.) 0:4008 0'4066 0'4147 0'4252 0°4325 
SS (W. and D.). 0°4022 0:4081 | 0°4162 0'4278 0°4340 


The results, which on the average differ from those of Williams and Daniels by 
about 1 part in 500, are very fairly represented by the equation 


S = 0'395, + 0'00125 (T — 20). 
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e calculated from the formula just 


The values of the specific heat of benzen 
given are compared with the observed values in table 6a. 


Table 6a 
] | | 
Th 2261 25°62 | 30°69 39°51 | 43°93 / 48-56 | 
: | 
SS observed 0°3993 0°4025 | 04092 | 0°4220 | 0°4264 | 0°4321 
S calculated | 0°3995 0°4026 |  0°4093 0°4221 074265 0°4322 


It would seem that the method is not without its advantages. It is easy in 
application, is fairly rapid, does not demand any excessive quantity of liquid, and 
may, with simple apparatus of the ordinary laboratory type, give results which are 
of accuracy greater than 1 per cent. Our own figures, we think, may be depended 
on to I part in 500 and we hope to improve the accuracy and range of our apparatus 
so as to obtain values for the specific heats of a number of important liquids over 
the range of their normal existence. The sensitivity of the method is considerably 
greater than we had hoped, and it has possibilities as one for determining, with 
precision, the variation with temperature of the thermal capacity per unit mass of 
water*. At least, it affords a laboratory method for the determination of Joule’s 
equivalent which has some advantages over tHe standard electrical method of the 
text-books. 


§8. ACKNOWLEDGMENTS 


It is a pleasure to record our thanks to Dr Ezer Griffiths for his advice on certain 
technical matters, and to Prof. H. R. Robinson, who has afforded us every facility 
for the carrying out of the experiments. 


DISCUSSION 


Dr H. R. Lane. The authors have developed a simple calorimetric method 
that promises to give accurate results without difficulty. It is certainly a little dis- 
turbing to find that the usual elaborate precautions which are deemed necessary 
in calorimetric work of precision seem to have been omitted without any consequent 
appreciable decrease in accuracy. I am a little uncertain, however, about the 
efficiency of the stirring, and suggest that the authors should determine the tem- 
perature-gradient between the outside wall of the calorimeter and the centre of the 
liquid. 

The comparison of results expressed in different units is surely not quite just. 
One does not think of comparing lengths in centimetres and inches; it is not so 
very different, I venture to suggest, to compare measurements in different calories. 

* We have carried out some preliminary experiments to test this point, and have obtained 


values for the specifi rer : i i 
pecific heat of water, over the range 20° to 50° C,, in very close agreement with those 


rina by Callendar and Barnes. We hope to extend the range of these observations in the near 
uture, 
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I would therefore urge the authors to make the simple conversion, and to amend 
the tables and graphs before the paper is published in the Proceedings. It happens 
that the difference between the two calories accounts almost exactly for the diver- 
gence between the authors’ results and those of other observers. The authors have 
omitted to include the units of specific heat in their tables. This, I assume, is an 
oversight. 

Could the authors make a determination of the freezing-point of a sample of 
their aniline after an experiment? This would give a figure for the water content, 
_and dispense with any assumption about its magnitude. I should be particularly 
grateful if the authors would make same measurements on aniline below 5° C. 
where my results were consistently peculiar. : 

Finally, may I suggest to the authors, that in view of some experiments that 
my colleagues and I have carried out during the past few years, when they make 
their experiments with water above 50° C. they should take the greatest care to 
ensure that it is quite air-free and that no air can dissolve in it during the experiment. 


Dr Ezer Grirritus. This is an interesting development of the technique of the 
cooling-curve method of measuring specific heats of liquids. The authors have not 
referred to one useful feature of their method, namely that a single calibration will 
suffice for a series of different liquids, so that the method simplifies the problem 
of the heating-coil when corrosive fluids are dealt with. 

As regards the calorie to be adopted the position is as follows: 


A meeting of the International Union of Physics was held in Brussels in 1931. 
At this meeting discussion took place on matters brought forward by national 
committees. The British National Committee, represented by Sir Richard Glaze- 
brook and myself, submitted a proposal as to the definition of the calorie. As a 
result of the discussion on this and other proposals a sub-committee was appointed 
to deal with symbols, units, and nomenclature in physics and to report to the 
General Assembly. At the first meeting of this sub-committee, Prof. Kennelly 
being in the chair, the following resolution was agreed to unanimously: 


That this Commission recommends to the Executive Committee of the Inter- 
national Union of Physics that the following two propositions be communicated 
to the next General Assembly as recommendations from this Commission : 

(1) That the unit of heat when measured in units of energy be the Joule, 
defined as equivalent to 10’ ergs. 

(2) That the gramme-calorie be the amount of heat required to raise the tem- 
perature of one gramme of water from 14°5° to 15°5° of the international scale of 


temperature. 


Dr J. H. BRINKWORTH. I should like to ask whether the truth of the empirical 
law d6/dt = K6* was established for liquids having large temperature coefficients 
of specific heat. It seems that heat-losses of all kinds are effective in establishing 
this law, but the experimental conditions must be identical both during the 


Allan Ferguson and F. T. Miller 


during the cooling. If during the latter the 
hrough one pair of potential and current leads, 
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stationary-balance experiment and 
current used in the former 1s sent t 
the conditions will be the same. 


Mr J. H. Awsery. Of the various calorimetric methods which have been 
suggested, the one in which the temperature of a surface is used as a measure of 
the heat-flow from it, by means of a special calibration, has been perhaps the least 
employed. Prof. Lees used it about 36 years ago for conductivity-measurements, 
but he did not regard it as very accurate. To apply this method to specific-heat 
work is even more difficult, because in this case the flow is not steady. The authors 
therefore made a great advance when in one step they overcame this difficulty, and 
made the method a precise one. This they did by the device of fitting a curve of 
defined mathematical form to the cooling or heating curve. In this connexion, 
may I ask the authors whether, in addition to proving that d@/dt = K@*, they also 
proved that — dQ/dt = K’6*? It seems to me that, within experimental error, both 
might be true. 

A second point to which I would refer is in table 1. It was valiant of the 
authors to try to measure such small temperature-differences, but surely the results 
only prove that the fall in temperature through the copper is negligible? Actually, 
each line of the table is a measure of the heat-flow and they hardly seem to bear 


out the 6! power law. One quantity changes twofold when the other changes tenfold. 

The suggestion of using the method to study the heat-capacity of water is a 
very attractive one, and I doubt not that I shall be like many others in looking 
forward to the results. 


Mr J. H. Coste. The method described is interesting as yielding the specific 
heat at a defined temperature, rather than, as is usually the case, over a small range 
of temperature. It is not quite clear from the description of figure 1 how much of 
the adjuncts of the calorimeter vessel are included in the water equivalent, or of 
what material the lid, for instance, is made; but as the calculated and observed 
values agreed so well the question is one of interest rather than importance. 

By their opening reference to organic liquids which play an important part in 
technological processes the authors may be considered to justify the statement that 
the method does not require any excessive quantity of liquid, but the volume used 
seems to have been rather more than a litre, which in many cases of only scientific 
interest would be a large amount to prepare. The value of the data for aniline 
would be more securely established if it could be stated that the dry liquid boiled 
within certain limits, or if other more precise criteria than the statement that it was 
of “research quality” could be given. 

Foran experiment where much depended on the temperature of the surroundings 
the means used to define this seem rather crude, as the thermometer shown in 
figure 1 only gives the temperature of the unstirred water in its vicinity, whereas 
the relevant temperature is that of the inner surface of the tank. Probably the 
mass of water in the jacket was very large and the room temperature very constant, 


- 
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but a statement to this effect would be useful. The method appears to be capable of 
considerable precision and to be convenient. It would be of interest if the authors 
would use it to determine the specific heats of other pure organic liquids. 


AvuTHors’ reply. We desire to thank those who have contributed to the discussion 
for their very helpful comments. To the order of accuracy contemplated, we found 
the temperature-gradient to be negligible between all the very widely distributed 
points selected. We have adjusted the results obtained by different experimenters 
so that in the corrected pages all results are expressed in terms of the same calorie; 
but in the matter of specific-heat units we are proof against Dr Lang’s wiles, and 
refuse to be drawn into a discussion on that point. Dr Ezer Griffiths’ remarks show 
very clearly the relations between the units involved. We shall bear in mind his 
suggestions in an extended series of observations which we may undertake. 

In reply to Dr Brinkworth’s remarks : The empirical law assumed has been tested 
for the liquids specified in the paper. It may happen that, with other liquids, a 
different form of f(@) must be assumed, but this will in no way invalidate the 
principle of the method. As Dr Brinkworth points out, the conditions in the 
“‘statical”” and ‘“‘dynamical” experiments must be identical. In experiments with 
different liquids K varies, of course, from liquid to liquid, even if the five-fourths- 
power law holds. 


No; we did not attempt to test whether — dQ/dt = K’6*. We propose to make a 
study of the rate of heat-loss a separate problem. We thank Mr Awbery for his 
kindly description of our attempt to find the temperature-gradient through the 
cylinder as “‘valiant.”” Remembering a well-known line of Pope, we might well 
choose another epithet to describe our effort. As Mr Awbery quite correctly 
remarks, it simply shows that the temperature-drop through the copper is negligible. 

We thought that the method of determining the water equivalent showed 
clearly enough how much of the calorimeter and its adjuncts entered into the water 
equivalent. The material of the calorimeter was practically all copper, save for a 
brass flange to which the lid was attached. The liquids used were bought as of 
“research quality” and were dried, and fractionally distilled or crystallized in the 
ordinary way. As Mr Coste correctly surmises, the mass of water in the enclosing 
tank was very large, and, as the experiment was carried out in a secluded corner of 
the laboratory, constant temperature or, rather, very slowly varying temperature 
conditions were closely fulfilled. 

We hope to carry out experiments over a wide range of temperature, using a 
great variety of pure liquids. 
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ABSTRACT. Ina previous communication to the Society the occurrence of wireless 
echo doublets was described and was provisionally attributed to the influence of the 
earth’s magnetic field on the dispersive properties of the ionosphere. A more extended 
study of the subject, which has included an experimental determination of the polarizations 
of the doublet-components, has confirmed this hypothesis. In South-east England, for 
ionospheric reflection at vertical incidence, the echo-component of lesser delay is, in 
general, of right-handed, and the component of greater delay of left-handed, circular 
polarization, but this temporal sequence should be reversed in the Southern Hemisphere, 
and in certain special circumstances in the Northern Hemisphere. 


§r. INTRODUCTORY 


frequently found that the reflected signal resulting from a single incident pulse 

consists of a doublet, the components of which are separated by a small time- 
interval. Appleton and Buildert+, who described this phenomenon, suggested that 
it was possibly due to the influence of the earth’s magnetic field, the two components 
being, in fact, the two elliptically polarized waves of opposite rotational sense into 
which the incident wave is split by magneto-ionic double refraction. Much further 
work has been since carried out on this subject, the result of which provides strong 


support for this interpretation. Such work forms the subject of the present 
communication. 


[: the experimental study of the ionosphere* by electric wave reflection it is very 


§2. THE EXPERIMENTAL FACTS 


The first curve given by Appleton and Builder, in which the equivalent height 
of the upper reflecting region was plotted as a function of time, showed that as the 
night advanced the temporal separation of the components of the echo gradually 
increased, Owing to electron-limitation, reflection eventually ceased to be marked, 
but it was found that the echo-component of greater delay was lost, owing to this 
cause, earlier during the night than was the echo of shorter delay. On the incidence 
of sunrise, however, the re-appearance of the echo of shorter delay was observed 
‘ This is a convenient term, suggested by Mr R. A. Watson Watt, to connote the whole of the 
ionized regions of the upper atmosphere, 


t Proc. Phys. Soc. 44, 76 (1932); see also Ruko and Wolf, Z. f. Tech 
i 7 ) o s d a ; mn Te ch. Phy. .13 ; 
White, Nature, 129, 579 (April 1932). : pr oe a ae 
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almost half an hour before the other appeared. This evidence suggested very 
strongly that a greater concentration of electrons is required to return the longer 
delay component than is required for the shorter delay component. 

Various other experiments of the same kind have amply confirmed this inter- 
pretation, but perhaps another way of demonstrating the point is even more 
conclusive. One of the most useful indices of ionospheric conditions is a curve 
illustrating the relation between equivalent height of reflection and electric wave 
frequency. An example of such a curve is shown in figure 1. The data for it were 
obtained in the period 2353 G.m.t. on April 29 to 0020 G.m.t. on April 30, 1932, in 
experiments carried out between East London College and King’s College, London. 
It will be seen that the phenomenon of splitting is more marked the higher the 
frequency, and that the F,'’ component penetrates the layer and is lost for a lower 
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Figure 1. Curve illustrating relation between equivalent height and frequency. 
Fy extraordinary; fF,” ordinary ray. 


critical frequency than is the case for F,’. The curve also suggests that even for 
the lower range of frequencies the phenomenon of splitting actually occurs, but, 
because of the small temporal separation, the components are not resolved. ‘This 
point could perhaps be settled using signal pulses of very short duration indeed. 
It may, however, be mentioned that for conditions represented by, say, A in 
figure 1 the essentially double nature of the echo signal is often indicated by marked 
intensity-variations in the central part of the pulse, the variations of the beginning 
and end being by no means so marked. ‘These variations of intensity are naturally 
explained as being due to interference between the two parts of the components 
which overlap in time, and the phase difference of which is gradually altering. 
Evidence derived from instances of multiple reflection also points very definitely 
to an interpretation in terms of the magneto-ionic theory. When the doubling of 
signals also occurs, the type of record obtained is that shown in figure 2 which is 
reproduced from our paper on wireless echoes of short delay. Here the received 
signal is shown as a function of time, the time scale being indicated by the lower 
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trace of frequency 1115 cycles per second. The ground signal G is followed by 
the component echoes F’ and F,’’ of the first order and later by the corresponding 
second order reflections F,/ and F,'’. Now the fact that Fy’ and fg on their return 
to the upper atmosphere are not split again indicates that their polarization must 
be different from that of the waves incident on the layer at the first reflection. 
That they are reflected without further doubling does, in fact, appear to indicate 
that their polarizations are those which travel without change within the ionized 
medium. Also the fact that the temporal interval F,’F;,’ is less than the corre- 
sponding interval F,'’F,’’ for the other component shows that F,’ and F,’’ must be 
differently polarized. Observations on the relative intensities of the two echo- 
components made from a large number of records have enabled us to make the 
following statements. For conditions such as are indicated by B in figure 1 the 
component of greater delay is of lower amplitude than the component of lesser 
delay. This is presumably due to the effects of electron-limitation in causing 
impaired reflection. On the other hand, as conditions represented in point 4 in 


Figure 2. (The time scale shown under the record is that provided by 
an alternating current of 1115 ~.) 

the same figure are approached, the intensity of the F,'’ component relative to Fy’ 
increases and ultimately becomes the greater. This shows that the polarization for 
conditions represented by a point such as C is determined by the polarization of 
the stronger component F,’’.. Now in some unpublished experiments carried out 
in 1930, using the frequency-change method of determining polarization, it was 
found that, for conditions in which splitting was not marked and for conditions 
such as may be represented by point C in figure 1, the polarization of 100-metre 
waves reflected from the upper region was approximately circular and left-handed*. 
The combined evidence therefore indicates that the polarization of F,” is left- 
handed and that of F,' right-handed. 

Although our early observations on echoes, made in the summer of 1931, 
showed the phenomenon of splitting in its simple form, the returned echo being 
in the form of a doublet, much more complicated results were obtained during 
the winter of 1931-2 to be followed again by simpler cases in the summer of 1932. 
An example record of one of the more complicated types of splitting is shown in 
figure 3. It represents a case of reflection from the upper region, and was obtained 
at 0226 G.m.t. on November 26, 1931, with a wave-length of.go metres. 

Although patterns of this type are sometimes so complicated as to be difficult 


* 'The observer is here supposed to be looking in the direction of propagation. 
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to unravel, it is always clear that the first part of the returned signal fits exactly 
on the F,’ portion of the (P’, f) curve*. This fact strongly suggests that the pheno- 
menon is magneto-ionic in origin and that the first part of the complicated signal 
possesses normal characteristics and is therefore of right-handed polarization, the 
second and more complicated portion of the signal being associated with the left- 
handed component of greater delay. At the same time we may note that the more 
complicated type of splitting occurs only under conditions (e.g. winter and/or 
pre-dawn) when the ionization-gradient of the upper region is low. Further 
reference to this point is made below. 

In attempting to settle definitely the actual polarization of the two supposed 
magneto-ionic components, experiments were carried out with a new type of 
polarization analysert. It will at once be seen that the problem of determining 
the polarization of two signal impulses which follow one another with a very short 
time-interval is quite different from that involved in previous polarization investiga- 
tions in which cases the frequency-change method and a sustained signal have 
been employed. For our present purpose it is not sufficiently convenient to 


G ' 


— > lime 
Figure 3. 


determine the resultant polarization of either the combined effect of ground waves 
and downcoming waves or even of the resultant polarization of the two components 
on a suppressed ground-wave receiving system. The more straightforward way is 
to determine separately the polarizations of ground wave and of the echoes as they 
successively occur in time. This demands an indicator of very rapid response, 
such as the cathode-ray oscillograph. 

In the new type of radio-polarimeter, which has been developed at Radio 
Research Station, Slough, two similar frame aerials are used at right angles and 
the radio-frequency signals received on them similarly amplified, without change 
of relative phase, and applied to the two pairs of deflecting plates of a cathode-ray 
oscillograph. In this way the cathode-ray trace gives the relative amplitudes and 
polarizations of the ground signal and the subsequent echoes in succession. Since 
the pulses are emitted by the sender at a regular rate (50 per second) it is possible, 
by means of a suitably synchronized time base, to make the traces corresponding 
to the ground wave and echoes quasi-stationary on the oscillograph screen so that 
they may be examined by eye. 

* This is a curve in which the equivalent path is exhibited as a function of the electric wave 


frequency. ong ; 
+ The basic idea underlying this method of polarization delineation was independently sug- 
gested by Mr R. A. Watson Watt and one of the writers. A very brief account of it has been given 


in the issue of The Wireless World, July 8, 1932, P- 17- 
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It was found that when the polarimeter was in adjustment the trace corre- 
sponding to the ground-wave signal was a straight line, indicating that its magnetic 
vector was linearly polarized. When downcoming waves from the upper region 
were also received it was found that in the day-time, when splitting was not in 
evidence, the echoes were of variable elliptical polarization with a predominantly 
left-handed rotational sense. When the echo consisted of a normal doublet, it was 
found that the components were approximately circularly polarized, the component 
of lesser delay being right-handed and that of greater delay left-handed*. (It 
was possible at times to note this effect up to echo doublets of the fifth order.) 
These experiments therefore confirmed directly our first interpretation of the 


nature of split echoes. 


§3. THEORETICAL EXPLANATION AND DISCUSSION OF RESULTS 


(a) The magneto-ionic theory of wireless propagation. In a discussion on 
“Atmospheric ionization” before the Society in November 19247 it was pointed 
out by one of the authors that if the conductivity of the upper atmosphere is due 
to electrons (and not to ions of molecular mass) the propagation of wireless waves 
in the ionosphere is very considerably influenced by the earth’s magnetic field. 
Gyroscopic terms in the dispersion equations, not considered in the ionic refraction 
theories of Eccles} and Larmor§, become of importance, and many of the pheno- 
mena familiar in magneto-optics are to be expected. This magneto-ionic theory, 
as the revised treatment was called, has been developed mathematically, for the 
general case of propagation at any angle relative to the earth’s field, by Appleton |, 
Goldstein and Hartree**. 

On the experimental side Appleton and Ratcliffe¢+} have found that downcoming 
waves 400 metres in length are approximately circularly polarized with a left-handed 
sense of rotation in England, whereas Green{{ has shown that, under exactly 
comparable conditions in the southern hemisphere, the downcoming waves are of 
opposite rotational sense. Such results have been explained as being due to the 
differential absorption of the two components of opposite rotational sense which 
travel in an ionized medium under the influence of the earth’s magnetic field, the 
absorption of the right-handed component being much greater than that of the 
left-handed component for waves of 400 m. travelling in a direction making an 
acute angle with the imposed field (e.g. for downward propagation in England). 
But according to the theory already developed, this differential absorption of the 
magneto-ionic components should be the less marked the shorter the wave-length, 


* The rotational sense was found by advancing or retarding the phase of the signals received on 
one of the loops (by altering slightly the circuit tuning) and noting the effect on the circular traces 
on the oscillographic screen. 


t E. V. Appleton, Proc. Phys. Soc. 37, 22 (1925); see also Nichols and Schelleng, Bell System 
Technical Journal, 4, 215 (1925). : 

t Proc. R. S. A, 87, 79 (r912), § Phil. Mag. 48, 1025 (1924). 

\| Proc. U. R. S. I. (Washington, 1927). @ Proc. R. S. A, 121, 259 (1928). 


** Proc. Camb. Phil. Soc. 27, 143 (1931) TT. Broc. KR, S.A, ALT, S36 
. 27, ; Be dig Se Ne » 576 (1928). 
tT} Nature, 128, 1037 (1931). ah 
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so that for short waves we might expect to observe them both with comparable 
amplitude. 

The problem is perhaps best illustrated by taking a practical case of the 
reflection of, say, 80-metre waves at vertical incidence. We consider the propagation 
of the waves vertically downwards at an angle of (47 — 8) to the magnetic field, 
8 being the angle of dip. For such a case the relation between the imposed field, 
its components, and the direction of propagation are as illustrated in figure 4. Here 
the magnetic field components, transverse and longitudinal to the direction of propaga- 
tion, are represented by H, and H, respectively. H is the total magnetic force. 


> D eels ion of 
propagation 
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Figure 4. (The y axis is at right angles to the paper.) 


For such conditions the dispersion equation relating the refractive index p to 
the angular frequency p may be written 


2por 
i? ates (1), 
Pies, Eh) ee PPr =e Pipr \ 2p 2 
eee ping (Gro apapt P) 


where p,2 = 47Ne2/m; pp = Hrelmc; py, = Hy,e/mc. Here N is the number of 
electrons, of charge e and mass m, per cm? and c is the velocity of electromagnetic 
radiation in free space. This equation is valid for negligible or very small friction. 
The formula with the upper sign refers to the extraordinary ray and that for the 
lower sign to the ordinary ray. It should be noted that py” is proportional to the 
ionization-content NV. The corresponding formula for the polarization is 


H, ipp, (1 — #*) (2), 


7 H,, (1 — ) (6* + ho") — Bo° 
where the appropriate value of ,.” is inserted from (1). 

A curve illustrating the relation between p.* and N for a case of the propagation 
of 80-metre waves vertically downward in South-east England has been kindly 
drawn for us by Miss A. C. Stickland of the Radio Research Station, Slough, and 
is reproduced in figure 5. 

(b) The two types of magnetic splitting and their occurrence. Now in the pulse 
measurements in which the doubling of echo signals has been most studied, we 
are concerned with the separate arrival in time of the two components. Such a 
group separation of the components can readily be seen to occur in two ways. 
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in the upper atmosphere is stratified we call it ‘‘stratification splitting. 
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Figure 5. 


——— extraordinary ray (1s) 
ordinary ray (;;) 
(N, p»?) curves for A = 80 metres. (Infinity of wy at N = 2:58 x 10°. Zero of pw, at N = 2-62 x 10°.) 


There is, however, another possible way in which the separation of the two 
components may take place. It is known that there are two ionized regions in the 
upper atmosphere and that, owing to the fact that the ionization in the upper region 
may be more intense than that in the lower region, waves which have penetrated 
the lower region may still be reflected by the upper region. In passing through 
the lower region, however, any signal pulse is retarded owing to the fact that the 
group velocity in an ionized medium is less than that in free space. In the case 
of the two magneto-ionic components, moreover, such group retardation will be 
differential, and it may be shown from the dispersion formula given above that 
the group velocity of the extraordinary ray is, for the special conditions in which 
we are interested, less than that of the ordinary ray. The effect of electron ionization 
in the Kennelly-Heaviside layer (lower region) is thus to make the extraordinary 


é * For the extraordinary ray 2 first becomes zero when po’ = $ (pb? — PP), while the same con- 
dition is reached for the ordinary ray when py? = § pi. 
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component lag in time behind the ordinary component. ‘‘Group-retardation 
splitting,” as this type of separation may be termed, therefore tends to produce 
the opposite effect to that produced by “‘stratification splitting,” for stratification 
splitting retards the ordinary component behind the extraordinary component while 
group-retardation splitting produces just the reverse effect. 

It has already been noticed that the group-retardation effect due to the ionization 
in region EF suffered by waves which are ultimately reflected by the upper region 
F is most marked for frequencies just above the critical range of values for which 
penetration of the lower region begins to take place. We should therefore expect 
group-retardation splitting to occur most readily for these same experimental 
conditions. This has actually been found to be the case in experiments carried out 
with the radio-polarimeter, and these conditions are, as a matter of fact, the only 
ones under which we have observed splitting of this type. More usually the effect 
of group-retardation splitting is more than neutralized by that of stratification 
splitting, so that the first echo-component experienced is right-handed and the 
second component left-handed in rotational sense. 

The dispersion curves illustrating the variation of u? with N immediately show 
that a greater value of electron-concentration is required for the ordinary ray than 
for the extraordinary ray to produce the condition u? = o which we associate with 
reflection at vertical incidence. We have, in early morning tests, repeatedly found 
examples of this. The ionization is at that time increasing owing to the influence 
of the sun, and we find that, after electron-limitation has been causing the absence 
of echoes during the night, the shorter delay component is first noted and is then 
followed a few minutes later by the appearance of the second component. After 
this had been observed we were able to change to a shorter wave-length and see 
the process repeated. 

In our attempts to determine the frequencies which just penetrate the upper 
region at different times of the day, we have often had occasion to obtain data from 
which a curve illustrating the relation between the equivalent path of the atmospheric 
waves P’ and the frequency f could be drawn (see for example figure 1). Fhese 
curves show that for a given value of N the ordinary ray of one frequency, say Ape 
just penetrates the upper region while, at the same time, the extraordinary ray of 
another frequency f, has reached similar critical conditions. Now while, as has 
previously been mentioned, it is difficult to say exactly what are the deciding 
factors which determine reflection, we are fairly clear that the conditions for 
reflection must approach those indicated by » = 0. But for frequencies greater than 
the characteristic gyro-frequency fy (i.e. He/2mmc) the condition 4 = 0 is reached 
for the extraordinary ray of frequency /; when 


Nes 37m (f2 2 fife) GrROCC (3)s 
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whereas the same condition is reached for the ordinary ray of frequency f, when 


N= sa ‘ch el rr (4). 
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The two frequencies must thus be connected by the relation 


eR 
ot (h- f= fa(p2z) (5). 


I 


Since the frequency-difference (f, — fz) is small we see that it is approximately 
equal to 4f, or to about 0-70 Mc./sec. Now it is one of the striking facts of the 
experimental results that in all the (P’,f) curves we have drawn in which the 
electron-limitation effect for the two components is shown, the frequency-difference 
corresponding to (f,; — fz) is always of this order of magnitude, the mean experi- 
mental value for a large number of curves being 0-80 Mc./sec. We believe therefore 
that this agreement between theory and experiment is additional evidence in favour 
of the magneto-ionic theory. 

The application of the magneto-ionic theory to the explanation of phenomena 
associated with the reflection of waves from region E has not proved so easy of 
interpretation as in the case of region F. It is known that, in general, waves 
reflected from the lower region are predominantly of left-handed polarization, and 
this has been attributed to the more marked absorption of the right-handed 
component during the passage of the waves through the lower and more attenuating 
part of the ionized region, which is situated below that at which the waves are 
reflected. The question whether the refractive process causes separation of the 
ordinary and extraordinary rays by stratification splitting in region £, in a manner 
similar to that found in the case of region F, is more difficult to settle. The ionization- 
gradient in region E appears to be greater than that in region F, so that simple 
stratification splitting as indicated by the temporal separation of the two components 
does not show up so readily. It can, however, be stated that splitting which appears, 
in the ordinary cathode-ray oscillographic delineation of echoes, to be of exactly 
the same type as that experienced for region F has been noted on many occasions, 
but we have not yet been able to make definite determinations of the sense of 
polarization of the two (or more) components separately. Certain phenomena noted 
under special circumstances, however, assume importance in this connexion. As 
has been described for reflection from region F, the effect of electron-limitation in 
a case in which the ionization is steadily decreasing is to cause the polarization to 
change from the predominantly left-handed rotational sense (when the polarization 
is determined by the greater amplitude of the ordinary ray) to the right-handed 
sense (when, owing to electron-limitation, the ordinary ray has penetrated the 
layer and only the extraordinary ray is being reflected). During sunset runs we 
have also sometimes found this to be the case for region £. Using a constant 
frequency the polarization of waves has at first been left-handed and later, as the 
ionization has decreased, has become right-handed. As the ionization has further 
decreased even the extraordinary ray has finally no longer been reflected, and full 
penetration of the lower region has taken place. Because of these magneto-ionic 
effects in cases of reflection from the lower region, and of the existence of 
group-retardation splitting for waves reflected by the upper region, we conclude 
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that the Kennelly-Heaviside layer contains a considerable proportion of free 
electrons, 

(c) The effects of friction. The expression (1) above for the refractive index of 
an ionized medium under the influence of an imposed magnetic field was derived 
for assumed non-dissipative conditions. When account is taken of the collisional 
friction suffered by the vibrating electrons the value of the refractive index cq, 
which is now complex, is given* by 


(ea)? = (u — SA) 


2p, 
ea Po 
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where , is now the real part of the refractive index, « the absorption coefficient 

and v the frequency of the electron collisions with gas molecules. As in (1), the 

upper sign refers to the extraordinary ray and the lower sign to the ordinary ray. 
The corresponding formula for the polarization is 


ye i} 2p, (p? — 3p. — ipv) (7) 
A, pir? + Vip" prt + 417 (p* — 3 Po” — tpv)?}) 
The two formulae (6) and (7) are therefore the most general representative equations 
of the magneto-ionic theory in terms of a ray treatment, and their elucidation and 
application constitute one of the chief problems of present-day wireless propagation 
theory. We can here only mention a few of the more salient deductions which can 
be made from them. 

In the first place (6) and (7) yield, as they should, formulae identical with those 
given by Lorentz for the special cases of transmission longitudinal and transverse 
to the imposed magnetic field. They also show that, for vertically downward 
propagation in South-east England at an acute angle with the earth’s magnetic 
field, as in our present problem, the left-handed component is less absorbed than 
the right-handed component. 

When friction is taken into account it is also possible to explain a difficulty 
which arises in the elucidation of the formulae obtained when friction is neglected. 
For the purely longitudinal type of propagation it is found from (1) that the 
refraction index of the extraordinary ray becomes zero when py” = 3 (p? — ppu), 
while the same condition is reached for the ordinary ray when ~)? = 3 (p? + Ppu). 
Both ordinary and extraordinary rays are, moreover, in this case circularly polarized 
for all values of p)?. For all other directions of propagation, however, as has been 
mentioned above, the refractive index of the medium becomes zero for the extra- 
ordinary ray when p,? = 3 (p? — Ppz) and when Pp)” = 3 (p? + pp), while the same 
condition is reached for the ordinary ray when fp,” = $p%. In the propagation 
transverse to the magnetic field the linear polarizations are maintained for all values 


* Appleton, F. Inst. E. E. 71, 642 (1932). 
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of p,2, but for intermediate directions the polarizations change as the waves travel 
into regions of different p,*. For very small and very large ionizations (that is for. 
small and large values of f,”) the polarizations of both components are circular, 
but in the region from p,? = $ (p? — Phx) to Po” = 3 (p? + pp,) rapid variations take 
place, the polarizations of both ordinary and extraordinary rays being linear when 
po? = 3p”. We therefore see that, when friction is neglected, longitudinal propaga- 
tion stands out as a special case, in that there are only two values of fp)? for 
which the refractive index becomes zero whereas for all other directions there are 
three. 

A more detailed examination of the general formulae (6) and (7), in which 
friction is taken into account, shows that there is no real discontinuity between 
the longitudinal and the other cases. It is found that the nature of the type of 
friction is determined by the value of 2p, v/p,”, a quantity which depends on the 
direction of propagation, the collisional friction and the earth’s magnetic intensity. 
When the value of this quantity is small compared with unity, the propagation 
resembles more closely the transverse type. The polarizations then become plane 
for the conditions p? = 2,2, while the refractive index for the ordinary ray 
approaches zero at the same point. On the other hand, when 2p, v/p;? is large 
compared with unity the propagation resembles more nearly the purely longitudinal 
type. The polarization does not then become plane for the conditions p? = $P)°, 
nor does the refractive index of the ordinary ray approach zero for the same 
conditions. 

These considerations have a bearing on a question which has been discussed 
above. If the propagation, for conditions under which reflection takes place, 
resembles the transverse type, we have seen in equation (5) that the frequency 
difference (f, — f,) between the two frequencies which penetrate the region as 
extraordinary and as ordinary waves is equal to fyf,/(f+f2). If, however, the 
critical ratio 2p; v/p,? is much greater than unity, it is easy to show that under 
these conditions, which approximate to longitudinal propagation, the frequency 
difference (f: — fe) now becomes equal to f;; or to 1-32 Mc./sec. The corresponding 
theoretical value for propagation resembling the transverse type, as has been 
shown, is about 0-70 Mc./sec., while the value obtained experimentally for the 
upper region is 0-80 Mc./sec. Our knowledge of the values of v at various heights 
is somewhat uncertain, but there is little doubt that for the upper region, where 
v must be numerically 10* or less, we are dealing with a case approximating to the 
transverse type. The experiments support this, since the experimental value of 
(fi ~ fz) 1s much closer to the transverse value of 0-70 Mc./sec. than to the longi- 
CeRne es SoS For the lower ionized region, where v may be 
TMC ek gher, Des not appear possible yet to make any such corresponding 
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mental results, therefore, we require to find the polarization for small ionization. 
Putting p,? equal to zero in (7) we find 


nil 2p. (p — 1) : 
H, pr? + V{Pr* + 4p1? (p — )} 
Further simplification of this formula depends on whether we have p > v or p <v 
for the region in which ionization falls to a low value. In the former case we have 


fies 1 2PP1 | 9) 

H, prtV ett 4pp>) 9), 
while in the latter case 

Hy, _ § 2p | (26) 

Hs (pr? = V (prt = 4p7?v"). Biswas f 


For our present case of the propagation of 80-metre waves vertically downwards 
in South-east England we have either in case (9) or in case (10) polarizations which 
are very nearly circular. It is not until propagation is nearly at right angles to the 
earth’s magnetic field that we find the limiting polarizations tending to change 
over to the linear state. We thus find that the experimentally observed circular 
polarizations are such as are to be expected from the theory. 

If we compare the limiting polarizations with the characteristic polarizations 
which obtain at the regions of higher ionization where the waves are reflected, we 
are able to explain how it is that the extraordinary ray component I,’ is usually 
less distorted than is the ordinary ray component F,”’. For all values of the quantity 
2p,v/p,2, such as we have to deal with in vertical propagation in South-east 
England, the polarization of the extraordinary ray alters but little in its passage 
into and out of the ionized region. On entry it is circularly polarized, while, for 
the condition p,2 = 3 (p2 — pp) when it is reflected, we have H,/H, = tp1/pu 
which means that the polarization is still not very far from circular. The extra- 
ordinary ray travels therefore almost unaltered in polarization, as in the purely 
longitudinal type of propagation. On the other hand, matters are quite different 
for the ordinary ray. When this ray enters the ionized region it is circularly polarized 
and, unless 2p,,v/p,? is large, its polarization alters rapidly with increasing ioniza- 
tion*. Such alteration can only take place as a process of re-splitting. Under 
conditions of low ionization-gradient such re-splitting will be attended with an 
increase in the temporal duration of the signal pulse. This result will also be 
emphasized by a process of partial internal reflection, which is easily seen to be 
possible between the regions at which the refractive index becomes zero, An 
additional, though perhaps not predominant, effect may be due to the fact that, 
when dP’ /df is large, the component frequencies of the pulse itself are very much 
separated, with consequent distortion. When both components are present this 
effect will, in general, be greater for the ordinary than for the extraordinary ray. 
Departures from a smooth ionization-gradient doubtless add to the complexities of 
the pulses, while temporal changes in N and H cause the rapid intensity-variations 
of the distorted pulses which are experienced at almost all hours of the night. 


* If 2pz,»/pp" < 1 the polarization changes from circular to linear. 
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DISCUSSION 


Mr R. A. Watson Watt. The authors have carried one important stage further 
the description and explanation of the increasingly complex phenomena of iono- 
spheric reflection which are revealed by increasingly powerful observational 
methods applied over extending ranges of time-of-day and season. The clarification 
of the conditions for “‘ stratification splitting” and for “‘ group-retardation splitting” 
and the discussion of the relative complexity of the echo pattern for the ordinary 
ray-component F,”’ are specially valuable features of the present communication. 


Mr R. H. Barriexp. I think it would be of great interest to have some statement 
of the relative frequency of occurrence of the two types of echo pattern illustrated 
in figures 2 and 3 respectively. Is the possibility that scattering, as opposed to 
magneto-ionic splitting, might be an important cause of the phenomena of figure 3 
completely excluded? 


AuTHors’ reply. In reply to Mr Barfield’s first question we can only say that 
distorted echoes are almost always found under conditions where “ electron- 
limitation of amplitude is operative. This applies to both ordinary and extraordinary 
rays. As we have mentioned in the text, a low ionization-gradient favours the 
formation of complex multiplets. 

The fact that all parts of a distorted echo show definite circular polarizations 
of one sign or the other, appears to rule out any explanation in terms of scatterings 
alone, the magnetic field of the earth being neglected. The complex echoes with 
their ceaseless amplitude-changes may be taken as expressing the disorderliness of 
the electron distribution. We do, however, believe that each part of a complex 
echo represents partial reflection from a part of the medium which is large compared 


with a vacuum wave-len . 
-length, so that, to that extent, we rule out scatteri 
usually understood in optics. eu 
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THE GENERATION AND RECEPTION OF WIRELESS 
SIGNALS OF SHORT DURATION 


By J. F. HERD, A.M.I.E.E., Radio Research Station, Slough 
Communicated by R. A. Watson Watt, September 15, 1932. Read December 2, 1932. 


ABSTRACT, In the use of short-duration signals for investigation of the ionosphere, it 
is convenient to emit the signal pulses at a controlled rate and to receive them on an 
oscillograph giving temporal discrimination between the arrival of the ground ray and that 
of subsequent echoes. Simplification of recording technique can be obtained if, at the 
receiver, an oscillograph of the cathode-ray type is used in conjunction with a time-scale 
voltage whose rate of recurrence is exactly the same as that of the emitted impulses. The 
paper describes methods of utilizing the common frequency of an a.c. supply network to 
secure such synchronization. 

The arrangement is first described in connection with ticking-grid circuits at the emitter 
and as a linear time-base device at the receiver. Alternative linear time bases using mercury- 
vapour triodes (thyratrons) are then discussed, and these circuits are combined with known 
means of obtaining a circular time scale to produce a spiral time scale affording wide 
temporal separation of observed phenomena and more fully utilizing the whole oscillo- 
graph screen. Lastly an improved method of impulsing the transmitter is described, in- 
volving the use of a thyratron as an abrupt switching device. 


SN © DIRIGO 


HE use of wireless signals of short duration is already well known as a means 
of investigating the conditions of the ionosphere. 

In a recent communication Prof. E. V. Appleton and Mr G. Builder* have 
described a simple method of generating radio-frequency impulses of short duration. 
The method utilizes the fact that in an oscillating triode generator, if a suitable con- 
denser-resistance combination be inserted in the grid circuit as shown at CR in 
figure 1, the triode generates oscillations in the form of brief impulses alternating 
with periods of quiescence whose duration is of the order of 25 or more times that 
of the duration of the oscillatory train. The same circuit has also been used for the 
production of a time base for use with a cathode-ray oscillograph}. During the 
period of oscillation a voltage is built up across the condenser C abruptly driving 
the fluorescent spot to the left of the screen, when the spot proceeds to return from 
left to right in a slower leakage-time of the relative order stated. With a condenser- 
resistance combination the left-to-right travel occurs exponentially, but can be made 
linear by the use of a saturated diode in place of the ohmic resistance. 

The reception of such short-duration impulses provides a method for determina- 
tion of the time between the arrival of a ground-ray signal and that of one or more 


* Proc. Phys. Soc. 44, '76 (1932): 
+ Proc. R. S. A, 111, 672 (1926). 
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he ionized layer. In this application, it is convenient, as is 
stated in the paper by Appleton and Builder, to make visual observations on a 
cathode-ray oscillograph, with photographic recording with an oscillograph either 
of this type or of the electro-mechanical or Duddell type. For visual observation 
with the cathode-ray oscillograph it is desirable to hold the time base so that its re- 
currence-frequency agrees exactly with the pulse-frequency of the radiated oscilla- 
tion. In this case the ground-ray signal always falls on the same place in the left-to- 
right travel of the fluorescent spot, with the indirect-ray signals following after it 
in each sweep according to their continuously varying conditions which are the 
subject of investigation. For photographic recording a convenient and economical 
method is to use the same general arrangement and take snap exposures at suitable 
intervals of the varying conditions of the indirect-ray signals. 
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Figure I. a. Method of locking transmitter to half-waves of voltage supply. 6. Typical screen 
image when pulse-recurrence is locked to rectified half-waves of supply voltage. 


With a suitable fluorescent material (e.g. calctum tungstate) on the oscillograph 
screen and by means of a camera of simple type, it is possible to obtain snap photo- 
graphs with exposures of the order of from 0-2 to o-1 sec., which give a record 
whose depth and quality are adequate for analysis. Moreover the use of the 
cathode-ray oscillograph for this purpose has the advantage that the same devi 
serves both for monitoring and for photography. In addition, the monitorin ind 
dication remains visible during the recording process, while the photogra hic re 
cording can be brought into instant operation either at regular intervals 2 at . 
special moment justified by the conditions. ie 

For satisfactory photography, it is necessary that the image on the fluore 
screen should remain absolutely stationary. It is therefore essential that the al 
rence-frequency of the time-base stroke should agree most accuratel aE. 
pulse-frequency of the transmitter. While it is possible to achieve a fait ed 
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to a stable pattern by manual control, e.g. at the receiver, some form of locking or 
master-control appears to be desirable. The use of frequency-controlled 50 ~ supply 
mains at both transmitter and receiver suggested itself as a means of impressing a 
stable frequency on the recurrence at both ends, and this paper describes simple 
methods which appear satisfactory for the purpose and have several points of 
novelty at both transmitter and receiver. 


§2. CONTROL OF PULSE-GENERATION 

The method consists essentially in using an unsmoothed supply, either from 
unrectified alternating current or from the unsmoothed output of a full-wave 
rectifier fed from the a.c. supply mains to energize the anode circuit of the valve 
and cause the signal pulse to recur at the same point in successive cycles of the 
supply voltage. The arrangement was first tried on a laboratory scale, in the con- 
ditions described below, and proved completely satisfactory in giving the desired 
locking state. Modifications for operating at higher power-levels are discussed later 
in the paper. 

In order to utilize the higher frequency, namely 100 ~, both of signal pulses and 
of time-base recurrence, the second-mentioned arrangement (using unsmoothed 
rectified half-waves) was first tried. The local transmitter consisted of a simple 
coupled-circuit oscillator with grid condenser C and resistance R for control of the 
pulse-frequency. The usual smooth d.c. supply to the anode circuit was replaced 
by the unsmoothed supply from a full-wave rectifier, as shown in figure I a. 

A convenient method of adjusting the transmitter is also shown in figure 1. 
Values of C and R were first set so as to give approximately the desired frequency- 
recurrence of 100 per second. A coil L loosely coupled to the oscillating circuit 
impressed the transient trains of oscillations on one pair of plates of a cathode-ray 
oscillograph. The other pair of plates was supplied with a timing voltage of 50 ~ by 
a small transformer 7,. It was then found quite easy to adjust the CR value (the 
variable element was actually the condenser C) until a perfectly steady picture of the 
type shown in figure 1 b was obtained. As synchronization was approached the 
picture fell into a pattern in which the impulses moved jerkily towards the outer 
ends of the time-base line showing increasing amplitude as the impulses approached 
the ends. On final adjustment the impulses fell exactly at the ends of the base-line, 
as shown in figure 1 } and were then of the maximum amplitude observed, showing, 
presumably, that the incidence of the oscillation-train agreed exactly with the peak 
of the supply voltage from the full-wave rectifier. With this adjustment, the picture 
remained locked for very long periods and there appeared to be no difficulty either 
in keeping it perfectly stationary or in reproducing the conditions from day to day. 


§3. LOCKING THE RECEIVER TIME BASE 
In the case of the time base at the receiver, the same general method was em- 
ployed with complete success, viz. to feed the anode of the oscillating circuit by 
means of the unsmoothed output of a full-wave rectifier. The modifications made 
in the time-base circuits were very minor and consisted merely in substituting this 
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unsmoothed supply for the normal battery supply of the oscillator erie removal of 
a by-pass condenser that was actually installed), while still leaving the pre” 
nected to the diode for the purpose of maintaining the improved linearity which this 
i ace of the time base was then somewhat peculiar, and a little explana- 
tion of the phenomena observed is called for. The condenser was set to a value which 
was known to give, in conjunction with a suitable diode brightness, a good measure 
of linearity in the main stroke. As a timing reference, the 50 ~ supply was fed to the 
vertical plates via a small transformer in order to study the behaviour of the hori- 
zontal time-base stroke. The diode was then started at a dull glow and gradually 


-X- --------undeflected position 
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Figure 2. a. Method of locking receiver time base to half-waves of voltage supply. 6. Typical screen 
image when time base is locked to rectified half-waves of supply voltage. 


brightened. It was very noticeable that the pattern showed a marked tendency to 
lock on the sub-multiples of 50 ~ through which the time base then passed in the 
course of this adjustment. ‘Thus it was very easy to obtain a stationary picture of 
2:1, 3:2 and finally 1: 1 when the time base was exactly of the duration 1 sec. 
As the diode was continuously brightened, the picture tended finally to fall rather 
sharply into the pattern of 1 : 2 as shown in figure 2 6, which shows the time base 
of zy5 sec., breaking the 50 ~ voltage into its two half-cycles. 

The setting which gave this stationary image of half-cycles was found to be the 
optimum for operation. Further brightening of the diode beyond this point intro- 
duced complicated effects and patterns which were extremely difficult to interpret 
and might be misleading. Fortunately there was no need ever to use these, since the 
arrival at the condition indicated was very definite and unmistakable, and re- 
presented the condition desired for the stationary pattern of the received pulses. 
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With the time base adjusted in this manner, the circuit of figure 3 @ was then 
used, and it was found that a perfectly stationary picture of the pulses was im- 
mediately obtained. 

As a matter of interest the effect was then examined of connecting the time base 
to the successive phases of a 3-phase supply, leaving that of the transmitter fixed so 
as to simulate the conditions that might be met with in practice. The results were 
as shown in figure 3 4, the pulse picture moving along the base with each phase. 
Actually when the transmitter and time base were fed from what was known to be 
the same phase, the resultant picture was the last of those shown. If, therefore, in 
a practical system utilizing this scheme this particular picture should result, it would 
be easy at the receiving end to change the phase of the supply serving the time base 
So as to place the picture at a more suitable position, e.g. that occupied by the first 
picture in figure 3 6, in order to get the optimum conditions for observation of 
echoes following the reception of the ground-ray signal. In these experiments the 
pulses applied to the oscillograph were the radio-frequency trains derived from the 
coil L coupled to the oscillator as in figure 1 a. The pulses thus appear on both sides 
of the time base as shown in figure 3 b. 


Palse 


Pulse 


Coupling to 
transmitter 
as in Fig. 1 


|____- Puls 


To time base 
as in Fig. 2 
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Figure 3. a. Circuits for checking locking of transmitter against similarly locked time base. 
b. Location of pulse as different phases of 3-phase 50 ~ supply are used for time base. 


With the optimum adjustment of the time base, as in figure 2, there may be a 
slight tendency for successive strokes of the time base to be slightly unequal owing 
to inequalities of successive half-waves of the supply. This condition is very evident 
by visual inspection, the lowered luminosity of the excess length of one stroke being 
obvious. If this is observed it can be remedied by the insertion of resistance in one 
limb until the time base is clearly of equal luminosity over its length. 


§4. USE OF UNRECTIFIED A.C. 


Later exactly similar arrangements were applied in the case where both local- 
transmitter and receiver time-base circuits were fed with unrectified alternating 
current. The half-wave rectifier was omitted in each case, and the transformer was 
applied directly to the anode circuit of the oscillating triode, so that the valve was 
energized only during those half-cycles which rendered the anode positive. It was 
then, of course, necessary to adjust the CR circuit at the transmitter and the corre- 
sponding condenser-diode circuit in the receiver time base to the duration of 
Ay sec., when it was possible to obtain exactly the same locking phenomena as are 
described above for the case of supply by rectified half-waves. 
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The experiments described above were all conducted on a laboratory-test scale, 
and appeared perfectly satisfactory. When an attempt was made subsequently to 
apply similar methods to transmitters of higher power, difficulties were encountered 
which led to modifications described later in this paper. 


226 


§5. LOCKED TIME-BASE CIRCUITS USING 
A MERCURY-VAPOUR TRIODE 

A disadvantage of the “ticking-grid” time-base circuit described above is that, 
in its operation, a fairly high radio frequency is impulsively generated and, even 
with reasonable precautions, there is a considerable tendency for it or its harmonics 
to be picked up by the main radio receiver with which the circuit is, in practice, 
associated. Other methods of locking the oscillograph time stroke on the mains 
frequency are therefore desirable, and several arrangements have been tried. 

A method which has proved very convenient is one using a mercury-vapour 
triode of the type generically known as the ‘‘thyratron.” The use of a triode of this 
type in a self-flashing system has already been described by W. B. Nottingham* and 
A. L. Samuel+; the arrangement takes advantage of the difference between striking 
and extinction potentials, somewhat after the manner already known in connexion 
with self-flashing neon-lamp circuits. 


Thyratron 


Figure 4. Use of mercury-vapour triode (thyratron) for linear time base. 


A convenient modification for use as a general time base of variable frequency 
consists in the employment of a condenser-diode circuit as shown in figure 4. For 
observation of a sustained phenomenon, e.g. a steady alternating voltage, locking 
can be obtained by a light coupling between the grid of the thyratron and the output 
of the source, as indicated in figure 4. Locking in this manner has been found to 
give an exceedingly stable pattern, even when the frequency of the vertical 
phenomenon is many times—e.g. 10 or more times—that of time-base recurrence. 
Incidentally, it may be mentioned that the coupling necessary to give this locking 
effect is extremely small. For example, with a transformer of intervalve type in the 
grid circuit, it has been found sufficient to join only one terminal of the primary to 
the high-potential terminal of the source under examination. The load imposed on 
the source can thus be made negligibly small. 


* Journal Franklin Institute, 211, 751 (1931). 
t Rev. Sci. Inst. 2, 532 (New York, 1931). 
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This arrangement also permits the locking of the time stroke to the recurrence- 
frequency of ;1; sec., as set by 50 ~ mains. This is done by first adjusting the con- 
denser-diode circuit to this period and then feeding into the grid coupling a small 
component of the 50~ mains voltage. The arrangement gives very satisfactory 
locking which, further, remains adequately locked to this recurrence rate when 
transients, such as the short-duration radio signals described earlier, are applied to 
the other dimension of deflection. A notable feature of the arrangement, true at 
least of the particular mercury-vapour triodes used in these experiments at low 
frequencies, such as those of the 50 ~ supply mains, is that the ratio of forward to 
back stroke can be made very short indeed, ratios well over 1000: 1 having been 
found possible*. 

If, however, the main purpose is to lock the receiver time base at a recurrence- 
rate governed entirely by the frequency of the a.c. supply, a very convenient arrange- 
ment can be obtained by feeding the anode circuit of the thyratron from the a.c. 
mains. A typical characteristic property of the mercury-vapour triode is that, with 
a suitable value of negative voltage applied to its grid, relations between anode 


Figure 5. Abrupt rise of anode current in thyratron Figure 6. Thyratron cireuit controlled by 
with suitable grid voltage. ; 50 ~ supply mains. 

voltage and anode current can be made to follow a law such as those shown re- 
spectively by the dotted lines and heavy lines of figure 5. Expressed. generally, 
according to the grid voltage actually used, it can be arranged that no anode current 
passes until a certain anode voltage is reached in the positive half of the applied a.c. 
cycle. Once anode current has thus been started, the applied anode voltage takes 
charge and the anode current follows the anode voltage until the latter falls to zero, 
when the grid voltage again takes charge. . 

A time-base circuit taking advantage of this principle is shown in figure 6. The 
negative grid voltage is set to a value such as to give conditions approximating to those 
of figure 5. The abrupt rise of anode current charges the condenser, which then pro- 
ceeds to discharge through the diode, giving a typical time-sweep very closely 
approaching linearity. The condenser-diode circuit is, of course, caine chek 
to 4; second, but the arrangement locks equally well on submultiples of the 50 ~ 

* sosetiin peculiarities of the thyratron circuit arise when the time base is caused to sweep at 


higher recurrence-frequencies, €.g. 1000 per second or more. ‘These are due to the definite nas taken 
to de-ionize and are discussed in the paper by W. B. Nottingham already cited (first reference on 


p- 226). 
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frequency. Another very valuable feature is that by shortening the discharge-period 
of the condenser-diode circuit—e.g. by brightening the diode filament—the time 
stroke can be made to remain recurrent at the rate of 50 per second, but the actual 
travel across the oscillograph screen can be made in a few milliseconds, with a stand- 
still at the end of the traverse pending the incidence of the next charging impulse. 
Thus it can be arranged that the timing stroke shall occur in 2 or3 milliseconds with 
a standstill for the remaining 18 or 17 msec., the total period being 20 msec. 
(i.e. 50 ~) recurrence. . 
This is, of course, of great advantage in giving wide opening of short-duration 
phenomena, provided that these can be caused to occur in the appropriate first few 
milliseconds of the time-sweep. To ensure this, some form of phase-control may be 
necessary, this being most conveniently applied to the anode-circuit voltage supply. 
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§6. ASPIRAL TIME BASE CONTROLLED AT SUPPLY FREQUENCY 

While the above base may be used in the manner described to give a very rapid 
stroke of controlled recurrence, it has the disadvantage that the remainder of the 
recurrence interval is lost for observation or recording. If the whole of the phe- 
nomenon under examination can be suitably located within the brief moving sweep, 
high temporal discrimination can be obtained. For example, with an oscillograph 
screen having an effective diameter of 8 cm., a spacing of 4 cm./msec. is readily 
attainable. On the other hand if the whole 20 milliseconds must be kept under 
observation, the same effective screen-diameter only permits a spacing of less than 
4 cm./msec. In addition, if the phenomenon under observation gives an amplitude 
of deflection small compared with screen-dimensions, a considerable part of the 
screen is not fully utilized. 

An obvious improvement is to turn the time scale into a circle using the same 
effective screen diameter ; this confers immediately an improvement of 7 in temporal 
discrimination. A circuit providing such a circular time scale has been developed at 
the Radio Research Station and has recently been described*. The principles of the 
arrangement are, however, briefly recapitulated here. The circuit is as shown in 
figure 7. A sinusoidal voltage of frequency 7 is divided into quadrature components, 
which are applied to a push-pull modulator of the type first described by Heising. 
The output from the anode circuits of the valves causes the fluorescent spot to 
rotate in a circle whose circumference is executed in 1/m sec. The phenomenon 
under observation is introduced as shown at V’ in figure 7 and serves effectively to 
modulate the amplitude of the output, thus producing radial departures from the 
circular trace. 

A modification giving still higher temporal discrimination, while preserving the 
whole of the recurrence-period under observation, consists in converting the circle 
into a spiral, each of whose turns is 1/m sec. in duration while the whole spiral base 
is N/n sec. in duration, where N is the number of turns in the spiral. In the case 
where the control is locked to the a.c. mains it is desirable to preserve the whole 
period N/n at 20 msec., corresponding to a 50-per-second recurrence. m thus be- 
Comes most conveniently a double or quadruple multiple of 50, secured by doubling 

* J. Inst. E. E. 71, 82 (1932). 
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or quadrupling the mains frequency, and a spiral of total length 20 msec., divided 
into 2 or 4 turns of 10 and 5 msec. respectively, is obtained. 


Figure 9. 


Figure 8. 


Figure 8. Modification of figure 7 to give spiral time-scale. 
Figure 9. Typical appearance of four-turn spiral controlled by 50 ~ mains. 


The modifications necessary are shown in figure 8. Two successive stages of 
frequency-doubling are used to provide the input frequency to the circular-time- 
base system, causing the spot to rotate at the frequency of 200~. A saw-tooth 
voltage of 50 ~ is then introduced into the modulating position so that the amplitude 
of the circular travel is steadily diminished during four revolutions, returning 
abruptly to its outer position after the manner shown in figure 9. The 50 ~ saw- 
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tooth impulses can conveniently be obtained from a thyratron circuit controlled by 
the a.c. mains, as described in connection with figure 6. In order to obtain relatively 
uniform separation between the turns of the spiral, it is convenient to make the saw 
tooth linear, for instance by the use of a diode. Potentiometric division gives control 
of the actual amplitude of the inward movement of the spiral. If a relatively low- 
impedance (i.e. bright) diode is used, a high parallel resistance, used in this manner, 
still permits adequate approximation to linearity. The phenomenon under observa- 
tion is introduced at an extra pair of terminals in the modulating position, as shown 
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in figure 8. ~ ooo 
It will thus be seen that a very high degree of temporal discrimination can be 


obtained during the first turn of the spiral, permitting close examination of the 
incidents of this epoch. By limiting the inward movement of the spiral, approxi- 
mately as in figure 8, moderately high discrimination can still be preserved during 
the remainder of the incursion, thus permitting adequate examination of subsequent 
phenomena. 

For many purposes—including, for example, the study of wireless echoes of 
short delay—a two-turn spiral gives sufficient improvement of time-scale length. 
This is, of course, readily obtained by using only a single stage of frequency- 
doubling, the inward travel being still controlled by the main 50 ~ frequency. 


§7. AN IMPROVED METHOD OF TRANSMITTER-LOCKING 


The work described at the beginning of this paper in connection with the locking 
of the transmitter to the mains was, as there stated, conducted only on a laboratory 
scale. Thus the local transmitter was simply a small power valve of the receiving 
class, energized by anode peak voltages of the order of 200 to 250. In these con- 
ditions no difficulty was experienced in obtaining adequate locking which remained 
completely stable without attention for periods of several hours and was, moreover, 
reproducible without further adjustment from day to day over three or four days of 
test observation. 

In applying the same method to a larger-power transmitter using peaks of 2 or 
3 kV., difficulty was experienced ; it was apparently due to insulation, for example 
in the grid circuit. Thus, while it was possible to obtain exact locking as on the low- 
power scale, the adjustment was certainly more critical and the maintenance of 
locking less stable. For prolonged periods of observation this was sufficiently pro- 
nounced to be detrimental, at least without some attention at the transmitter, to the 
main advantage of the system, i.e. to the production of a perfectly stable pattern on 
the oscillograph screen. The ticking-grid oscillator is naturally a somewhat unstable 
device, and it is a common experience that, in the absence of an imposed lock, it is 
liable to variations of recurrence-frequency ; and these variations, although possibly 
very small, may be sufficient to give a drifting pattern on the oscillograph. In photo- 
graphic recording of the type envisaged, no drift is permissible. The imposition of 
a lock by the method already described effected a considerable improvement, but 
minor variations of insulation still permitted the tuned circuit to be triggered into 
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oscillation at slightly differing points about the relatively flat top of the a.c. positive 
peak-voltage. | 

In order to improve the conditions, it was thought jointly by Mr G. Builder and 
the author that advantage might be taken of the property of the thyratron already 
illustrated in figure 5 and described in connection with the locked time base. In 
particular, it appeared probable that the abrupt rise of anode current in the thy- 
ratron circuit could be made to act as an additional switch or master control, 
triggering the circuit into oscillation very abruptly at a definite point of the anode- 
voltage cycle. A thyratron was therefore inserted in series with the anode circuit of 
the valve, as shown in figure 10. Uncertainty existed as to the exact values of the 


Figure 10. Control of pulse-generation by thyratron as abrupt switching-device. 


voltage-drop applied at any instant across the thyratron and valve respectively, 
especially during their inactive periods, and this rendered it difficult to make any 
pre-calculation of the voltage necessary to give the appropriate negative grid bias to 
the thyratron. When a local oscillograph, however, was used as a monitor in the 
manner already described, no practical difficulty was experienced in obtaining a 
value of bias which materially improved the locking state, and yielded also another 
desirable improvement, viz. a shortening of the signal pulse. The value of the bias 
was not found to be highly critical in adjustment, while the addition of the thy- 
ratron was found to confer much greater latitude in the other adjustments, notably 
those of the condenser-diode combination which was used in the grid circuit as a 
convenient means of control. 


§8. CONCLUSION 


The locking of the transmitter and the oscillograph image represent a matter of 
considerable importance in any prolonged series of observations using this type of 
signal for measurements of the ionosphere. While the arrangements discussed by no 
means exhaust the possibilities of the use of common-frequency supply mains at 
both stations, they represent methods which are economical in execution and satis- 


factory in operation. Although they have been described in what is no doubt a 
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particular and perhaps a somewhat limited application, the methods may possibly 
have other applications in the examination of various types of phenomena, and 
particularly of transients, where the recurrence of the time base and of the pheno- 
menon under observation can be controlled from a common-frequency source. 
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DISCUSSION 


Prof. E. V. AppLeTon. The author’s contribution to our technique for iono- 
spheric investigations constitutes an important step forward. By putting the burden 
of synchronization on the employment of a common electric mains supply at sending 
and receiving station we not only render visual observations of echo portrayals 
easier but also bring about the possibility of continuous photographic recording. 
Apparatus designed on the lines described by Mr Herd and built at the Radio Research 
Station, Slough, was taken out last July to Tromso in Norway in connexion with 
the work to be carried out during the International Polar Year, 1932-3. Owing to 
the fact that the same alternating-current supply was available at Simavik (on the 
island of Ringvadso) and Tromso, which places are 19 km. apart, it was possible 
to use the author’s method of synchronization. The fact that the expedition was 
able to build its sending and receiving stations on the two islands in question and 


begin recording within a week of landing at Tromso is a tribute to the simplicity 
and reliability of the system. 


_Mr R. A. Watson Wart. I think the papers by Messrs Herd and Naismith 
might appropriately be described as ‘Workshop Notes.” They represent two 
aspects of the forging and testing of appropriate tools for the investigation of the 
ionosphere. This general investigation is not a “wireless” one in the sense that it 
is of interest only to the communications engineer, Ionospheric research is an 
important branch of the general physics of the earth, of that wider “ geophysics” 
whose title is tending to be, somewhat unfortunately, usurped by the applications 
of a small branch of the subject, j . 

Technical tricks, such as those described by the author, are of extreme im- 
es where it is necessary to amass large quantities of observational material ; 
aay eee e i ani more laborious than-is the mere recording 

carry out recording in the form which makes 


a 
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reduction easy and expeditious. The methods here described are being applied very 
successfully to this end in the special Polar Year work which the Department of 
Scientific and Industrial Research, with the co-operation of the National Com- 
mittee for the Polar Year and of King’s College, London, is carrying out within 
the Arctic Circle and in this country. But I have no doubt that the very neat and 
effective devices described by the author will find applications in other fields, and 
not only in those where “‘ wireless” problems are in question. 

The author has perhaps erred on the side of modesty in failing to indicate that 
he was very directly concerned in the second reference which he gives at the foot 


of p. 221. 


Mr P. W. Wittans. I was interested in a remark made by the author on the 
inequality of the time-base strokes in one of his synchronizing arrangements. He 
attributes this inequality to the fact that his full-wave rectifying device was not 
operating with strict symmetry. My experience has been that a similar effect may 
be produced as a result of the nature of the impedance in the anode circuit of the 
“ticking oscillator” valve. In the course of some attempts to make a ticking 
oscillator produce pulse wave-forms of various shapes in its anode circuit I more 
or less accidentally inserted a tuned circuit of high efficiency in this circuit, the 
resonant frequency being some six or seven times the low-frequency characteristic 
of the ticking oscillator. A somewhat astonishing result was obtained, in that two 
alternating trains of dissimilar damped waves were set up in the tuned circuit, the 
effect being readily observable on a cathode-ray oscillograph. One train started 
from a larger amplitude than the other and the impulse at the end of the first train 
gave rise to a sudden alteration of the amplitude of such a character as to set up 
a second train of smaller amplitude which in its turn was followed by an exact 
repetition of the first train, so that a steady succession of alternating trains was 
produced. No opportunity has presented itself of following this matter up, but the 
possibility of such a phenomenon producing an effect of frequency sub-multiplica- 
tion constitutes an argument of caution as regards the use of a form of control 
operative in the anode circuit of a ticking oscillator, unless the nature of the 
impedance is such that the effect mentioned cannot take place. 


Aurtuor’s reply. There is no doubt that such methods of synchronization have 
proved of high importance in simplifying the observational technique of iono- 
spheric study, and we are still endeavouring to effect further refinements in the 
way of simplifying routine work and assisting both the annotation and reduction 
of the records. 

With reference to the matter raised by Mr Willans, I can visualize the possibility 
of the action he suggests, especially in the case of the circuit which I know he was 
using. I feel sure, however, that the particular effect reported in the paper was 
definitely due to inequality of the rectified half-waves. I proved this to my complete 
satisfaction at the time by the use of resistance with which it was possible gradually 
to reduce and balance the inequality, and then, by continuing the addition of 

16-2 
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resistance, to introduce inequality in the opposite direction. It was possible, of 
course, to check this process in its various stages, while it was significant that the 
effect disappeared completely when, instead of rectified half-waves from a full-wave 
rectifier, unrectified a.c. was used, the valve operating on the positive half-waves 
as described later in the paper. 

I should apologize for a drawing-error in figure 3 (6), which does not correctly 
show the 120° displacement due to successive phases of a 3-phase supply. It is, 
however, indicative of the manner in which the received pulse can be located at a 


suitable position along the time-stroke. 
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A COMPARISON OF THE FREQUENCY-CHANGE AND 

GROUP-RETARDATION METHODS OF MEASURING 
IONIZED-LAYER EQUIVALENT HEIGHTS 


By R. NAISMITH, A.M.I.E.E., Radio Research Station, Slough 


Communicated by Prof. E. V. Appleton, F.R.S., September 20, 1932. 
Read December 2, 1932. 


ABSTRACT. The paper describes a number of experiments designed to test the measure- 
ment of the equivalent heights of the ionized layers by the frequency-change and group- 
retardation methods. Measurements are conducted under as varied conditions as possible. 
The results appear to confirm the theoretical investigation recorded by Appleton in 1928. 
The apparatus used to measure the amount of the frequency change employed in the 
measurements is described. 


§r. INTRODUCTION 


: ITHIN the last decade a number of different methods have been proposed 
\ \ / to determine the height of the ionized regions of the upper atmosphere. 


Some of these methods have proved more successful than others, with the 
result that in the more recent work on the study of these regions the two methods 
which form the title of this paper have been most widely used. The first, known as 
the frequency-change method, was used by Appleton and Barnett* in their original 
experimental proof of the existence of the ionized layer and has formed the basis of 
much later work in this country. With balanced antenna systems this method has 
been used successfully to study polarization and other phenomena, which up to the 
present has not been possible by the group-retardation method. In the application 
of this first method, the frequency of an emitting station is altered continuously 
through a small range and the interference maxima are noted at a distant receiving 
station. Such interference takes place between the waves which have travelled along 
the ground and those which have travelled through the upper atmosphere. In the 
second method, known as the group-retardation method, and due to Breit and 
Tuvet, the emitting station sends out short pulses of radio-frequency energy and 
the time interval is measured between the arrival of the pulse via the ground and 
that via the atmosphere. At first sight it would appear that these two types of 
measurement are not concerned with the same quantities, since in one case inter- 
ference phenomena are in question and in the other group-time measurements. 
Until quite recently this possible difference was emphasized by the fact that widely 
different interpretations had been placed on the results obtained by the frequency- 
change method in this country and by American workers using the group-retarda- 
tion method. 

* Nature, p. 333 (March 1925) and Proc. R. S. A, 109, 621 (1925). 
+ Phys. Rev. 28, 568 (1926). 
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§2, OBJECT OF EXPERIMENT 


In 1928, however, it was shown theoretically by Appleton* that, for the circum- 
stances under which the experiments are at present carried out in this country, the 
two methods should give the same result. This equivalence 
can be illustrated in the following way. 

Consider a case of transmission from Sto R. Let SR=D 
and let P, be the optical path of the wave-track of the 
atmospheric waves when the frequency is f; while P, is 
the corresponding wave track when the frequency is f, 
(note that P, and P, are not identical if the refracting 
medium, as in this case, is dispersive). Ifinterference fringes 
are produced at R there will be experienced signal maxima 
(or minima) if the frequency is changed continuously from f; to f,, where 


n=~{((P,—D)fi— (P= DiS ee ee (x) 


and c is the velocity of radiation in free space. This formula is valid when the change 
of frequency (f, — fz) is large. Under the conditions of the experiment, however, 
the change of frequency is small and we can write in differential notation 


Figure 1. 


An 34 es 
ci ae D) +S ai ref (2), 
A 
or (<se+D)=P+I eee (3), 


where P now refers to the optical path of the mean wave-length used. The quantity 
(P + f dP/df) Appleton calls the ‘‘equivalent path” of the atmospheric waves. 
In the group-retardation method it is clear that, if ¢ is the difference in the times 
of arrival of a certain pulse via the ground and via the upper atmosphere, we have 
‘ds D 
pe (4); 


where U is the group velocity of the atmospheric waves along an element of atmo- 


spheric ray track ds and the integration extends along the whole length of this track. 
We then have 


‘ds 
ct+ D= C| Toe oo (5). 


Now Appleton, using the principle of least time as interpreted by Hamilton, has 
demonstrated the equivalence of the right-hand sides of (3) and (5) so that the 
quantity An/Af measured in the frequency-change method should be equal to ¢ 
measured by the group-retardation method. If these quantities are shown to be 
equal, the equivalent paths of the atmospheric rays and therefore the equivalent 
heights of the deviating layer deduced from them should be the same. 


* Proc. Phys. Soc. 41, 43 (1928). 
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The object of the experiments described below was to see how far this suggested 
theoretical equivalence was borne out in practice when both methods were carried 
out under identical conditions. 


§3. EXPERIMENTAL PROCEDURE 


In the frequency-change method it is necessary to know both the amount of 
variation of frequency and the number of maxima and minima caused by that 
change of frequency. It is desirable that both these determinations should be made 
at the receiving station. The scheme now adopted is to set the amount of frequency 
change to approximately 16 kc./sec. and to measure the change accurately by a 
method which is described at length at the end of this paper. The signal maxima 
and minima were recorded on an Einthoven galvanometer with camera attachment. 
Preliminary experiments with a special form of syphon recorder show that it will 
eventually be possible to obtain these variations in signal strength directly on a tape 
and without the necessity for photographic equipment. With these modifications, 
the apparatus necessary for the experimental determination of the height of either 
the E or the F ionized regions of the upper atmosphere by the frequency-change 
method is now comparatively simple, robust and direct reading. 

The pulses required for the group-retardation experiment were produced 
similarly to the manner described by Appleton and Builder in January 1932*. These 
pulses were observed on a cathode-ray oscillograph after suitable amplification. 
When it was desired to obtain a record of any observed pattern the photographic 
recording was done on a Duddell high-frequency oscillograph. One element of this 
oscillograph was coupled to a 1 kc./sec. oscillator which could readily be calibrated 
against a 1 kc./sec. tuning-fork. A second element of the oscillograph recorded the 
pulses due to the signal coming over the ground and the echoes present. In this way 
it was possible to compare directly the time interval between the initial pulse and 
the succeeding echoes with a 1 kc./sec. oscillator, and thus obtain the path difference 
between the pulse which had travelled by the upper regions of the atmosphere and 
that which had travelled directly over the surface of the ground from the trans- 
mitter to the receiver. 

In the individual experiments quoted below a standard system of transmission 
was adopted. First of all a determination of the effective height of the ionized layer 
was made by the frequency-change method. This was followed immediately by a 
determination by the group-retardation method and finally by another determina- 
tion by the frequency-change method. In this way it was possible to eliminate any 
possibility of sudden changes in the effective height at which reflection took place. 
The transmitter, except where the contrary is stated, was situated at the National 
Physical Laboratory at Teddington, and the receiver at Slough. ‘This represents a 
ground distance of 18 km. The accuracy of the frequency-change measurement Is 
estimated to be within 1 per cent, but on the group-retardation method it may not 
be greater than 2 per cent or even 3 per cent where measurements are made on the 


lower ionized region. 
* Proc. Phys. Soc. 44, 76 (1932). 
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The first experiment was a straightforward comparison on 8 


obtained. 
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§ 4. EXPERIMENTAL RESULTS 


5m. It was re- 


peated at intervals throughout the winter and table 1 gives a summary of the results 
Table 1 
Height (km.) measured by 
Date G.m.t. : 
Frequency change | Group retardation 
30. X. 1931 12.30 253 | 251 / 
3. Xil. 1931 2.40 218 224 
2,5. 11. 1932 12.00 220°5 223 
Ta 1Ve 1032 E230 235 233 


Many more observations have been made on this wave-length, but these results still 
represent typical values. In no case was the discrepancy greater than 2 per cent. 
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Figure 2. 
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: The second experiment was made on February 26, 1932, over the sunrise period 
in order that comparisons might be made at a time when the effective height of the 
ionized region was changing steadily. These results are best shown in the form of a 
graph (see figure 2). The same wave-length of 150 m. was used throughout the test. 
At 08.00 G.m.t. it was not possible to make a determination of the height owing to 
the fact that the density in the lower layer had increased sufficiently to cause this 
wave-length to be about the critical one. At 08.30 this wave-length ceased to pene- 
trate the lower ionized region and was reflected from a height of 119 km. 

The third experiment was arranged to make a comparison of the methods using 


the lower layer as a basis. The wave-length chosen was 1 50 m. and table 2 gives an 
example of the results obtained. 


Table 2 


Height (km.) measured by 


Date G.m.t. — 
25. il. 1932 11.15 I3I 
Il. ill. 1932 9.15 a 
7+ IV. 1932 TI.15 ro8 


Frequency change | Group retardation 


128 
108 


108 
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On April 14, 1932, the density of the E layer was abnormally high. This provided 
an opportunity to make a comparison of the methods on a very much shorter wave- 
length than had hitherto been possible with the F layer as the basis of comparison. 
On 85 m. the heights measured at 12.45 G.m.t. were as follows: 
Frequency change rors km, 
Group retardation 102 km. 


An experiment on January 8, 1932, between Windsor and Slough over a ground 
distance of 5 km. determined the lowest wave-length which was reflected from the 
-F layer. The result of this experiment showed that radiation of wave-length 45 m. 
was reflected but that of wave-length 425 m. was not. A comparison was then made 
on 45 m. and the heights measured at noon were as follows: 


Frequency change 223 km. 
Group retardation 226 km. 

Another arrangement was tried with different transmitters and over different 
distances. The wave-lengths were made slightly different (go and 88-3 m.) in order 
that practically simultaneous observations might be made. In one case the trans- 
mitter was installed near Windsor which is 9 km. from the receiver at Slough, and 
in the other at Rugby which is 111 km. distant. The effective height measured from 
Windsor was 211 km.; this was obtained by the frequency-change method. The 
path difference as determined by the Rugby transmission was 422 km., representing 
an effective height of 214 km. This latter was determined by the group-retardation 
method. 

The large change in the angle of incidence on the layer in the two cases appears 
to have produced very little change in the depth of penetration into the layer. 


§5. CONCLUSIONS 


The above typical set of experiments were designed as far as possible to test the 
comparison of the frequency-change and group-retardation methods of measuring 
the effective height of the ionized regions of the upper atmosphere under a variety 
of conditions. Other observations which have been made at different times only 
serve to confirm in experimental terms the theoretical conclusion arrived at by 
Appleton in 1928 that the frequency-change method and the group-retardation 
method both measure the same quantity, namely, 

.(@ 
i 6) 


for the atmospheric waves. 
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APPENDIX 


A device for the measurement of a small change of frequency 


Object. The object of the device is to provide a means of measuring the small 
change of frequency required for the experimental determination of layer heights 
by the frequency-change method. 

Principle. The principle of the device is to change the frequency f of the re- 
ceived signal to another frequency f, such that the amount Af (by which f is changed) 
to be measured is sufficiently large compared with f, to be read directly from an 
oscillator calibrated over the range Af and centred on frequency f,. 

Description. Figure 3 is a simple schematic arrangement of the device which is 
almost self-explanatory. In practice the first detector is tuned to the received signal. 
The wave-meter is tuned 100 kc./sec. off, providing a beat frequency of 100 kc./sec. 
which is applied to the grid of the second detector along with the output from the 


Ist detector 


Wavemeter Calibrated oscillator—-range 10 Ke.Jsec 
centred on 100 ke. ‘sec, 


Figure 3. 


calibrated 100 kc./sec. oscillator. This gives zero beat after the second detector. 
When the frequency changes by the amount Af, zero beat can again be obtained by 
retuning the 100 kc./sec. oscillator. The amount by which this oscillator has been 
retuned is then read off directly in kilocycles. 

Certain modifications of a very practical nature can be incorporated when the 
particular conditions of the experiment are known. For example when it is only de- 
sired to check a frequency change known to be approximately 16 ke. /sec. a condenser 
can be connected by a switch across the tuned circuit of the 100 ke./sec. oscillator 
which will change the frequency by that amount. | 

All that is then necessary is to tune to zero beat and when the frequency starts 
changing throw the switch, and when the change of frequency stops zero beat 
should again be heard. If this is not so, a readjustment of the variable condenser 
will produce the condition and the amount of this readjustment (+ or —) will give 
the departure from 16 ke./sec. Other modifications (e.g. first detector oscillating 


ae no wave-meter) can be readily incorporated but these need not be discussed 
ere, 


, 
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Advantages. No local signal of the same frequency as the received signal is 
present. The measurement and the photographing can therefore be done simul- 
taneously and each individual frequency change can be measured. The time taken 
for the measurement, after the apparatus has been tuned to the signal, can be made 
as short as 3 sec. when the amount of the frequency change is known approximately. 
Automatic synchronization between oscillators or oscillator and transmitter is en- 
tirely absent. 

The following critical test was applied. A very weak c.w. signal of 75 m. was used. 
The apparatus was tuned to this wavelength and the intermediate frequency 
oscillator adjusted until a beat note of 1 ke./sec. was heard. A low-frequency 
oscillator was tuned to 1 kc./sec. in the same room and the audible beats between 
the oscillator and incoming signal were detected by the ear. A very powerful local 
signal was then produced and tuned through 75 m. This signal as it passed through 
the tune of the high-frequency circuits did not cause the beats set up by the weak 
signal and the 1 kc./sec. oscillator to vary. Itis considered that this test is sufficiently 
stringent to show that the coupling between the amplifier tuned to 100 kc./sec. and 
the 100 kc./sec. oscillator is sufficiently weak to eliminate any error due to this cause. 
The accuracy is easily within 1 per cent. A difference method is employed. This has 
some important advantages over systems referred to absolute standards. The most 
important is perhaps the simplicity of the scheme. Also any small drift from the 
frequency to which the oscillators are tuned is relatively unimportant. There can 
hardly be any ambiguity caused by beating with a harmonic instead of the funda- 
mental. 

It is possible to check whether the frequency is increasing or decreasing during 
any change, thus: The h-f. oscillator is tuned above the frequency of the incoming 
signal and the i-f. oscillator is tuned about 2 kc./sec. above the frequency to which 
the if. amplifier is tuned. The note will then rise or fall during the frequency 
change according to whether the change is due to an increase in the frequency of the 
incoming signal or to a decrease. Similar results are obtained when both oscillators 
are tuned below the respective frequencies. 


Discussion 


Prof. E. V. Appleton. A careful comparison of results by the two available 
methods, such as the author has made, was very much needed and it is satisfactory 
to note that such good agreement has been obtained. Since we are concerned 
essentially with the time required for a signal to travel up to the ionosphere and 
back we have, as it were, to put a mark on the wave by which to recognize it. Now 
2 wave has only two characteristics which we can control, namely frequency and 
amplitude. In the frequency-change method we use frequency-modulation and 
in the group-retardation method we use amplitude-modulation. Any other method 
we can devise must be a modification of the two basic ones. 
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Mr R. A. Watson Warr. I have already commented on the broad aspects of 


the author’s paper in discussing the paper by Mr Herd. The good agreement 


shown by the experiments is, as Prof. Appleton has remarked, very satisfactory. 
I think the report of the experiment in which emissions from Windsor and Rugby 
respectively formed the material for comparison is of very special interest; it is one 
of many indicators towards an extended programme of comparisons between 
vertical-incidence phenomena on one hand and inclined-incidence phenomena on 
the other. It might be of interest for Mr Naismith to record whether the Rugby 
determination was made on ground ray and first reflection or on multiple reflections. 

Mr Naismith’s familiarity with the state of the general investigation may have 
led him to overlook the fact that two obiter dicta of the paper, true at the time of 
drafting, were no longer true at the date of communication. The group-retardation 
technique has for some time been used in polarization studies*, and the introduction 
of the syphon recorder into frequency-change working, to which we were led by a 
suggestion from the late Captain Lemon, R.S., was so satisfactory that the syphon 
recorder has been systematically used at Slough since July 1932. 


Dr F. J. W. Wurprpte. In the introduction to this paper the author follows 
Prof. Appleton in considering the actual wave-tracks, and the reader who is unfamiliar 
with the subject may, like myself, not realize at once that the “optical path P” 
is merely a technical name for the product of the time of transmission of a phase 
and the normal velocity of light. It seems better to introduce a symbol T for the 
time of transmission. Then we can write down the number of waves in the path, 
fT, and the equation (1) of the paper becomes 


n=(fiT, —fiD/c) — (faT2 —faD/e), 

so that (3) takes the form 

Amr) ia 

Af teehee 
Prof. Appleton’s demonstration that the right-hand side of this equation is equal 
to {, the time of transmission of a group, is really independent of any knowledge 
of the wave-tracks. We can bring this out by considering a pulse of a definite form, 
the initial impulse being proportional to e~"® sin 2zfot. 

By Fourier’s theorem we find that 


oe im 
e7"? sin amfot =4 Woe e8? (Fo-FPIN sin amnftdf, 


y= O 


sO that the pulse may be regarded as the combination of trains of waves, those for 
which f is near to f. predominating. 


The disturbance which reaches the receiving station is 


7 foe] 
4y/2-[-_ A (fhe-**e-0% sin anf (t— T) df 
the factor A (f) indicating that the attenuation of the waves may depend on frequency. 


* Wireless World, July 8, 1932 and Nature, September 17, 1932. 
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The disturbance is equivalent to 


4 /7-sin anfe(t— To) [A (fete! cos an {fy —f)t~ (foTo—FT)} ff, 


a similar expression with the sin and cos interchanged being neglected. The latter 
expression would vanish if A (f) were constant. 


The disturbance is a maximum when 
ied Mie folo— iL 
for values of f near to fp. 
Accordingly the “‘group” arrives at the time ¢ given by 


d 
ee Ep Dea al 
Obviously the result would have been the same if a different type of initial pulse 
had been assumed. 
‘The author’s experiments provide a beautiful verification of the identity 
| [T — Djc] = An/Af. 


It may be of interest to point out that the ordinary formula for group velocity 
can be deduced from the equation 


d 
t= ql 
by reversing Appleton’s argument. 
Writing U for the group velocity and V for the pulse velocity, we have 


fds od ds 
lo-al slr). 
Now Hamilton’s principle tells us that fds/V with f constant is unaltered by slight 


alterations in the path of integration and therefore by the change from the path 
appropriate to f to that appropriate to f+ df. Accordingly 


dS Pd of F 
Ja- | aly) * | 
Since ‘‘ group velocity” is a property of a particular set of waves and is difficult to 
define precisely, we cannot prove the formula 


pao (5) 
aA 
We can say, however, that this formula is consistent with the preceding equation, 
and that is sufficient to justify the use of the concept, “group velocity.”’ 


Autuor’s reply. I am indebted to Prof. Appleton for his concise remarks. 
He has put the essential difference between the two methods very explicitly. 

In reply to Mr Watson Watt: The comparison between the emissions from 
Windsor and Rugby was really done as part of another more general experiment 
in which I was engaged, namely the comparison of measurements on the ionosphere 
made over different base lines. These measurements had shown that it was possible 
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to obtain, under certain conditions, quite different results when the base line between 
emitter and receiver was altered. On this particular occasion, however, the density 
of the E region was constant throughout the middle of the day when the measure- 
ments were made. The determination was facilitated by the reception of a ground 
pulse, and the fact that the frequency on which the comparison was made was not 
near the critical penetration frequency at the time. 

Dr Whipple’s contribution is helpful in that it presents the theoretical aspect of 
the subject from a different angle. This will no doubt assist certain readers to a 


better understanding of the problem. 
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ABSTRACT. This paper gives dispersion curves derived from the Appleton-Hartree 
formula in the case of zero absorption. The value of the magnetic field is taken as that 
of the earth’s field at Slough. The curves are drawn to show the value of the squares of the 
indices of refraction and attenuation as functions of the electron density for a series of 
twelve frequencies, which are chosen to illustrate the various classes of curve and the 
boundary curves separating the classes and, in the case of frequencies above 1-321 mega- 
cycles per second, the various regions of short and ultra-short waves. The derivation and 
general properties of the Appleton-Hartree formula and the various possible modes of 
propagation are also discussed. The dispersion curves are classified according to the 
infinities they contain and a diagram is given to show how the classes of curve holding 
for any angle of inclination of the direction of propagation to the magnetic field H depend 
on the ratio of the longitudinal component of H to H itself. The use of the zeros and 
infinities of the dispersion curves in the interpretation of propagation phenomena is 
described and a summarizing diagram is given, showing how the possible propagation of 
zero, one or two basic modes for any frequency depends on the electron density. ‘The 
polarization corresponding to each dispersion curve is shown graphically and the general 
properties of the polarizations of the basic propagation modes are discussed. 


Sn LN TROD WUCEILON 

+ is now well established that the presence of a magnetic field exerts considerable 
if influence on the propagation of electromagnetic waves through a dispersive 

medium. The magnetic rotation of the plane of polarization was discovered by 
Faraday in 1845, and the Kerr and Zeeman effects in 1877 and 1896 respectively. 
It is to Lorentz that we chiefly owe a theoretical explanation of the phenomena on 
classical lines, in contradistinction to the methods of modern quantum mechanics. 
He assumed that the dispersion phenomena were due to the presence in the dis- 
persive medium of discrete charged particles. An expression for the electric force 
acting on any one particle was found by combining the average effect of the other 
particles with the electric vector of the incident wave ; this was used in the equations 
of motion of the particle (which included the effects of the external magnetic field) 
to get a relation between the vectorial electric force / and the vectorial dielectric 


Tp 15h 
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displacement D. Lorentz combined this relation with Maxwell’s electromagnetic 
equations in the two simple cases of propagation (a) along, and (6) at right angles 
to the lines of the external magnetic force. He assumed that the external magnetic 
field acted along the positive direction of the axis Oz; in case (a) Oz was also the 
direction of propagation of the waves through the medium, and in case (4) they were 
propagated along Ox. Lorentz showed that in each case there were two values of the 
ratio of the components P, and P, of the vectorial polarization P, or (D — £), 
which governed propagation through the medium*. Each of these values corre- 
sponded to a mode of propagation through the medium in which the form of the 
wave or vibration was unchanged, except in so far as exponential decrease of 
amplitude was involved; we may denote such modes by the term basic modes, since 
any other mode may be regarded as combinations of them in varying degrees. 
The refractive index, index of attenuation, and polarization are fixed for each mode 
by the value of the real or complex ratio P, : Py. 

Lorentz showed that in case (a), when propagation was along the lines of the 
external magnetic force, each value of P,, : P, corresponded to a beam of circularly 
polarized waves, one value giving a left-handed and the other a right-handed sense 
of rotation of the electric vector around the positive direction of propagation of 
the beam. In case (6), with propagation at right angles to the external magnetic 
force, the magnetic field was found to have no influence on the electric vibrations 
along the lines of force, whereas waves in which the electric vector was perpendicular 
to the external magnetic field were in general elliptically polarized in the plane 
perpendicular to the external magnetic force, though they appear as linearly 
polarized when viewed along the direction of propagation. 

The application of this theory to the explanation of phenomena in the pro- 
pagation of wireless waves through the earth’s atmosphere was first proposed by 
Appleton in 1925 (x) to account for directional errors. He drew attention to the 
fact that the quantity He/mc, the natural angular frequency of rotation of electrons 
about the earth’s magnetic field, was comparable with wireless frequencies and so 
must be taken into account in theories of propagation. He suggested that the 
presence of an abnormally polarized wave giving directional errors might be due 
to the joint action of the ionized medium and the earth’s magnetic field, which must 


' obviously in principle affect the propagation of the waves. Since, however, the 


direction of propagation of the waves is seldom either along or perpendicular to 
the direction of the lines of force, it was necessary to extend Lorentz’s treatment to 
the case when the magnetic field is inclined at any angle to the direction of pro- 
pagation of the waves, and the formula determining the characteristics of the basic 
modes in this case was published by Appleton in 1927 (2). He assumed the charged 
centres to be free electrons, where Lorentz had regarded them as bound. The 
expression given by Appleton has the form 
M2 = ( = Hey" =[+ 2 
P 2 (a -f. iB) = Se jhe A (eet 4. *) 
1t+atpe V \@+atepp 


ati = < 
The Heaviside system of units, used by Lorentz, is here retained. 
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In this paper 
c is the velocity of electromagnetic waves in vacuo; 
m the mass of an electron; 
e the charge on an electron (e.s.u.); 
N the electron-density ; 
H the imposed magnetic field (gauss) ; 
H,, the component of magnetic field along direction of propagation; 
HH, the component of magnetic field perpendicular to direction of propagation ; 
p = 27 times the frequency of the wave considered ; 
Po? = 47-Ne?/m; 
Pa = He/mc, and is the natural angular frequency of rotation of electrons about H; 
pr = Hye/mc, and is the natural angular frequency of rotation of electrons about H,; 
Pr = Hye/mc, and is the natural angular frequency of rotation of electrons about H; 
v = 1/7, and is the frequency of collision of electron with molecules ; 


a= — pp — 4; 


B = pvp"; 

Y = PPalbo”; 
Yr = PPr/Po°; 
Yi = PP1/Po; 


pu is the index of refraction and = c/(phase velocity of propagation) ; 
« is the index of attenuation; and 
M= p—txc/p. 

The same expression, with different notation, was independently derived by 
Hartree (3) in his study of the general differential equations of propagation in any 
stratified ionized medium; he summed the waves scattered by the discrete charged 
centres and superposed the result on the incident plane wave. The formula (1) 
may therefore appropriately be called the Appleton-Hartree formula. The present 
paper is concerned with the dispersion curves to be derived from it and used in the 
interpretation of wireless reception phenomena. We may note at once that, when 
the external magnetic field has a non-zero value, the two values of M are only 
equal if (1) N=oor (2) 1+a=0 and y;4 — 4f%y,;2=o0 simultaneously; these 
cases are the only ones in which the two basic modes of propagation given by the 
alternative signs before the square root can be the same. The theory strictly holds 
only when the number of electrons in a cube whose side is a vacuum wave-length is 
large; it is thus not to be expected that the formula will correspond rigidly to 
physical reality for very small values of N, but it does give M? pe when N = 0, as 
physical considerations demand. This point arises again later, in connexion with 
the dispersion curves. By 

In deriving the formula, absorption was regarded as caused by collision of the 
free electrons with the neutral molecules of the gaseous atmosphere around them. 
The frequency » of these collisions per electron is a variable quantity and increases 
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with the density of the atmosphere. The curves given in the present paper are 
restricted to the case v = 0; those for small values of absorption differ only slightly 
from those given here, though the presence of even a small amount of absorption 
removes the infinities on the dispersion curves, as is usual in physical theory, and 
also requires that p and « in (1) be never actually zero. 

The discussion given by Goldstein (4) treated the medium as a homogeneously 
charged fluid, in contrast with the discrete charged centres assumed by Lorentz, 
Appleton and Hartree, and disregarded the effect of collisional friction which was 
included by the other writers ‘named. The dispersion curves derived on this 
assumption may differ considerably from those given by the Appleton-Hartree 
formula, particularly at low frequencies. 


§2. MODES OF PROPAGATION 


In discussing the general properties of the Appleton-Hartree formula and the 
types of dispersion curves it gives, it is convenient to start from the form (1) in 
which it was derived by Appleton. The alternative signs to the square root show that 
Mz? has two values for any one set of values of p, N, H;, H, and », so that, generally 
speaking, there are two basic modes of propagation of electromagnetic vibrations 
of angular frequency p through a medium of constant electron-density with a given 
magnetic field and collision-frequency. These modes are defined and distinguished 
by (a) the two values of M2, and (6) the polarizations corresponding thereto, which 
have been shown by Appleton and Hartree to be given by 

eye ie ty, (1 — M?) 

E, H, 1+¢+@)G—m) © = (2), 
where the incident wave is propagated along the positive direction of Oz and the 
external magnetic field has components H, and H, along Os and Ox respectively. 

The vibration actually occurring in the medium is determined for continuous 
waves by the proportion in which the modes are present at any time and may be 
found by the usual method of building up a wave in the medium by superposition 
of the possible basic vibrations. We suppose the incident wave to be travelling along 
the positive direction of Oz. If we distinguish the two values of M® by the suffixes 
a and 6 when the positive and negative signs respectively are prefixed to the square 
root in the denominator of the right-hand side of (1), we see, following Lorentz* 
that the components of the vectors describing the electromagnetic field are repeee 
ag ne ae parts of expressions built up by adding the four quantities 
ae a a eek’, (r = a, b), each multiplied by a constant factor determining 

plitude and phase. ‘The factors are found in any actual case by connecting the 
total vibration to the incident wave of given polarization and amplitude by means 
of the boundary conditions to be satisfied at the surface of the ionized medium. 


The phase velocit i i : : 
eae ocity of propagation of a basic mode is c/u,, so that the index of 


My = ¢/(corresponding velocity of phase propagation), 


* Theory of Electrons, p. 153 (1916). 
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The quantities «, determine the rate at which the amplitudes of the vibrations 
decrease and are called by Lorentz the indices of absorption, although, as will be 
seen below, true absorption of energy only occurs when v + 0, i.e. when friction 
is present; in this paper x, is called the ‘‘index of attenuation.” 

The basic modes of propagation fall into three types, which are distinguished 
by the nature of M,? in the following way. 

(1) When M,? is real and positive, jy, has a non-zero value and «x, is zero; this 
corresponds to the propagation of progressive waves along the positive or negative 
direction of the z-axis with phase velocity c/u, and constant amplitude. (ii) When 
M,* is complex, «, is no longer zero and the progressive waves propagated, as in (i), 
in the positive and negative directions of Oz suffer exponential diminution of 
amplitude. This falls to 1/e of its value in a distance x,-}. (iii) When M,? is real 
and negative, y, is zero but «x, has a non-zero value and the vibrations of a scalar 
quantity y take the form 


y = cosh x,z cos pt $ sinh «,z sin pt 
as compared with the form 


Yy = COS k,& cos pt F sin x,z sin pt 


of the progressive waves of (i). This is the type of disturbance which penetrates a 
medium where //,” < 0. Such a medium is usually taken as totally reflecting, but, 
if it is finite in thickness, some penetration through it can take place, especially 
if its thickness is small compared with a vacuum wave-length. The limiting con- 
dition for M,? <o is given by the point on the dispersion curve at which p, 
vanishes. 

We note that, since actual absorption of energy can only take place when 
[i k, # O*, the second type of vibration is the only one in which energy is absorbed. 
[,k, is, save for the factor 2c/p depending on the frequency, the imaginary part of 
the right-hand side of (1), and cannot therefore have a non-zero value unless 
friction is present. 

From the above discussion it is clear that, in order to predict the nature of the 
wave which will be propagated under any given conditions, and to discover what 
will happen to any wave incident on the ionized medium, we must first investigate 
the properties of the Appleton-Hartree formula and the types of dispersion curve 
given thereby. It may be well to emphasize here that the formula does not refer 
to media in which N is varying, but only to a uniform medium with constant V; 
it gives the types of vibration propagated in such a medium extending to infinity 
in the plane of the wave-front. 

Discussion of a medium with variable N is only possible by working with the 
appropriate differential equations assuming the N-distribution corresponding to 
the medium; analytical solution of the equations in terms of known functions has 
not yet been performed except with a stepped N-distribution, consisting of a 
system of regions of finite extent in each of which N is constant. In this case the 


* Cf, Drude, Theory of Optics, pp. 366-367. 
17-2 
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values of M, given by the Appleton-Hartree formula may be used to build up a 
wave in each separate region as described above. The unknown constants in this 
wave are determined by satisfying the boundary conditions. The reflected wave 
corresponding to an incident wave of given frequency, amplitude and polarization 
may be determined as regards amplitude, phase and state of polarization. 


§3. TYPES OF DISPERSION CURVE 


The physical quantities which define the medium under discussion are the 
longitudinal and transverse components H, and Hy of the imposed magnetic 
field, the collision-frequency v, the angular frequency p of the waves under investi- 
gation, and the density NV of the charged scattering centres, which we will hence- 
forth assume to be electrons. With so many variables there are several possible 
types of dispersion curve or surface and, in deciding which shall be most fully 
discussed, we must consider which are likely to be of the greatest utility to those 
engaged in experimental researches on the propagation of waves. The chief appli- 
cation of the Appleton-Hartree formula is to the interpretation of the results of 
experiments on the electrical constitution of the ionosphere. The formula was 
deduced by considering the case of waves incident normally on the ionized medium, 
and many experiments have been and are being done by emitting waves very close 
to the receiver and observing the wave reflected vertically downwards by the iono- 
sphere. For such emissions H;, and H;, are fixed by the elements of the earth’s 
magnetic field in the region where the experiments are carried out, since the emitter 
and receiver are very nearly at the same place. The collision frequency v may 
next be fixed; it will be zero in the absence of friction, and a set of curves with 
values of v increasing from zero will show the gradually increasing effect of friction 
on the properties of the medium. 

The only independent variables remaining when the value of v has been fixed 
are the angular frequency p and the electron density N. Experiments are generally 
designed to send a wave of given frequency into the ionosphere, where it meets a 
dispersive medium of gradually increasing NV; thus, if we wish to be able to interpret 
the constitution of the reflected wave, we must draw the dispersion curves corre- 
sponding to the experimental arrangement—that is, we must fix » and find how 
the two values M,? vary as N gradually increases from zero. The curves will then 
represent the conditions actually met by the wave as it penetrates into the medium, 
and also those encouritered by the reflected wave on its return to the receiver. 
A set of such curves will be sections of three-dimensional (p, N, M,*) surfaces; 
sections of the surfaces at right angles to those from which they were built up 
will be dispersion curves giving the variation of M,2 with p for constant N. The 
dispersion curves given in this part of the paper are restricted to those for which 
v = 0; curves giving the values of ., and «, for three degrees of damping of different 


orders of magnitude, for four typical wave-lengths, with the corresponding polari- 
zations, will form the subject of part 2. 
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§4. CASE OF ZERO DAMPING: CLASSIFICATION OF (N, M,,”) 


DISPERSION CURVES 


In the case where the electrons are not subject to collisional friction, we set 
v=o and therefore 8 = 0 in the expression on the right-hand side of (1). Both 


N/10° 


10 


Frequency (Mc./sec.) 
Figure 1. (Frequency, N) curves for M,=0. 


values of M,? now remain real, though they may be positive, negative or zero, and 
the only modes of propagation which can occur are (i) and (iii), described in § 2. 


Figure 2. 
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Ranges of magnetic field and frequency for various classes of (N, M,”) curves. 


These modes are separated by the points, shown in figure 1, at which M/,?= 0. 
Discussion of the use of the curves giving M,* = 0 1s deferred until § 6, as their 
interpretation requires the use of the actual dispersion curves, which will now be 


described. 
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i i it i i d x, on one 
Since M,2 is now always real, it is convenient to represent p, and k, 


diagram, by drawing the curves for M,2 as functions of N, and remembering that 


points above the line M,? = 0 give p,” and refer to mode (i), while points below 


this line give «,2c?/p? and refer to mode (iii). cf 

The curves showing M,2 as a function of N for constant p may be divided into 
four classes according to the types of infinity they contain. Both values of M,* 
never become infinite for one value of p; the infinities, when they exist, lie either 
in M,2 or in M,2. The values of N for which it is possible for a value of M,? to 
become infinite are given by the zeros of the denominator of the Appleton-Hartree 
formula, which correspond to positive values of N, that is, by the real positive 


roots of the cubic equation in p,"/p?: 


Prev 9 (Pov a a2 De po Pi’ 27 (Px? _ \=o (3). 
(22) +2 (45) + (25) ( 5 z) + ( * 1) 20 ais 3 
P 2\p CNP fOr ee 2\?P ‘ 
Taking Cartesian co-ordinates x, y where x = py*/p”, y = px*/p*, we can represent 
in one diagram, figure 2, the ranges of magnetic field and frequency for which the 
various classes of (N, M,2) dispersion curves occur. Since p,*/p* and p;*/p* 
both > o and p; < py, we are restricted to the first octant of the (py*/p*, px7/p*) 
plane. Any line through the origin defines a value of p;/p,, that is, of the angle of 
dip, so that when considering the curves applying to any given place we move 
along one particular straight line through O; the angular frequency # is infinite at 
the origin and decreases as we move outwards. At Slough (latitude 513° N., longitude 
0°30’ W.) we are on the line OD; it is with reference to this line that the curves shown 
have been drawn and, as it is quite typical of places for which p,* > 3p,°, the general 
phenomena will for simplicity be described with reference to it. From the absolute 
value of the strength of the earth’s magnetic field, we can find the point on OD 
corresponding to any particular frequency and, conversely, the frequency corre- 
sponding to any point on OD which we may find particularly interesting. 

Consideration of the properties of the roots of (3) shows that there is one 
infinity in M,? for all points for which p,?/p? < 1. The line p,*/p* = 1 corresponds 
to the natural frequency of rotation of the electrons around the total magnetic 
field and gives at A on OD a wave-length 227-1 metres. Class 1 of dispersion curve 
(see figure 3-1, 15) is obtained for all wave-lengths shorter than this; the infinity 
in M,* moves towards larger values of N as the frequency increases and dM,2/dN 
always <o. At A another infinity in M,? appears at N = 0 and, as the frequency 
decreases, moves towards regions of greater N until at B the two infinities in M,2 
coincide. 

The curve for 227-1 m., figure 3-1, 6, shows the boundary curve between classes 
1 and 2. ‘The mathematical infinity appearing here at the origin in MW,” has no real 
physical meaning ; the theory giving the Appleton-Hartree formula is based on the 
assumption that a large number of electrons is contained in a cube of the medium 
whose side Is one vacuum wave-length, so that it does not strictly apply in the 
immediate neighbourhood of N =o. The dispersion curves must all start from 
M,° = 1 for N = 0; exact investigation of physical behaviour in the neighbourhood 
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of N = o would require examination of the validity near this point of the funda- 
mental assumptions of the theory, and falls outside the scope of this paper. The 
M,? curve for \= 227-1 m. has been drawn starting at a finite distance from 
N=o0. 
This difficulty that the curve for p= py gives M,? > — co in the limit for 
N + 0 is not peculiar to the problem of propagation of electromagnetic waves in — 
an ionized medium in the presence of an external magnetic field but occurs at 
resonance in any dispersion problem, e.g. in the case of classical oscillators. In the 
‘ Lorentz form of dispersion theory, the value 7? = oo at resonance occurs however 
few the oscillators, and one gets 1/? + co as N > 0, though, putting first V = o and 
then p — resonance frequency, one gets M? = 1. Care is thus necessary in inversion’ 
of limits, since in our problem we have 
lim lim M,?+ lim lim ,?. 
N-+o phy p>pyz N-o 


In the present case it is the second-order terms involving the magnetic field which 
prevent M,? having an infinite value for all N at this frequency. 

The introduction of even a small amount of friction causes the infinity to 
disappear, just as in the ordinary Lorentz dispersion formulae. 

The curve for 240 m., figure 3:1, 7, is given as an illustration of class 2, with 
two infinities in M2. The curve for 256-2 m., figure 3:1, 8, is the boundary between 
classes 2 and 3; M,? > + « on both sides of the value of N for which it becomes 
infinite. Between B and C neither M/,? nor M,? has any infinities, since equation (3) 
has no real positive roots. This class 3 is illustrated by the curve for A= 400 m., 
figure 3-1, 9. At C, corresponding to A= 615'5 m., figure 3-1, 10, for which the 
curve is shown, a double infinity appears in M,? and for lower frequencies this 
separates into two, one of which moves towards very small values of N. This class 4 
is illustrated by the curves for X= 1000 m. and A= 18,000 m., Heurevar aL! 
and 12. 

The curve in the (x, y) plane which separates the regions of two and zero 
infinities is the cubic curve FGBECK, whose equation is 


8 (gx — y)®— 4x? + 14xy—3y?—I2V=O eves (4). 


It is tangential to x= 1 at G, where y= 3, and to the line y= x at E, where 
x= y=‘ In the whole of the region OPO there is one infinity in M,?; in GPE 
there are two infinities in M,?, and in LEK two in M,?. Within the whole of the 
region lying between QGBECK and the line x = 0 there are no infinities in either 
M2 or M,2. Thus at places, such as those near the magnetic equator, for which 
p72 < 4px’, there are only two classes of (N, M,?) dispersion curves, one with one 
infinity in M,? and the other with no infinities in either M/,? or M,”. These are the 
Slough classes 1 and 3; see, for instance, figure 3°1, 4 and g. At places where 
p,? lies between $p,” and pz’, there are the four classes of curve described above 


with reference to the line OD. Thus figure 2 enables us at once to determine the 
type of dispersion curve holding for any given frequency at any given place. 
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For the line OD the point B corresponds to A = 256-2 m. and C toA = 615°5 m. 
That these values coincide very nearly with p, and p,, the natural frequencies 
of rotation about the longitudinal and transverse components of the magnetic field 
respectively, is seen from figure 2 to be due to the value of the angle of dip at 
Slough rather than to any deeper physical cause. The cubic curve represented by 
~ equation (4) seems to have no simple physical significance. 


§5. NOTES ON THE DISPERSION CURVES ILLUSTRATED 


(N, M,) dispersion curves for vertical reflection from the ionosphere at Slough 
are given in figure 3-1 for the wave-lengths shown in the figure. They fall into the 
following classes: Class 1, one infinity in M,2, figures 3-1, 1 to 3-1, 5. Boundary 
curve, figure 3-1, 6. Class 2, two infinities in M,, figure 3-1, 7. Boundary curve, 
figure 3-1, 8. Class 3, no infinities, figure 3-1, 9. Boundary curve, figure 3-1, Io. 
Class 4, two infinities in /,”, figures 3-1, 11 and 3:1, 12. 

Apart from the boundary curves between the classes, the wave-lengths illustrated 
have been chosen with a view to demonstrating the effect of the presence of a 
magnetic field on propagation at the various ranges of frequency which are roughly 
divided off by the experience of practical wireless transmission. It is hoped that 
the curves may prove to be of practical value to those engaged in experiments on 
the nature of radio propagation. Each curve has been treated on its own merits 
and a scale has been chosen for it which will bring out its peculiar properties (e.g. 
the points where M,?= 0, the various branches and asymptotes) as clearly as 
possible. The N and M,? scales are therefore not uniform throughout the set; the 
N scale in particular becomes very much more spread out as the frequency decreases. 
For the long-wave-length curves of class 4 it was necessary to choose a logarithmic 
scale in order to show the behaviour for small values of N. 

The effect of the magnetic field does not begin to be noticeable for the values 
of N, greater than 10°, which are believed to exist in the ionosphere, until the wave- 
length in vacuo has increased from zero to the order of 30 m., figure 3-1, 3. For 
longer wave-lengths the effect becomes stronger, and for \= 80 and 100 m., 
figures 3-1, 4 and 5, the dispersion is very marked from N = 0-5 x 10°to N = 4 x 10°, 
so that the magnetic field may be expected to have a large influence on propagation 
in this region. As A increases, the range of N in which the effect of the magnetic 
field is important moves towards smaller values. 


§6. USE OF THE ZEROS AND INFINITIES OF THE DISPERSION 
CURVES IN THE INTERPRETATION OF PROPAGATION PHENOMENA 


: Appleton and Hartree have shown that the points where V7," = o are determined 
Me 
I+a= o for M,*| 
I+a= + y for M,2| 
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We notice that M,? = 1 for M,?= 0, when N = N,, say. 
Since py? = 47 Ne?/m, these equations give the critical values of N for which 


- M,? = 0 at any given frequency. ‘They are shown in figure 1 as functions of the 


frequency. 

Curve 2, figure 1, shows N,, the value corresponding to M,? = 0, which is 
independent of the magnetic field and exists for all frequencies; N,, corresponding 
to M,? = 0, has two values: N,, shown in curve 1, figure 1, corresponding to the 
equation 1 + «= — y, and N,,, shown in curve 3, figure 1, corresponding to the 
equation 1+a=+ y. For p <p, there are no values of N,,. In considering 
which of the curves in figure 1 is likely to give a point of reflection, we must also 
consult the actual dispersion curves given in figure 3:1. 

From these we see that, for all angular frequencies greater than py, i.e. for all 
wave-lengths less than 227-1 m. (determined by the value of the earth’s magnetic 
field prevailing at Slough) the wave corresponding to M,? (frequently called the 
‘‘ordinary wave’’) may be expected to be reflected by values of NV given by N,, 
while that corresponding to M,? (frequently called “‘extraordinary wave’’) may be 
expected to be reflected by N,, as it goes up to meet increasing values of N. ‘The 


‘disturbance beyond N,, produced by the wave reflected there will in general have 


diminished so much in amplitude before it meets densities at which its propagation 
is again of type (i), § 2 (between the infinity line and N,,) that no appreciable 
amount of energy remains to be reflected by N,,. We may therefore expect the 
extraordinary wave to be reflected before the ordinary wave at these frequencies, 
and so to have a shorter delay-time when the reflection of pulses is being studied. 
If, however, the variation of N is so rapid that the disturbance is still appreciable 
when N attains the value N,,, it would be reflected there but would probably not 
have sufficient amplitude after reflection and attenuation to cause an appreciable 
disturbance in the region NV < N, on the return journey. There is, however, the 
theoretical possibility that it might do so and be reflected as an echo of very long 
delay. 

For longer wave-lengths the phenomena become more complicated. At 
frequencies belonging to class 2, for instance A= 240 m., figure 3:1, 7, there is a 
possibility of reflection of the extraordinary wave before either of the zeros N, or 
N,, is reached, owing to the early occurrence of the first infinity in M,’. The ordinary 
wave will still be reflected from its zero at N,, but a rapid increase in N will be 
required to enable the extraordinary wave disturbance to pass through to ,, and 
be reflected there. At the boundary between classes 2 and 3, where A = 256:2 m., 
the total reflection for both the ordinary and extraordinary waves occurs at the 
zeros of M,2, but now the curves to use in figure 1 are 2 and 3 instead of 1 and 2 
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as they were in class 1; we should now expect the ordinary wave to give the reflected 
pulses of lesser delay. We may here notice that M,* > 1 for values of N up to NV, in 
curves of type 3 means simply that the phase velocity of propagation of the extra- 
ordinary wave is less than the velocity of light for such values of NV; this holds for 
any N where M,?> 1. This behaviour is typical also of class 3 and the boundary 
curve between classes 3 and 4. With class 4 there is in addition the possibility that 
the ordinary wave disturbance may pass through the very small variation in NV 
required to make its propagation possible again. On these long wave-lengths it 
seems quite probable that transmission of the ordinary wave may take place 
through its first totally reflecting region; it would then be reflected from its second 
infinity point as a long-delay echo. The behaviour of ©M,? is regular in this case; 
it is simply totally reflected from N,, . 

The values of N which are required to reflect waves of class 4 are, however, 
so small that the absorption must be very large in the region where they are reflected ; 
this will probably have the effect of smoothing out the infinities and bumps on the 
curves, so that the small regions of possible propagation near the asymptotes are 
practically eliminated. For these long wave-lengths there may be a true dis- 
continuity and an effective sharp boundary to the reflecting layer, since continuity 
of N physically means a small change in a wave-length. 


§7. (#, N) REGIONS OF PROGRESSIVE PROPAGATION OF THE BASIC 
MODES 


The complicated reflection phenomena described in the preceding paragraph 
are summarized in figure 4, which shows the division of the (p, N) plane into 


Both 


1 Pu Q 3 4 5 
Frequency (Mc./sec.) 


Figure 4. Division of (p, N) plane into regions of progressive propagation of the basic modes 


regions of progressive propagation of the basic modes, i.e. regions which give 
type (i), § 2, for one or other of the modes, A logarithmic N scale spreads out the 
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curves for small p and N which are all asymptotic to the N-axis; in drawing the 
curves in this region, it was thought important to stress their relative positions 
rather than to adhere closely to the calculated values. A line drawn parallel to the 
N-axis for any given frequency will show the successive propagation conditions 
encountered by upgoing waves of that frequency; in using the diagram it should be 
remembered that, with a sufficiently large variation of N within a wave-length, 
it may be possible for the wave disturbance to pass through the totally reflecting 
region into a region where it can be propagated again, and to suffer reflection at 
the upper boundary and perhaps further reflection back and forth until it emerges 
after a long delay or is too attenuated to be detected. 


§8. POLARIZATION 


Equation (2) determines the polarizations corresponding to the two values of 
M,”. Those corresponding to the (N, ,”) curves of figure 3-1 are shown graphically 
in figures 3:2, I to 3:2, 12. The angle @ which is shown as a function of the electron- 
density is defined by the equation 


tan 6 = 1hy/Ex = Hx/iHy, 


where the axes Ox and Oy are respectively along and perpendicular to the transverse 
component of the earth’s magnetic field; tan 6 thus gives the ratio of the axes of the 
ellipse described by the electric vector in the (x, y) plane. Linear polarization 
along Ox is given by = 0 and along Oy by 6 = + 90°; positive values of @ corre- 
spond to an anticlockwise (left-hand) direction of rotation viewed along the direction 
of propagation, and negative values of # to clockwise (right-hand) rotation*. 
@ = 45° corresponds to left-hand circular and # = — 45° to right-hand circular 
polarization. For values of @ between o° and -+ 45° the ellipse has its major axis 
along Ox, for values of @ between + 45° and + go° along Oy. We note that there is 
a possible ambiguity of 6 with respect to whole multiples of 180°. 

In every case the limiting polarizations corresponding to M,” and M,* as N ~ o 
are circular and are left-handed and right-handed respectively, when the positive 
direction of H, is along the positive direction of propagation of the mode considered. 
These are the conditions which apply to the down-coming waves in the northern 
magnetic hemisphere. The diagrams show that as N increases the polarizations 
remain very nearly circular until the wave reaches the immediate neighbourhood 
of the point N, where M,? = 0, M,? = 1. Then they rapidly become elliptical; the 
y-axes of the ellipses corresponding to M,* and M,2 become relatively smaller 
and greater respectively, until at the point N= N, the polarizations are linear, 
along the x- and y-axes respectively. For greater values of N they open out and 
soon become nearly circular again. The polarization corresponding to M, at the 
points N,,, N,,, where M,*= 0, is given by Hy/Hx = + ty,/y respectively, so 
that 0 is a function of the angle of dip alone. 


* Note that in figures 3:2, 1-12 the positive values of # are below the N-axis. 
+ The charge on an electron, the sign of which determines that of y,, is negative. 
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In the present case of zero absorption, the principal axes of the ellipse remain 
along the x- and y-axes. The axes are the same for the two waves and the direction 
of description is opposite in the two cases. Their ellipticities are the same, but the 
major axis of the one is the minor axis of the other. Mathematically speaking, the 
product of the polarizations at any point is — 1 and the two values of 6 are com- 
plementary in magnitude. The main effect of friction on polarization is to rotate 
the principal axes through an angle which may be calculated for any point; the 
product of the polarizations is still, however, — t. This subject will be discussed 


in Part II. 


264 


§9. ACKNOWLEDGMENTS 


This work was carried out at the Radio Research Station, Slough, as part of 
the programme of the Radio Research Board of the Department of Scientific and 
Industrial Research, and is published by permission of the Board. ‘Thanks are due 
to Mr R. A. Watson Watt, Superintendent of the Station, for his interest in the 
work and for the provision of facilities for its conduct; to Prof. E. V. Appleton and 
Prof. D. R. Hartree for valuable discussion, and suggestions as to the presentation 
of the paper; to Miss A. C. Stickland for assistance in the calculations, and to 
Mr E. C. Slow for help in drawing out the curves. 


REFERENCES 


(1) E. V. APPLETON. Proc. Phys. Soc. 37, 16D (1925). 

(2) E. V. Appleton. U.R.S.I. papers (Washington 1927). 
(3) D. R. Hartree. Proc. Camb. Phil. Soc. 27, 143 (1931). 
(4) S. GotpsTEIn. Proc. R. S. A 121, 260 (1928). 


DISCUSSION 


Mr R. A. Watson Watt. The author’s interim report of progress in her 
heroic investigation of the theory of propagation of electromagnetic waves in an 
ionized medium under an external magnetic field is timely and valuable. I was, 
some years ago, so strongly impressed by the need for such a general investigation 
and by the formidable difficulties of bringing together adequate mathematical and 
physical skill and adequate computing facilities for bringing the problem to 
numerical solution that I suggested to the Radio Research Board that the work 
should be taken up at Slough, where close contact with experimental work would 
be a valuable guide to the mathematical investigator. 

The results now presented, despite the limitations arising from neglect of 
collisional damping, are of a kind required by all investigators concerned with the 
mechanism of return of wireless waves from the ionosphere, and this paper will 


stand as a source from which initial data for new investigations can be obtained 
without duplication of effort. 


o 
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It is satisfactory that we can report that the investigation of typical cases, taking 
account of collisional damping, is making satisfactory progress and may be reported 
at a comparatively early date. 


Prof. E. V. AppLeron. All experimental workers in the field of ionospheric 
investigations will welcome Dr Taylor’s exhaustive representation of illustrative 
magneto-ionic dispersion curves. It is only by having the theory so fully worked 
out for us at the first stage that we are able to make the next step and consider the 
effects of collisional friction in differentiating between the attenuation experiences 
of the ordinary and extraordinary rays in their ionospheric journeys. I have always 
felt somewhat guilty concerning the complications which the gyroscopic terms 
introduce into the simple dispersion equations of Eccles and Larmor, but the 
experiments on the polarization of down-coming waves in England and Australia 
leave little doubt that we must face this difficulty. 


Autuor’s reply. The limitations arising from neglect of collisional damping in 
the curves given in the present paper are not apparent until the frequency of 
collisions is of the order of 10° per second, and even then the effect of friction is 
merely to round off the corners of the dispersion curves by removing the infinities 
and to prevent » and « from being ever actually zero. This degree of friction is most 
probably that pertaining to the Kennelly-Heaviside layer, at heights of 110-120 km. 
above the earth’s surface, and the curves given in this paper may be confidently 
used in investigations of propagation phenomena at greater heights than this. 
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ABSTRACT. An arm 5 in. long is pivoted at one end and carries at the other end a 
small electric lamp which is thus capable of moving on the surface of a sphere about the 
pivot as centre. The two angular velocities ¢ and @ can be independently controlled by 
two hand regulated motors: ¢ is the azimuthal and 6 the co-latitudinal angular co-ordinate 
of the arm. If 4 and 6 are commensurable, the resulting figure traced out by the lamp 
remains stationary in space. This path represents the motion of one of the atoms of the 
rotator which has two degrees of freedom. 


possesses two degrees of freedom. The type of motion is thus defined: 
The point moves in a circle while the circle rotates about a fixed diameter. 

The point is thus constrained to move on the surface of a fixed sphere and the 
radius a to the point has two angular velocities @ in the circle, where @ is measured 
from the fixed diameter, and ¢ that of the plane of the circle about the fixed diameter. 
We may conveniently take the fixed diameter as the polar axis: then @ is the co- 
latitude and ¢ the azimuth measured from some fixed plane through the polar 
axis. It is convenient at the outset to take this fixed plane such that 6 and ¢ vanish 
together. 

If 6 = nf where n is some commensurable number the point P describes on the 
surface of a sphere a closed path which it continually retraces. This path may be 
readily obtained if we know its projection on the equatorial plane. If r is the radius 
vector of the projection of P in this plane, r= a sin 6. But, with the above-mentioned 
proviso, 6 = nd if 6 = nd, and the equation of projection in the equatorial plane is 
(with ¢ as the vectorial angle) r = a sin nd. This curve is characteristic of a class 
of plane polar curves known as rhodoneae from a fancied resemblance to rose petals. 
If n is an integer the curve consists of a number of loops passing through the origin, 
nin number if nis odd, 2” in number if 7 is even. : 

If 6 and ¢ are connected by a linear relation, say 6 = nd + k where k is constant, 
the effect will be to rotate the path of the point about the polar axis with an angular 
velocity (— k/n), for then 6 = nd + kt (the constant of integration may be neglected). 


T®: apparatus is designed to show a certain class of motions of a point which 
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The figures for a number of simple cases of commensurable values of n have 
been drawn in figures 2 (a) to 2(f). 


Figure I. 


The importance of this type of motion cannot be overstressed because of the 
attention given to it in work on molecular spectra. Here the motion occurs amongst 
their rotational degrees of freedom of variously constructed molecules, and, of 


n= n=1 


Figure 2(a)*. r=asin ¢. 


course, the picture has been made still more complex by quantizing the motion and 
by expressing it in terms of wave-mechanical theory. 

On account of the beauty of the motion, even with two degrees of rotational 
freedom, it was decided to try to construct a model to illustrate it, and figure 1 

* The curve is the intersection of the sphere by the circular cylinder x? + y* = ay. 

+ The kinematics of a particle on the rim of a symmetrical top is a common enough subject, 


but the modifications introduced by quantum and wave-mechanical theory in direct application of 
the motion to atomic systems is dealt with by Sommerfeld, Wave Mechanics, p. 16 (1930); Ruark 


and Urey, Atoms, Molecules and Quanta, p. 437 (193°). 
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Figure 2(d). r=asin 2¢. 


erred t t eas p le 1S € ation takes the torm ot t 1e limaco r=3-SIl ¢ 
Ref oO 1ts nod aA po th 
) qu ce) = 
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represents the successful attempt after some failures. It consists of a light arm B, 
5 in. long, weighing only 1 gm., and pivoted at one end, with a small medical 
electric lamp P attached to the other end. The lamp weighs only 0-37 gm. It will 
be seen that P can move on the surface of an imaginary sphere of radius 5 in. 
The motions in co-latitude @ and azimuth ¢ are transmitted to the moving arm B 
by the two independently driven wheels R and S, R being fixed as shown to the 
hollow shaft and _S to the flexible cable which runs through the hollow shaft, trans- 
mitting motion to the ‘“‘fly-wheel” C and the connecting bevel gears. For success 


n=8 


Figure 2(f). r=asin $9. 


in working (a) the bend in the upright hollow shaft must enable the lamp P to 
move unhindered to any part of the spherical surface; (6) the vertical axis of 
the shaft must be a free axis so as to avoid too much vibration (loads are suitably 
disposed along the axis to ensure this result); (c) the arm B and its attachments 
must have as small a moment of inertia J as possible in order to minimise 
the gyrostatic couple Iéd that comes into play during the motion. Finally (d) 
arrangements must be made for keeping the lamp alight during the whole of its 
motion. The method will be obvious from the figure; the current returns from the 
lamp through the metal apparatus itself. 

Let wp, wg be the angular velocities of the wheels R and S respectively and in 
the same sense; then the angular velocity @ of the lamp P in azimuth about the 


WR, Ws 
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vertical polar axis is w;, whilst the angular velocity 6 in latitude = wp—ws. The sign 
of w must be changed if R and S rotate in opposite senses. If 6 = nd as above, 
then the two possible methods of producing each figure are as shown in the table. 


nS 6/¢ | w,| wg 
+1 o/w, or + 2 
= = 1. cee 
1 3 5 
= 4 + ds ae 


- The figure seen depends upon the phenomenon of persistence of vision. The 
precession effect which occurs in azimuth if the ratio of 6 to d cannot be expressed 
as a commensurable number is shown in some of the accompanying photographs, 
which represent examples of the figures actually observed. 


We wish to thank Mr F. Staley and Mr H. G. Bell for their kind assistance. 
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ABSTRACT. In inferring the value of a physical quantity x from observations some 
risk must be accepted. It is therefore presumed that the investigator has made up his 
mind how much risk he will take, and desires the closest possible limits—the narrowest 
range of values of x«—that he can adopt without exceeding this risk. The aim is to furnish 
a concise treatment of combination of observations on this basis, which it is hoped may 
be found useful in clearing up common misconceptions. Stress is laid on the fact that the 
method of least squares is justified without the assumption of a Gaussian error law of 
the observations. Most of the paper deals with quite elementary points, but it ends with 
a discussion of more difficult questions which arise in inferring the mean square error of 
observation from the residuals. 


Sr. INTRODUCTION 


HE main purpose of this paper is to controvert two rather prevalent ideas: 

(1) that the method of least squares is only justified if the errors of observation 

have a Gaussian distribution, and (2) that the orthodox theory of errors does 
not sanction any of the other methods of combining observations that are often used 
in practice. I desire also that the theory should be presented in a way which does 
not introduce inverse probability. I realize that others have put forward similar or 
partly similar views, and probably all the substantial parts of this paper have been 
given at one time or another by earlier writers; nevertheless I hope that the pre- 
sentation taken as a whole will show the subject in a new light to some readers*. 

I think that the trouble arises because text-book writers often take it for granted 
that the object of the theory of combination of observations is to find the most 
probable value of the quantity x that is under discussion. This is a strange obsession, 
because it is difficult to imagine any circumstances in which it could be of interest 
to a scientist to know the most probable value of x. We must therefore insist at the 
outset that the purpose of the theory is to assist scientific investigation and not to 
answer mathematical conundrums. 

What the physicist desires is the most accurate determination of x, in a sense 
which will be defined precisely in § 2. Further, although the superlative most may 
represent one aim, the more usual aim corresponds to the comparative more; we 
wish to judge of any proposed method whether it is more accurate, and how much 
more accurate it is, than another. No practical physicist has ever set himself to 


* The main purpose is accomplished in §§ 1-6; §§ 7-10 concern those minutiae, beloved of the 
mathematical theorist, which cannot be wholly omitted. 
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make the most accurate determination conceivable of a physical constant; he usually 
wishes to make a more accurate determination than his predecessors ; sometimes his 
intention is merely to obtain a determination which is accurate enough, i.e. which 
reaches some specified degree of accuracy. The calculator may well have similar aims. 


§2. THE “MOST ACCURATE DETERMINATION” 


The meaning of “ more accurate determination ” is best explained byan example. 
Suppose that I have occasion to use Planck’s constant, and I find in reference books 
two determinations given as 


h X 1077 = 6-555 4 O13, 
h x 107? = 6:547 + -008. 


Assuming that these are to be taken at their face value, I choose the latter; but my 
choice is not in any way guided by the consideration that on the evidence 6-547 is 
more probable than 6-551. Scientific results are not used that way. If any conclusion 
is dependent on the choice, the first thing to bear in mind is that in all probability 
the true value is neither 6-547 nor 6-551. To stand a reasonable chance of being 
right I must employ a range of values. I therefore proceed as follows. I first make 
up my mind how much risk of error I am prepared to take—for with any ordinary 
law of errors some risk is inevitable. I decide, let us say, to take a risk of I in 10; 
this is probably not greater than the risk I habitually take in drawing inferences 
from observational evidence. The theory of errors tells me that for this risk I must 
allow 24 times the probable error. Accordingly I rely on the first determination as 
a definite assurance that the value is between 6-519 and 6-583, and the second that 
it is between 6-527 and 6-567. Naturally the latter is the more useful to me since 
it limits the value to a narrower range; it is a closer or “more accurate” deter- 
mination, and will lead to sharper conclusions in the deductions that I am intending 
to make. Note that a “‘ determination” is not a value, but a range of values that can 
be accepted with a given risk—though we often loosely apply the word to the 
mid-value of the range. 

The accepted risk will vary according to the purpose for which the determination 
is to be used and the rashness of the user. A risk of }, corresponding to an allowance 
of double the probable error, is perhaps the most usual allowance for ordinary 
purposes; but a navigator determining his position at sea would not be satisfied to 
run his ship on the rocks once in six times. The practice of allowing merely the 
probable error as margin is not unknown—a tacit admission by the perpetrator that 
his habit is to tell the truth only on alternate occasions. 

The “most accurate determination” should accordingly be defined by the 
criterion of range per risk. It would, however, be difficult to utilize the definition 
strictly in this form. It might happen that in comparing two methods of deter- 
mination, one gave the more accurate determination (i.e. narrower range) when the 
accepted risk was small and the other the more accurate determination when the 
risk was large. The ‘most accurate determination” would then be ambiguous until 


a 


” 
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the accepted risk had been specified. This is scarcely likely to occur in practice for 
reasons explained below; but it makes it necessary to adopt a simplified (con- 
ventional) definition for theoretical purposes, which avoids all ambiguity. We adopt 
the mean square error of « as the best general criterion of the accuracy of x. ‘The 
criterion of mean square error will be in any case a suitable compromise between 
criteria based on small risks and on large risks respectively; so that it has almost 
the same practical utility as the criterion of range per risk that we should ideally 
prefer. But there is actually a better justification for using it. 

When a quantity x is deduced (by any method of solution) from observational 
data, it has a frequency curve of error; that is to say, considering all possible ways 
of incidence of accidental error in the observed quantities, the resulting errors in 
the deduced value of x follow a frequency curve. The frequency curve of error of x 
must not be confused with the frequency curve of error of observation. We shall 
show in § 4 that in all ordinary cases the error law of x is approximately Gaussian 
even when the error law of observation is very far from Gaussian. 

Since then in practice we have to compare determinations of » which have 
similar frequency curves (all being approximately Gaussian, even when the errors 
of observation are non-Gaussian), the possible ambiguity does not arise. The curves 
differ only in linear spread; and the range for given risk (whether large or small) 
is simply proportional to the mean square error, which can therefore be used as 
an equivalent measure of accuracy. 

Thus the aim of the theory of combination of observations is to devise a method 
of solution which shall give a value of « having the smallest possible mean square 
error; so that we may deduce the smallest possible range of values within which 
x can be asserted to lie, subject to the given risk of error that we have made up 
our minds to accept. 


§3. METHOD OF SOLUTION 


We consider the problem of finding the most accurate determination of « from 
a set of equations of condition 


a,x + Dy + Cp3 = Py (2 es ca) eS (1), 


where , has an error derived from any symmetrical* error-distribution which may 
differ as widely as we please from the Gaussian law. The error laws for py, fe, ete. 
need not be the same, but we assume that they all have the same mean square 
error ¢; if not, the equations must first be multiplied by appropriate factors so as 
to make the mean square error of the right-hand side the same for all, as in the 
ordinary process of assigning weights. 

Whatever method of finding a value of x we adopt, our value will depend on 
the measured quantities ,, so that « can be regarded as a function of the p,. 


* Practical methods are generally designed to secure a symmetrical law, e.g. methods of reversal 
and differential measurements. But the restriction to symmetrical laws could be replaced by any 


other condition which excludes systematic error. 
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Assume for trial a linear function 
x= DA, flip oy 2 Re De (2), 
where the A, are arbitrary coefficients. Then, on insertion of the value of yz, from (1) 
x = DApa,. 0 + DAD ey + App Zane (3). 
This is satisfied if 
DA, a, = 1, A,b, = 0, 2G OF eee (4). 


Any set of values of A, which satisfies (4) will give a “solution” x = XA,p,. 
It is a solution because if the measured quantities y, are free from error it will 
give the correct value of x. But when the p, are affected by error, these different 
solutions may be of widely different accuracy and we have to determine that set 
of values of 4, which gives the most accurate solution. 

Before proceeding further the question may be raised whether the most accurate 
solution is necessarily included in the linear form (2). It is quite likely that for 
particular non-Gaussian error laws non-linear solutions may exist which are more 
accurate. But it is unlikely that any non-linear method would be seriously con- 
templated as practicable having regard to the immense labour involved and the 
rarity of the occasions which call for it. An exception should, however, be noticed. 
When there is only one unknown and the equations of condition become simple 
measurements of x, ‘‘fancy methods” can be used and may be more accurate; thus, 
if it is known that the error law is e*‘'de, the median is more accurate than the 
arithmetic mean, at any rate for some risks. The median is an example of a solution 
not included in the form (2). 

If the actual error of 1, is «,, we have by (2) 


étror of 4 ="2A <-- 6 2 eee (5), 
and by a well-known elementary theorem (not assuming the Gaussian law) 
mean square error of x =+/(ZA,2).€ hens (6), 


where ¢ is the mean square error of , (the same for all the z,’s as already stated). 
Thus the determination of « with the smallest mean square error to be obtained 
by linear methods is found by making DA,* a minimum, subject to the conditions (4) 
being satisfied. The minimum condition, together with the conditions given by 
differentiating (4), gives 

seg LA, GA, =" 6 - |) = Ge CU eee (7) 
for all variations 5A, which satisfy 


Xa,oA,= 0, Lbd=0, UeA,=O car, (8). 
This is solved by the method of indeterminate multipliers. Suppose that 


Ay = QP +5.0+6R oo > 9 anche (9), 
where P, Q, R are arbitrary coefficients independent of r. Then by (9) 
u(A,—-aP—bQO-—¢R)8SA=0O arr (10) 


for all variations 8A,. But 


r(@GP +802 ¢R) a, set | (11) 


ee 
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for those variations 6A, which satisfy (8). Adding (10) and (11) we see that 

XA,6A, = 0 for variations dA, which satisfy (8). Accordingly by taking , of the 

form (9) the condition for a minimum is automatically satisfied, and it only remains 

to choose P, Q, R so that the conditions for a solution (4) are satisfied. 
Substituting (g) in (4), we have 


- Ya?2P + Xa,b,Q + La,c,R = i 
a,b,P + Xb,?Q + Xb,c,R =o} 
La,CyP + Xb,c,O + De,2R o| 


so that P, O, R can be determined. Write the determinant of the coefficients of 
P, Q, R on the left of (12) in the standard form 


N= era h 


| Ao f 
beef oe 


and use capital letters for the minors of the small letters. The solution of (12) by 
the method of determinants is 


eerie Oe TiN, DR GA ee es, (a3): 
Hence by (9) 
An (GAP be ce. GyJAe ass (14), 
and by (2) 
“= (hap, A + db, u,. H+ dc, p,.G)/A 
= | Lap, La,b, Dac, |+A 
Sy Sp Se ee err ee (15). 


| Depp, Wb,c, uc,? 
This then is the value of « with the smallest mean square error obtainable by linear 
methods. It is identical with the value obtained by solving the normal equations 
of least squares*. 
Further by (14) 
YA,2 = [(Za,2A + La,b,H + La,c,G) A + (Za,b,A + UbPH + Xb,c,G) H 
+ (2a,c,A + Xb,c,H + Xc,?G) G] + A? 
=|[(ad +hH + gG)A+(hA+bH + fG)H + (gd + fH + cG) G]+ 
= (AA + 0+ 0)/A? = A/A = P. 
Hence by (6) 
mean square error ofxw=er/(A/A) eevee (16). 


This also agrees with the result of the method of least squares; in fact the coefficient 
A/A, or P, is usually found in practice by solving the equations (12). 
Our results (15) and (16) thus justify the method of least squares without 
postulating a Gaussian error law, provided that it is understood that the method is 
* So far as the mathematics are concerned, I have utilized the method of Laplace (1811). Ido 


not think it can be appreciated when presented apart from the argument to which I have here 
adapted it. 
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not concerned with “most probable values.” Its achievement is that (1) it gives 
a solution, i.e. a value which would be correct if the observations were exact; (2) it 
gives the mean square error of the result so that we know how wide a margin about 
the solution value we must allow; (3) no other linear method (and therefore no 
other method which we should be likely to contemplate employing) gives so small 
a mean square error and hence so narrow a range of x that can be trusted with an 
assigned risk. The conceivable existence of other methods (non-linear) giving still 
greater accuracy need not unduly trouble us; in practice it is more essential to 
know our accuracy than to crow about it. 


§4. FREQUENCY LAW OF «x 


By (5) the error of x is made up of m terms each involving an independent 
error, and in all fair applications of the method of least squares m is somewhat 
large. Although some of the coefficients A may turn out to be comparatively small, 
a good proportion of them should be of about equal order of magnitude. For if 
two or three of them outweigh all the others, so that they are practically the only 
ones that count in the formula for x, it means that the investigator has included 
a mass of observational material which has practically no bearing on the deter- 
mination of x, though it concerns the other unknowns in the equations of condition. 
He is really relying on two or three measures and not on 7 measures as he supposes. 
Thus, apart from obviously inappropriate applications of the method, we find that 
the error of x is the resultant of a considerable number of independent errors of 
more or less equal importance. It is well known that in these conditions the 
resultant error is approximately Gaussian even when the contributing errors (errors 
of observation) are non-Gaussian. The number of contributing errors need not be 
unduly large; 6 or 8 will give a good Gaussian curve 

It is interesting to note the greater security and rigour attained when we realize 
that any assumption of Gaussian distribution that we require refers to the error 
of x and not to the errors of observation. Apart from empirical evidence, the only 
“proof” of the Gaussian law of errors of observation rests on the assumption that 
the error of observation is the resultant of many small independent errors, objective 
or subjective*. The assumption that the observer, in making his error, combines a 
lot of little independent errors may perhaps be defended, but it offers a favourite 
target to the critic; it is much more satisfactory to be able to substitute the assump- 
tion that the calculator, in reaching his result, combines a lot of little independent 
errors, for we can always examine the actual coefticients , to see whether this is 
true, and confound (or justify) the critic. 


§5. NON-GAUSSIAN ERRORS 
It is well worth while to place our theory of combination of observations on a 
basis which is not restricted to observations obeying the Gaussian law, for exceptions 
to this law are not entirely trivial. It is well known that there is a widely prevalent 


* The proof from “the principl i i * which is sti i 
ple of the arithmetic mean,” which is still so i 
altogether fallacious. eo ae 
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cause tending to make observational errors follow the Gaussian law, viz. the com- 
bination of a large number of sources of small errors; but it is not so well known 
that there is a widely prevalent cause tending to bring about systematic deviation 
from the Gaussian law, viz. heterogeneity of observational material. This last cause 
operates when the data are supplied by a number of observers of different skill or 
by the same observer working under conditions which have varied. It gives an 
error law with an excess of large and small errors and a defect of intermediate 
errors, in comparison with the Gaussian distribution; analytically, the ratio of the 
fourth moment to the second moment is greater than in the Gaussian law. 

For a Gaussian distribution the mean square error «, and the mean fourth power 
error e, are given in terms of the measure of precision h by 


; Coe Oli ee,” San Ae (aye 
Consider batches of ,, m., m3, ... Gaussian errors with respective measures of 
precision /,, h., hs, .... Then for the mixture 


€,2 = 2in,/2h,? + din,, 


ey = 23n,/4h,4 + Xn,. 
Hence 


3 (2n,)? (e,* re 3€') 


I 


(Xn,) (Un,/h,*) — (S71,/fy2)? 


Ey x I ae Nee I ip Se 

ae a i,t wom ae lee = Be vest (18), 
which is a positive quantity, vanishing when the /’s are all equal. Thus «,4 = 3«4 
for the Gaussian law, but e,* > 3¢,4 when batches of observations of different degrees 
of precision are pooled—as must usually happen in practice. It might perhaps 
have been thought that if the precision h were itself randomly distributed the 
Gaussian law would be recovered, but the formula shows that this does not happen. 


§6. SIMPLIFIED METHODS OF SOLUTION 


The investigator is free to choose for his solution any other set of values of 4, 
which satisfies (4), and he often does so to save labour of calculation. His mean 
square error is given by (6), and his solution is a valid determination of « having 
the degree of accuracy thus assigned. It is necessarily less accurate than the least 
squares solution; but to tell him that he would have found a more accurate value 
by performing, say, three times as much numerical calculation is as impertinent as 
to tell an experimenter that he would have obtained a more accurate result by 
making three times as many experiments. It is not a crime to fail to reach the 
highest possible accuracy ; it is a crime to fail to reach the accuracy which you claim. 

Perhaps the commonest case in which a simple alternative to the method of 
least squares can safely be recommended is typified by the determination of the 
period T of a pendulum by observing the times ¢, of 7 consecutive passages. ‘The 
equations of condition are 


a-+ril=t, (ites) 15) 2). cin tt =") 


En) h 


Ltn 
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One linear solution is obtained by comparing the mean of the first m times {f5,%:- toe 
with the mean of the last m times (t,m, --- tn1)- The difference gives (n — m) T 
with a mean square error € »/2/1/m, so that Tis determined with a mean square error 


ee (19). 
(n — m)+/m 
The weight of the determination (proportional to the inverse square of the mean 
square error) is therefore 3m (n — m)’. This is a maximum when m = 3n. Hence 
the most accurate solution of this kind is obtained by comparing the mean of the 
first third against the mean of the last third of the passage times, the determination 
being then of weight 2n*/27. 

The weight of the determination of the value of T by the method of least squares 
is, of course, rather greater; it is found to be m (m — 1) (m — 2)/12. Thus when m7 is 
large the weights of the two solutions’are in the ratio 8:g. It is seldom that the 
difficulty of obtaining additional observational material is so great as to warrant 
the trouble of a least-squares solution for so slight a gain. The “ method of thirds” 
is generally useful when we have to determine a slope or a linear scale-constant 
from more or less uniformly spread data. 


§7. INVERSE PROBABILITY 


The ordinary presentation of the method of least squares as a method of finding 
the most probable value of x involves an appeal to inverse probability which is 
difficult to justify. The argument runs as follows. If the true values of the unknowns 
are x’, y’, 2’, we find (from the residuals of the equations of condition) that we must 
have made errors «’, &, ... €,/ in our observations; if on the other hand the true 
values are x”, y”, 3”, our observational errors must have been ¢,”, «”, ... €,,”. We find 
further that «,’, «’, ... e,’ is a more probable set of errors than ¢«,”, 6”, ... €,”. We 
then introduce inverse probability, and argue that since we are more likely to have 
made the errors «’, €’, ... €,’ than the errors €,”, €)”, ... €,", it is more likely that the 
true values are x’, y’, 3’ than that they are x”, y”, s”. 

‘The argument that, because the consequences of hypothesis 4 turn out to be 
more probable than the consequences of hypothesis B, therefore hypothesis A is 
more probable than hypothesis B, cannot be accepted without qualification. Having 
tossed a penny 5 times in succession we observe that it has come down heads every 
time; this occurrence is much more probable on the hypothesis that it is a double- 
headed penny than on the hypothesis that it is an ordinary penny, but it does not 
follow that it is more probably a double-headed penny than an ordinary penny. 
It is true that in rejecting the argument we are guided not only by the ostensible 
data of the problem but by private knowledge that double-headed pennies are rare; 
but the real point is that questions of inverse probability are of such a nature that 
they compel us to introduce private knowledge or prejudice—that is to say, a priori 
expectation—since otherwise there is no answer to them. The objection to inverse 
probability is not so much that it is inadmissible as that it is silly. 


oat 


Notes on the method of least squares 279 


The inverse-probability argument in the theory of least squares is valid only 
on the understanding that a priori all values of x, y, x are equally likely. Starting 
on this basis, we can then introduce the additional information supplied by our 
observations (which, of course, modifies the a priori expectation) and deduce 
rigorously that x’, y’, z’ is more probable than x”, y", x”. But we are saved any 
debate as to whether this hypothesis of equal a priori probability of all values of x 
is an admissible one, because it is easily seen that it cannot be generally true. Certain 


methods of determining the charge of an electron provide linear equations of 


condition in which the unknown quantity x is e; others yield equations of condition 


in which » is e?. If all values of e are equally probable a priori, then all values 
of e? cannot be equally probable a priori; so that the hypothesis is untrue in 
one case. In practice the range of values of e that need seriously be considered 
is so small that it makes no appreciable difference whether the hypothesis of 
equal a priori probability refers to e or e? or any function of e within reason. 
The difficulty may not be a practical one, but it shows that the assumption under- 
lying the use of inverse probability in the usual theory of least squares has no 
axiomatic basis. 

This difficulty in the usual theory of least squares arises because it mixes 
together two distinct subjects, viz. the combination of observations and the philo- 
sophy of inference from observation. The presentation of the theory here adopted 
avoids the difficulty entirery because it sticks strictly to the combination of 
observations. It gives us a solution, say x = x9, with a mean square error yp. We 
have first the satisfaction of knowing that it was not within our power to reduce pu 
by adopting any other practicable method. Secondly we may treat our result and 
draw just the same inferences as if we had found x, by a single direct observation 
made with mean square error p*. Effectively then we have replaced a mass of 
complicated observational material by the best possible equivalent single direct 
observation of the quantity x that we are seeking. The task of the theory of the 
combination of observations ends with this reduction. Anything further that we 
may add belongs to the philosophy of inference from an observation. ‘This resolves 
itself into a simple question—How are we justified in making any inference from 
an observation which is subject to error? 

The answer that I have adopted is as follows. We can never be sure of our 
inferences; therefore we have to aim at a system of inference that gives conclusons 
of which in the long run only 1/g are wrong. Accepted observational knowledge of 
the universe is a function of g—a series of maps becoming more and more detailed 
as q decreases. [he maps start (at g = ©) with one which is entirely trustworthy 
and entirely blank; and they end (at g = 0) with one loaded with detail of which 
only an infinitesimal proportion is correct. How a philosopher would use these 
maps I have no idea. I only affirm that some of the intermediate maps (say g = 5 


* Except that the combination of observations has one advantage over the single observation. 
In drawing inferences from a single observation it is usually assumed rather hypothetically that 
the error law is Gaussian, but as was shown in § 4 we have much greater security that the error law 


of x) is approximately Gaussian. 
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to g = 20) can be of considerable assistance to a being who has to find his way 

about in the universe he lives in. Ss 
The answer given by some is that we infer (from the observation) an inverse 

probability of true values of x. But then, what are we to infer from the inverse 


probability? 


§ 8. DETERMINATION OF THE MEAN SQUARE ERROR 


After a least-squares solution has been made, it is usual to compute from the 
residuals the mean square error of an observation. I add some remarks on this 
part of the problem, but limit them to errors obeying the Gaussian law. 

If yz is the mean square error computed directly from a particular sample of n 
errors, it can be shown that the frequency distribution of 4 is 


pn eer ae ee (20), 


where ¢ is the true mean square error. The same distribution (20) is obtained when 
yu is computed from a sample of n + m residuals, m being the number of unknowns 
in the equations of condition. Hence the mean value f@ of « found from an 
unlimited number of such samples is given by 


where p =,/2. —T Gn) Sr 7 Oo) see (22). 


The question is sometimes raised whether » should be regarded as a deter- 
mination of « or of pe. It can be shown that its mean square deviation from € is 


eViz(1= 2.) ~ 2) ee (23), 


and from pe is 

eVI=—p) © | eee (24). 
Since p <1, the latter is the smaller. Thus absolutely « is a closer “‘shot” at pe 
than at «. But since pe < «, a given mean square error of pe is equivalent to a 


larger mean square error in €; and it turns out that proportionately y is a closer shot 
ate. For if we set pe = yx, we determine ¢ with a mean square error 


AC Sead oe 
D , 
whereas if we set « equal to 4, we determine ¢ with the mean square error (23) which 
is easily shown to be smaller. ‘Thus it is better to regard gu as a determination of e, 
not pe. 
This point is in any case rather a trivial one, and it scarcely arises when we 


remember that for any useful application what is needed is not a value of ¢ but 
a range of values which can be trusted with given risk. 
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§9. INFERENCE OF « FROM u 


The problem of inference from y is in principle the same as the problem of 
inference from a solution value of x already discussed. The theoretical calculation 
of reduces the mass of observational material to a single shot at «. We can treat 
. just as though it were a direct observation of ¢ subject to observational error. 
The error law is not Gaussian and is in fact slightly skew; but it is given explicitly 
in formula (20), so that we can find from it the range corresponding to any risk. 

A practical difference, however, arises from the fact that in a determination of x 
the error curve of x is supposed to be independent of the value of x, whereas in 
a determination of « the scale of the error curve of € varies proportionately to e. 
We have therefore to proceed in a rather indirect way if we are to avoid introducing 
inverse probability. Suppose as before that we accept a risk of 4. From (20) we 
can calculate factors k, k’ (functions of m) such that there is a {5 chance that p is 
between the limits </k and k’e. Hence having observed a particular j,, we can infer 
that either < is between the limits wk and p/k’, or that a #4, chance has come off. 
Hence if we make a practice of inferring from a determination p that « is between 
wR and pw/k’, we shall only be wrong on those occasions on which a ;, chance 
has come off—in the long run once in 10 times. Thus pe to p/h’ is the range which 
we can adopt with the accepted risk. 

There is a rather subtle distinction between what we have just said and the 
statement that the probability of « being between wk and p/k’ is ;%;. The latter 
would be a statement of inverse probability. Reverting to the example of a penny 
turning up heads on the first 5 throws, we can certainly infer that either the penny 
is double-headed or a 3, chance has come off. But I think no one would say that 
the probability of its being double-headed is 3}; the probability is simply 
non-existent until some information as to the a priori frequency of double-headed 
pennies is supplied. All the same, if we pursue penny-tossing as an occupation, 
and habitually infer when the first 5 throws turn up heads that the penny is double- 
headed, and infer when a tail appears in the first 5 throws that it is not double- 
headed, we shall only be wrong when a ;'; chance has come off, and perhaps not 
then if double-headed pennies exist. Thus in the long run we shall not be wrong 
more than once in 32 times. The distinction is between the probability of a particular 
affirmation and the probability of our making a right decision by the method which 
led to the affirmation. 

To sum up: when « is known we know the frequency distribution of j4, but we 
cannot solve the inverse problem of finding the frequency distribution of « when pu is 
known. The latter is not required because we can infer directly from ya range of e, 
subject to the inevitable limitation that a specified proportion of our inferences by 
this method will be wrong. 
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§ 10. COMBINED INVESTIGATION OF x AND « 


In writing down the range of x which can be accepted with given risk, we use 
the mean square error of x, viz. « »/(A/A), which is known in terms of the mean 
square error of an observation «. But if « itself is inaccurately known and can be 
specified only as a range (subject to risk), a complicated problem arises as to how to 
combine risks in ¢ and risks in x. Owing to the fact that a rather large number of 
residuals are needed in order to determine « at all sharply, this is not always a 
pedantic objection. There is therefore considerable interest in the theory (now 
often preferred) by which the frequency distribution of x is found directly in 
terms of the observed mean square error pz instead of in terms of the true mean 
square error « whose value is uncertain. I think, however, that this theory has not 
been extended to non-Gaussian errors of observation. 

This undoubtedly is the more logical procedure when x and « are determined 
from the same data, as is often the case. But it would not be quite fair to the 
ordinary theory of least squares to regard it as superseded by this modern refinement. 
More especially in those problems of astronomy and geodesy which form the 
traditional field of application of the theory of errors, the determination of « rests 
on much more extensive data than the determination of x; so that the determination 
of « and the determination of x are separate problems as here assumed. From the 
practical point of view, adequacy of data is more important than mathematical 
polish. For example, astronomers determining a hundred or more stellar parallaxes 
used to calculate the probable error of each parallax from its own residuals; it has 
been realized that this is very wasteful of accuracy, and nowadays the probable 
errors of the separate parallaxes are based on a common value of € obtained from 
the residuals of the whole series. Thus the determination of « employs more than 
a hundred times as many data as the determination of an x. 

I have therefore felt justified in ruling the rigorous combined treatment of « 
and x to be outside the scope of this paper, regarding it as an incidental rather than 
a basic problem in the theory of least squares. 


DISCUSSION 


Dr N. R. Camppeti. I agree so entirely with the author’s conclusions that 
I hesitate to criticize his arguments. But the following considerations seem to 
support rather than to contradict them. 

(1) The author says rightly that the physical problem is always to select a range 
of values. He implies, rightly again, that, in using the selected range to test the truth 
of a physical proposition, it is always assumed tacitly that all values within this range 
are equally probable. If so, the application to physical problems of a theory whose 
aim is “to devise a method...which shall give a value of x...” (uniquely dis- 
tinguished) must involve logical inconsistency. Such a theory cannot, therefore, be 


used to prove anything physically important; it can only suggest i 
: g, thing t 
established by other means. a 
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(2) The assumption that probability is determined by the mean square error 
1s convenient and often legitimate. But there is no evidence that it is accurately 
true. Consequently it may be expected sometimes to exclude permissible methods 
and sometimes to justify impermissible methods. Thus the ““method of thirds” 
must be wrong; for the best method of using a group of equally trustworthy obser- 
vations can never be to ignore completely one-third of them. This is important, 
because the theory of errors is the last surviving stronghold of those who would 
reject plain fact and common sense in favour of remote deductions from unverifiable 
guesses, having no merit other than mathematical tractability. 

(3) Six or eight observations will not give a good Gaussian curve; six or eight 
millions will not do so. For the Gaussian curve is continuous, while the frequency 
curve of observations must be discontinuous, because the number of alternative 
readings on any instrument whatever must be finite. Again, the assumption of 
continuity is sometimes permissible; but, once more, experience shows that it is 
likely to be used most confidently when the evidence against it is most overwhelming. 
(See R. T. Birge’s recent papers.) 


Inst.-Capt. T. Y. Baker. May I plead for a more explicit statement on the part 
of authors of scientific papers as to what they mean when they sum up the result 
of a series of measurements as a+ 56? For I am sure that the conventions that 
underlie, or ought to underlie, this summarization are often unknown to the reader 
and sometimes to the author. I believe that @ is, conventionally, the algebraic mean 
of the m values and 3 is p:/\/n, where p is the mean square error. That is to say, if 
r is a typical residual, pp = \/(27?/n), so that b = »/(Zr?)/n. I am pretty certain that 
b does not always have this value and may on occasion stand for probable error, 
or mean error, or mean square error, or even for some multiple of one of these. 
Doubtless to anyone continually engaged on work of a statistical nature, and who is 
frequently applying the methods of the theory of errors, no ambiguity is likely to 
arise, but so many people who read the journals of scientific societies have no 
intimate knowledge of that branch of mathematics. The risk of the expression a + b 
being misunderstood is so great that I feel sure an author would be doing a great 
kindness to his readers if he would always state, quite clearly, exactly what he means 
when he puts down an expression of this character. Let me give an example of the 
way in which a misunderstanding may arise. In a dimensioned engineering drawing 
a+b is very frequently used. The nominal dimension is a; 6 is the tolerance 
either way. An engineer looking up the value of Planck’s constant, mentioned in 
§ 2, might, quite naturally, infer that h x10*” might lie anywhere between 6:538 
and 6-564, according to one authority, and between 6-539 and 6-555 according to 
another, whereas the limits that connote practical certainty are wider. 

One cannot have the whole of a series of measurements printed im extenso, and 
if a convention as to the meaning of d is required I suggest that the mean error of 
a single observation has much to recommend it. In the first place, the mean error 
involves less labour in its computation and furnishes a check, in the equality of the 
sums of the positive and negative residuals, on the accuracy of the arithmetic. With 
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the very limited number of observations to which the Gaussian law of aie i " 
often applied, the modulus of the curve may, for all practical el tig Z a 
just as well from the mean error as from the mean square error. in the ioe 
place, the mean error gives simple factors for the ranges corresponding to risks 
of 1 in ro, x in 100 and 1 in 1000. They are respectively 2,3 and 4 times the mean 
error. Thus, expressed in this manner, @ + b indicates immediately that there is 
one chance in 10 that the value of a single observation lies outside the range a — 2b 
to a + 2b, one chance in 100 that it lies outside the range a — 3) toa ~ 36, and one 
chance in 1000 that it lies outside the range a — 4b to a + 4b. These numbers are 
only approximate; more accurately they should be 2:06, 3:22 and 4-14, but the 
round figures are generally good enough for practical purposes. 

Finally I would urge physicists not only to explain at the head of every paper 
what they mean by a + 5, but also to make a point of giving the number of obser- 
vations in each case. 


Mr J. Gurtp. This paper is one which will be read with great interest by 
experimental physicists: it would undoubtedly have given rise to a prolonged and 
useful discussion had it been presented otherwise than as one item in a rather 
congested programme. 

It is gratifying to find such an eminent mathematician as the author agreeing 
that there is no validity in the Gaussian law as applied to errors of observation. 
Practical physicists have challenged it before, on the ground that it bears no 
relation whatever to the circumstances in which errors of observation arise, but 
little attention appears to have been paid to them. N. R. Campbell* rejects the 
Gaussian theory of error ‘without qualification and with the utmost possible 
emphasis; and with it. . . all theoretical grounds for adopting the rules that are based 
on it.” His reasons for doing so must appeal to all practising physicists as in 
complete accordance with the facts of their own experience if they have troubled to 
give any thought to the matter at all. Any theory based on an assumed law for the 
distribution of observational errors must be ruled out of court. 

I am glad to note, also, that the author effectively disposes of the meaningless 
old bogey, ‘‘most probable value,” but would have liked him to make a similar 
clearance of the term ‘‘probable error,”’ which is a source of great confusion and 
seems to me to have no more justification than the other. 

Having discarded the Gaussian law as applied to observational errors, the author 
reintroduces it as applied to the error of x, where x is the value of the thing measured, 
deduced from a series of observations each subject to a small independent error, 
and he re-establishes the method of least squares on this basis. It would appear that 
under:circumstances, if such ever exist, in which we can agree in advance that the 
observational errors are “independent” no exception can be taken to this process. 
I would not like to say that such circumstances never exist, but I would hesitate 
equally to admit that I had ever met them. On the other hand, one can assert with. 
certainty that in at least many, if not all, of the cases which arise in laboratory 


* Measurement and Calculations, p. 162. 
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physics there is no such thing as an entirely independent error. Errors of the type 
we are here considering, namely those which produce a spread in the observations, 
arise from failure in one or all (usually all) parts, human and mechanical, of the 
experimental system to behave in an absolutely identical manner under immediately 
identical circumstances. Past history affects the behaviour not only of the human 
observer but of every constituent part of the apparatus. I suppose, however, that 
independence of the errors, as such, does not enter into the author’s argument, 
provided that, whether independent or not, they give rise to an approximately 
Gaussian distribution in the resulting values of x; and the advantage of this 
criterion, as the author points out, is that the computer can always see whether it 
is satisfied or not in any particular case. 

I am not convinced, however, that even then Campbell’s case against the 
Gaussian method of reduction has been invalidated. It is generally admitted, except 
possibly by rabid statisticians, that no method of reduction of experimental obser- 
vations can give an answer which has any significance within limits which are very 
much closer than the uncertainty of the individual observations. This is certainly 
the case in all laboratory work, where time and other considerations prevent the 
enormous series of observations, with which the statistician loves to work, from 
being made; and no competent experimenter would ever attach significance to the 
difference between the results deduced from a given series of observations by 
different legitimate methods; he would always use the method which involves the 
least arithmetic, such as taking the mean value of the relevant variable. If the 
difference between this and any other feasible result based on the observations is 
comparable with the range per risk at which he is aiming, his time will be much 
better spent in improving his technique, so as to get better observations, than in 
making lengthy calculations. 

With regard to the evaluation of range per risk as a criterion of the reliability 
of a determination, I submit that ‘‘ probable error,” or any other function of the 
non-systematic errors, is entirely valueless. The risk of the true result being outside 
any given limits is surely as much dependent on systematic error as on the spread 
of the observations. No theory of errors which aims at obtaining formulae can take 
systematic error into account. The mathematician generally assumes that it is the 
business of the experimenter to eliminate all systematic errors. So it is, and he 
does so as completely as he can; but when the precautions suggested by his 
experience and permitted by his available equipment are exhausted some sources 
of systematic error still remain and, from the point of view of the experimenter 
who is doing his best to measure something, such unsuspected errors are as much 
accidental as those which merely affect the precision of repetition. They are a much 
more serious problem to him, or to anyone else who wants to estimate the accuracy 
of the result. Criteria of precision may have been of great importance in the early 
days of experimental science when relatively crude and insensitive instruments had 
to be used, but nowadays it is nearly always possible in any type of measurement 
to get more precision than has any significance in the final result. The elusive 
fiend—systematic error—is the crucial thing in modern laboratory work, and the 
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man who estimates the value of his own determinations by any function of the 
precision is merely singing himself to sleep with a pretty formula. As the result of 
twenty years’ experience in a laboratory where accuracy is the primary object in 
all the work carried out, I would attach absolutely no importance whatever to 
+. limits, based on root-mean-square error or any other function of non-systematic 
error, placed after results obtained either by myself or anyone else. If I were 
faced with the particular problem put by the author at the beginning of paragraph 2, 
I would take no notice of the + 0-008 or + 0-013. I would first read carefully 
through the papers of both men and form some idea for myself of the relative merits 
of their technique and of their experience in work of this kind. If they happened 
to be well-known men I would supplement my own judgment by consideration of 
the instances known to me in which their work had been contradicted or corro- 
borated by others of similar status, and from these various considerations I would 
acquire a greater amount of faith in one result than in the other. I might, of course, 
be wrong in any particular case, but in the long run I should be more often right 
than wrong because I am taking into account the really relevant factors, and this 
is what no formula based on mere precision of observations can ever do. 


Mr T. Smitu. Sir Arthur Eddington is very closely associated with a science 
in which very effective use has been made of the theory of errors. His views will 
interest even those who consider this theory of no importance so far as their own 
branch of work is concerned, and in this number are several members of the N.P.L. 
staff. Assuming, however, that there are types of measurement carried out at the 
N.P.L., or similar standardizing institutions, where the theory can properly be 
applied, what does Sir Arthur consider a reasonable risk for them to run in giving 
results? Since these results are given for use outside the Laboratory, the risk is not 
a matter which concerns the staff alone. 

I should also like to ask Sir Arthur to give his views on the application of the 
theory to the following problem. Two potential differences, each in the neighbour- 
hood of 100 volts, are to be compared, and the comparison is to be correct (the risk, 
say, being that permissible for a standardizing laboratory to run) to o-1 volt, so 
that the tolerance is represented by + 0-05 volt. The only instrument available at 
the moment for the comparison is a correctly graduated voltmeter, which, however, 
has the property that the pointer will not move from a given position unless the 
voltage changes by at least 1 volt, and that the pointer, owing to grit, to inertia, or 
other causes, may come to rest at any place within } volt of the applied potential 
cineny ete this form the problem may seem frivolous, but it represents 
a class of real problems on which divergent views < : 
Hepes sue yah, gent views are held, and some of us would 


AUTHOR'S reply. I am very pleased that the paper should have drawn so 
interesting a discussion. In reply to Dr Campbell’s points as numbered: (1) I said, 
the aim of the theory is ‘“‘to devise a method. . .which shall give a value of x...so 
that we may deduce a range...” By omitting the last words Dr Campbell makes 
it appear that the final result is a value instead of a range, contrary to the whole 
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tenor of the paper. I do not anywhere assume or imply that values within the 
range are equally probable; in general, that is far from true. Anything less than the 
whole range corresponds to a risk greater than we can accept, so that no question 
of subdividing the range arises. (2) As Mr Guild points out, there is no object in 
reducing the accidental error much below the unavoidable systematic errors; so 
when the method of thirds reaches this limit of accuracy there can be no justification 
for preferring more complicated methods. In any case I object to describing a 
method as ‘‘ wrong” merely because a more accurate result could have been obtained 
by additional labour. By that standard all quantitative experimental results are 
wrong. (3) I did not say that 6 or 8 observations give a good Gaussian curve. 
I said that 6 or 8 contributing errors (combined in each observation) give a good 
Gaussian curve. 

Inst.-Capt. T. Y. Baker comments on the ambiguity of + 6, when no indication 
is given as to whether b is mean square error, probable error, etc. One’s knowledge 
of human nature is usually a sufficient guide—bearing in mind that the probable 
error is the smallest of the lot. 

In reply to Mr Guild: The argument (both in the deduction of the Gaussian law 
for x, and elsewhere) assumes the errors to be independent. When errors occur in 
runs of one sign, as they sometimes do, I am afraid the calculator cannot do much— 
except blame the experimenter. In his criticism of the theory of errors, Mr Guild 
seems to have in mind mainly quantities obtained by direct measurement, where 
(after reading an account of the methods and precautions) one can judge from 
experience the sort of accuracy likely to be attained. But this is not typical of the 
method of least squares. I do not think anyone could form an idea of the accuracy 
of a quantity like h, which is indirectly determined, without going through the 
calculations. When a probable error has been calculated, we may employ our 
judgment of men and methods as to whether it should be accepted at its face value; 
but our judgment must be given something to work on. 

In reply to Mr T. Smith: The admissible risk varies enormously with the 
instrument. In testing clinical thermometers you must consider what proportion 
of users you are prepared to kill by misleading the doctor. In testing taximeters 
you may justifiably take a somewhat higher risk of permitting overcharge. [ am 
afraid the second question is too technical for me. 
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ABSTRACT. The theory of the ignition coil is developed and is verified by means of 
the cathode-ray oscillograph. It is known that the secondary discharge consists of two 
parts, the “capacity”? component due to the discharge, upon breakdown of the spark gap, 
of the energy stored in the secondary capacity, and the subsequent discharge of the 
electromagnetically stored energy, the so-called ‘‘inductance”” component. It is shown 
that the spark-gap voltage is constant throughout the life of the inductance component, 
and that the inductance-component current is oscillatory but unidirectional. 

The theory leads to the conclusion, confirmed experimentally, that the closing of the 
primary circuit during the life of the inductance component rapidly extinguishes the 
secondary discharge. A contact-breaker enabling the duration of opening of the primary 
circuit to be controlled with accuracy over a range between o and 4 msec. is described. 
The elimination of various portions of an ignition-coil discharge without material effect 
upon the remainder of the discharge is discussed. 


§1. INTRODUCTION 


T is well known that the ignition-coil discharge is a complex phenomenon, 
| consi in general of at least two parts, namely the so-called “capacity” 

component due to the discharge of the secondary self-capacity on the break- 
down of the gap, and the subsequent discharge of electromagnetic energy stored 
in the secondary and known generally as the “inductance” component of the coil 
discharge. It is clear, therefore, that a systematic study of coil ignition would 
require that the rdles played by the capacity and inductive components be investi- 
gated individually. In order to do this, it would be necessary to be able to arrange 
conditions in such a manner that the discharge component not under examination 
could be completely suppressed and the other modified as required and in a known 
manner. 

In what follows, an account is given, inter alia, of a method developed from the 
analysis of the ignition-coil circuit, by means of which the inductive component 


of the coil discharge can be either wholly or in part suppressed without modifying 
the preceding part of the discharge. 
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§2. THE THEORY OF THE IGNITION COIL WITH SPECIAL REFERENCE 
TO THE INDUCTIVE COMPONENT OF THE DISCHARGE 


For analytical purposes, the circuit to be considered is that shown in figure 1. 
The conditions to be investigated are those which obtain immediately after the 
opening of the break. 


The secondary-circuit resistance being neglected, the general circuit equations 
are as follows :— 


Ddiidt =) didi Rit Sey 0 have es (1a), 
and L,digfdt + Ly,digfdt + @:=O = vaca (15), 


where L,, L, and C,, C, are the primary and secondary inductances and capacities 
respectively, R, is the primary resistance, 7, and 7, are the primary and secondary 
currents, e, and e, are the potential differences between the plates of the condensers 
C, and C,, L,. and L,, are the coefficients of induction of the secondary on the 
primary and of the primary on the secondary respectively, and ¢ is the time. 


Figure 1. 


The complete analysis of these equations has been carried out by Taylor- 
Jones* for two cases, namely (i) open-circuit secondary with no discharge passing 
and (ii) secondary shunted by an ohmic resistance, with the main object of deter- 
mining the adjustments necessary in order to obtain the greatest possible secondary 
potential. The requirements governing the design of an ignition coil are, however, 
of a different nature, because such a coil is required to furnish a spark across a fixed 
gap the breakdown potential of which is considerably smaller than the maximum 
potential which the coil can deliver. Hence the solutions to the above general 
circuit equations, as given by Taylor-Jones, cannot be directly applied to the case 
of an ignition coil, where the secondary is shunted by a spark. A solution for this 
case could, however, be obtained, provided the (voltage, current) characteristic of 
the discharge were known. 

The relationship between voltage and current in an induction-coil spark 
discharge does not appear to have been determined hitherto, although it is well 
known that the discharge cannot be even approximately represented by an ohmic 
resistance. Accordingly it was decided to determine the (voltage, current) charac- 
teristic of the discharge directly by means of a cathode-ray oscillograph. 

Numerous oscillograms were taken of the secondary current and of the voltage 
across the electrodes of a gap traversed by the ignition-coil discharge, a wide range 


* The Theory of the Induction Coil (London, Pitman and Sons, 1932). 
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of gap-widths and primary currents being employed for this purpose. In obtaining 
the oscillograms of the secondary current, the oscillograph plates were connected 
across a 3040-{2. non-inductively wound wire resistance in series with the spark 
gap and secondary. A suitably tapped 4-MQ. Siemens Draht resistance across 
the spark gap served as potential-divider in securing the voltage oscillograms. 
Spherical (diameter 0°75 cm. brass), crossed-wire (no. 18-s.w.g. nickel or copper), 
and needle-point-sphere (needle-point the cathode and sphere the anode) spark 
gaps were employed. 

A result typical of the range of conditions thus examined is reproduced in the 
oscillogram recorded in figure 4. This shows that the inductive component of the 
secondary current executes damped oscillations of considerable amplitude, but is 
throughout unidirectional. The voltage across the gap (figure 2 a) rises rapidly to 
a high value, the breakdown potential of the gap, and then falls with such extreme 
rapidity as to leave no trace on the oscillogram to a much lower value é,, at which 
it remains practically constant throughout the remainder of the discharge. The 
oscillations occurring at the end of the voltage trace are not set up until the secondary 
current ceases to flow and are merely oscillations forced in the secondary. Thus the 
virtual constancy of the secondary voltage persists throughout the period during 
which the inductive component of the current is flowing through the gap, in spite 
of the fact that the current is varying over a wide range during this period. No sign 
of the secondary-current oscillations can be seen in the voltage trace, except in 
the extreme case when the gap-width is so large, or the primary current so small, 
that each single oscillation of the secondary current is followed by the extinction 
of the discharge. In this case, as is clearly seen in figure 2 5, the voltage rises afresh 
to the breakdown value of the gap at the beginning of each oscillation of the inductive 
component current, whereupon it immediately falls to the low constant value and 
remains there during the rest of the current oscillation. 

The above oscillograms show clearly that as long as current is flowing the 
voltage across the gap is constant to within the practical limits of accuracy of the 
cathode-ray oscillograph employed. 

On breaking the primary circuit, the primary current, which has an initial value 
of %, commences to fall, and the induced secondary current charges up the 
secondary capacity to the breakdown voltage of the gap. The secondary capacity 
thereupon discharges through the gap, forming the capacity component of the 
discharge. Its duration is so brief that, as is shown in figures 2 a and 2 3, the 
cathode-ray oscillograph fails to record a visible trace of its passage, although 
the fact that the inductive component current trace in figures 4, 6a and 66 
never begins at, but always some distance above, the origin affords sufficient 
testimony to its existence. We are, therefore, justified in assuming that, for all 
practical purposes, from the moment of breakdown of the gap (when the primary 
current has a value 7,, which is less than the initial value i, by an amount depending 
upon the energy absorbed in charging up C, to the breakdown potential of the gap) 
the secondary voltage has a value e, which remains constant so long as the secondary 
current is flowing through the discharge and has a finite positive value. 
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Therefore no current flows in the secondary self-capacity throughout this 
period. It follows that the current-distribution in the secondary winding is uniform, 


and hence L,. = L,, = M. The general circuit equations can now be readily solved 
as follows :— 


LL, d*q,/dt? + Md?q,/dt? + R,dq,/dt + 9,/C, = ©, 
and L,.d?q,/dt? + Mad?q,/dt® + e, = 0, 
where g, = Jz,dt and g, = {i,dt. 
These equations may be written in the form 
(L,D? + R,D + 1/C,)q + MD*q, = 0 
and MD*q, + L,D*qz = — € 
where D is the operator d/dt. 
Eliminating g,, and putting VM? = «?L,L,, we obtain 
{D? (D? + aD + b)/(1 + R, C.D + £,C,D?)} gg = — @/L,1,C, (1 — #”), 
where a@=RifL, (i= x’), 
and b = 1/L,C, (1 — x’). 
The complete solution for g, is, therefore, 
Go = A, + B,t — ent?/2L, + P,e™! + Quem", 
where m, = — a/2 + (a?/4 — 6), 
m, = — al2 — (a°/4 — 6)}, 
and A,, B,, P,, Q, are arbitrary constants. 


Similarly, eliminating g, from equations (2a) and (26) and _ substituting 
M? = «?L, L,, we obtain 


(D? + aD + b) q, = Me,/L,L, (1 — x). 
The complete solution for q, is, therefore, 
q = MC,e,/L, + Prem? + QO, 6", 


where P, and Q, are arbitrary constants. 
The solutions of the original differential equations are thus 
fa WA Ce lg teh Ce ye OP (3.4), 
and Ge =e Dal — 6,072, Paes = Ose™t sans (30). 
Differentiating these equations, we get 
Pe apes: NON Si. cre (4a), 
and 1, = By — &t/L, + m, Poe + meQee™ eens (4). 


By substituting the expressions obtained for q, and g, in the two original 
differential equations, the following two relations between the six arbitrary constants 


are obtained :— 
IV eee ink gee Di wine (54), 


and MOPEEQy=0 8° ————— aeetas (50). 


M 
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The remaining four relations follow from the initial conditions which are that, 


when the time ¢ = 0, 


di = Ip = Cin, 
2 = O, 
1, = 1p; 

and lp = 1s, 


where e, is the potential difference between the plates of the primary condenser, 
and i, and i, are the primary and secondary currents, at the moment of breakdown. 
The relations given by the initial conditions are 


P,+O,+ MCye/L,=Cyep nee (5c), 

A, + Py +Q,=0 "9 ees (5d), 

m,P,+m,0,=t 7 eee (5e), 

and By + m,Py+ 1yQa=8- 9 UW See. (sf). 


The six equations, (5a) to (5), determine the arbitrary constants, as follows :— 
Ag = nC, (@5 — Blas 

is + Mp, 

P, = {ly + mC, (ne — ey)}/(m, — me), 

Qy = {tp + mC, (ez — &p)}/(mz — Mm), 

Py =— nF, 

QO, = — nQ,, 


- 
f 


where n = M/L,. 

In all practical cases, b > a?/4, and (a?/4 — 6)* is, therefore, imaginary. On 
substituting the above values for the arbitrary constants and converting exponentials 
to circular functions, equations (4a) and (46) become 


i, =e“ {7 cost +i set, ~~ ee coe (6a), 
and 1, = 1, + My — egt/Ly — ne? f, coswt+Isinwi} ...... (6d), 
where w = (b — a?/4)3, 
and I = {2 (me, — ey)/R, — t,} a/2w. 

The voltage across the primary condenser is given by e, = q,/C), ice. 
€ = ne, — e~!2 {(ne, — e,) coswt —Esinwi} —....... (6c), 
where E = 1,/wC, — (ne, — e,) a/2w. 
These solutions can be written in the forms 
i, = (1,2 + D2)be-* cos(wt— fd)  § a, (7a), 
ty = 1, + Ny — @gt/L, — mn (i,? + I*)* e248 cos (wt — fh)... (78), 
and €, = ne, — {(ney — e)* + BE} eH cos (wt +O) cases (7¢), 
where tan @ = I/t,, 


and tan 6 = E/(ne, — e,). 


Po 
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The resistance of the secondary circuit has been neglected in deriving these 
equations which represent the inductive component of the discharge in terms of 
the coil constants, of the instantaneous values of primary and secondary current, 
and of primary voltage, at the moment of breakdown of the gap. The great simplifi- 
cation attained thereby is fully justified by the fact that the experimental results 
set forth below show, as was indeed to be expected, that the voltage-drop across 
the secondary-circuit resistance is always small in comparison with e,. 

Although exact numerical solutions of these equations cannot be obtained 
without a knowledge of the instantaneous values of the primary and secondary 
currents at the moment of breakdown of the spark gap, there are two particular 
cases for which they can be simplified. They are :— 


Case_1. Secondary short-circuited. In this case é, = 0, é» = @, and 1, = 1, 
where é, and 7) are the primary voltage and current respectively, at the moment 
of breaking the primary circuit. The equations now reduce to 


t= (472+ [?)3 e~%l2 cos (wt — 4), 
ly = i, + Mig — nm (tp? + I?)? e-2#l2 cos (wt — 4), 
and € = — (&2 + E?)? el? cos (wt + 4). 
Now, 
IT = — (& + 2@/R,) a/2w 
= ~ ty (1 + 26/Ri%) (41, (1 — «*)/R2C, — 1}, 
and E = 4/wC, + ae/20 
= IplwCy + e/{4L, (1 — «?)/RYPC, — 1}?. 
Since, in practice, R,?C,/4L, (1 — x) is less than 0-001, we may neglect J in 
comparison with z, and may write E = 2,/wC,. 
Moreover, since é) = 1) R,, 
@/E = wR,C, 
= [{R2C)/L, (1 — «*)} {1 — RPC/L, (1 — Ke) 
=O. 
Therefore e, may be neglected in comparison with LF. 
With the above approximations, the equations reduce to 


fp ences Comat Pe Ge aes (8a), 
Pig tt eee COST, P|) fk ecas (8d), 
and Gum igicOl,) CoP SI OE asa (8c). 


It is thus apparent that in this case the primary current executes a series of 
damped oscillations about zero, having an initial amplitude equal to the current 
at break. The primary voltage executes damped oscillations of initial amplitude 
iplwC, about zero. The secondary current rises to a maximum value Zine *** and 
executes damped oscillations of initial amplitude ni, about a mean value My. In 
practice, an exponential decay curve must be superimposed on these oscillations, 
owing to the presence of resistance in the secondary circuit. 


o> 1 
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Case 2. Coil under working conditions. In this case the primary current 1s 
considerably in excess of the minimum value required to produce a secondary 
e.m.f. sufficient to break down the gap. The energy absorbed from the primary 
in charging up the secondary capacity to the breakdown potential of the gap is 
only a small fraction of the total primary energy. We may therefore assume that 
i, = 0, tp =%y, and ey = ey. Since me, is in general of the same order as ), We 
may, as in case 1, neglect I in comparison with 7, and (ne, — é9) 1n comparison 


with E. The equations therefore become 


i= Went? cost nen (9a), 
ip = Mi, {1 — eM? cos wt} — egt/Lp nner (gd), 
and €, = Ney + (IplwC,) et? sin wt nen (gc). 


The axis of the secondary-current oscillations is given by 
ly = Ng = Bg ifhg ~~ © eee (10), 


and the total duration 7 of the secondary current by 
t= Mi Je. 


Thus the primary current behaves in exactly the same manner as in case I. 
The secondary-current oscillations, however, occur about a linear axis given by 
equation (10). After the oscillations have been completely damped out, the 
secondary current continues to decay to zero along this line, the slope of which is 
given by — e,/L,. The total duration of the secondary discharge is Mi)/e,. It would 
appear, therefore, that with high primary currents and small gap-widths which 
give low values of e, the secondary discharge should continue for a considerable 
time after the oscillations have been damped out and the primary current has 
fallen to zero. 

The above equations appear at first sight to indicate that 4, after falling to 
zero, rises again in the reverse direction and eventually reaches an infinite value, 
while the primary voltage remains constant indefinitely at the value me,. It must 
be recalled, however, that the condition 


€, = constant 


applies only so long as 7, has a positive value. Hence, as soon as @ falls to zero the 
equations no longer hold. At this point the primary voltage, starting at the value 
Nez, executes a series of oscillations of small amplitude and of a frequency corre- 
sponding to that of the coil with an open secondary and at the same time induces 
oscillations of small amplitude in the circuit of the secondary and its associated 
self-capacity. 

The above equations thus account satisfactorily for the form of the primary 
and secondary (current, time) traces obtained with the cathode-ray oscillograph. 
They show, in particular, that the secondary current, though oscillatory, flows in 
one direction throughout the life of the discharge and has a duration which is 
long compared with the natural period of the system. They also show that 
throughout the greater portion of the discharge the primary current is zero, 


~~ 
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§3. APPARATUS 


The following apparatus was employed :— 

(i) An ignition coil, consisting of an m-shaped laminated stalloy core; a primary 
of 143 turns of no. 24-s.w.g. double-silk-covered copper wire wound in two layers 
on a cylindrical cardboard former 2-5 cm. in diameter; and a secondary of 10,000 
turns of no. 24-s.w.g. enamelled copper wire wound on a former in 35 layers of 
420 turns each and separated by waxed tissue paper. In the built-up coil, which 
could be readily taken apart, the primary with the secondary over it was placed 
over the middle limb of the core, the latter having a cross-section 1-5 cm. square. 
In what follows this coil will be referred to as “the coil,” or as “the ignition coil.” 

_ (ii) A calibrated bank of condensers having mica dielectric and low-resistance 
conductors. The following capacities and any parallel combination thereof were 
available: 0:0577, 0-117, 0:237, 0°456, 0-90, and 1-79 uF. 

(iii) A make-and-break commutator, with tungsten points, similar to that 
usually employed in internal-combustion-engine coil-ignition practice. This break, 
together with certain modifications carried out at a later stage, will be described in 
further detail below. 

(iv) An Ardenne cathode-ray oscillograph and a quarter-plate camera fitted 
with a Ross Xpres f/1-g lens. 

(v) The time base previously described*. 

(vi) A Cambridge triple-element oscillograph with one electrostatic and two 
electromagnetic elements. 


§4. DETERMINATION OF THE COIL CONSTANTS 


The constants of the built-up coil described above were measured by cathode- 
ray oscillographical methods similar in most respects to those described by 'Taylor- 
Jonest who, however, used an electrostatic oscillograph of special construction. 

The chief constants required were the primary inductance and capacity, the 
secondary inductance and its distributed self-capacity, and the coefficient of 
coupling. The primary and secondary inductances of the assembled coil were 
measured on a Campbell inductometer, and also by means of a frequency-meter, 
at 2000 ~. The coupling was obtained by the method employed by 'Taylor-Jonest 
from the relation 7,?/n.2 = (1 — x”) where n, and nm, were the frequencies of the 
secondary with the primary circuit open and closed respectively. 

The following values for the principal coil constants were obtained :—— 


Primary inductance L,= o-00506 H., 
11-6 [1., 
Coefficient of coupling k = 0°95. 


I 


Secondary inductance L, 


| 


* Proc. Phys. Soc. 43, 502 (1931). 
t+ Loe. cit. 
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Sg, QUANTITATIVE VERIFICATION OF THE THEORY 


Case 1. It was not practicable to obtain cathode-ray oscillograms of the 
secondary current when the secondary was short circuited. A 3040-Q. resistance 
connected across the secondary sufficed, however, to provide the voltage necessary 
to operate the oscillograph satisfactorily. 

An oscillogram typical of those obtained is shown in figure 3. The method of 
measurement has been previously outlined*, the accuracy attained being of the 
order of 2 per cent. In figure 3 the height of the mean line about which the initial 
oscillations occur is 23:1 mA., and the height of the first peak above this line is 
19-6 mA. The logarithmic decrement of the damped oscillations is 0-16. Therefore, 
the superimposed exponential decay curve due to the secondary resistance being 
neglected, the equation to this curve is 

ig = 23°1 — 22°7E © 4* cos wit, 
where i, is measured in milliamperes. In this case, the primary capacity and current 
were 0:237 uF. and 1-8 A. respectively. Similar results were obtained for different 
values of primary capacity, the current at break, however, being kept constant at 
1:8 A. The results are summarized in table 1. 


Table 1 
; a 
GaCees) A(mA.) | B(maA.) r ) 
0°237 25°75 22°7 0°16 / 
07456 22°9 23°6 | O17 
0"900 23°3 24°7 0°23 
1°79 22°3 | 24°3 0°27 


The constants A and B refer to the general equation to the secondary current 
1p = A — Be-**+i* cos wi, 

and A is the logarithmic decrement of the damped oscillations. 
_ From the above results it may be concluded that the secondary current is 
independent of the primary capacity. According to the theory, the values of A 
and B should each be equal to mij, where n = « (L,/Z)*. On substituting the values 
of x, L, and Ly, it is found that 2 = o-o2 when iy = 1:8 A. Hence ni, = 36 mA 
a value which is considerably greater than the mean values of A me B namely 
23 mA. and 24 mA., actually measured in the case of the example under con- 
sideration. This, however, is not surprising, because the resistance of the secondary 
circuit was neglected in the theoretical treatment and in the practical case comprised 
not only that of the secondary winding itself, but also that of the 3040-Q. shunt 
peri ee was required in order to obtain the potential necessary to operate 

It will be seen from table 1 that for small capacities the values of A and B are 
approximately equal, and that as the capacity is increased the value of A remains 


* Proc. Phys. Soc. 44, 190 (1932); 48, 502 (1931). 
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approximately constant whilst the value of B increases steadily. This effect is evidently 
due to the fact that, owing to the presence of resistance in the secondary circuit, 
the damped oscillations occur about an exponential decay curve instead of about 
a horizontal straight line. As the capacity is increased the frequency of the oscilla- 
tions likewise increases, and the first peak moves to a more steeply sloping part of 
the exponential decay curve. The value of B, which is determined by the height 
of the first peak, therefore tends to its theoretical value of 36 mA., but the value 
of A which is determined by the remainder of the oscillations remains constant. 


Case 2. A series of (secondary current, time) oscillograms for various values of 
gap-widths was obtained. A typical result is shown in figure 4, from which it 
is clear that the axis of the oscillations, instead of being nearly horizontal as in 
case I, isnowa steeply sloping straight line (figure 4). For this reason the method* 
hitherto adopted for measuring the amplitudes of successive oscillations had to 
be somewhat modified, as follows :— 

Let a, a, a3, ... be the amplitudes of successive oscillations, as measured from 
the axis. Let p be the constant vertical distance fallen by the axis in half a period. 
Then, if A, is the measured vertical distance between the first and second peaks, 
A, that between the second and third peaks, etc., we have 


A, =%+4,+p, 

A, = a, + a3— p, 

A, = d;+ a@ +p, etc., 
AS A,=a4,(1+) +p, 

A, = a,l (1 +1) — p, etc., 
where 1// is the decrement, 
Le; 1/l = (A, — A3)/(Az + As), 
and a, = (A, + A,)/(1 + 2?. 

The linearity of the axis of oscillation was well established by the close agreement 
between the values of the ratio / found after measuring up each oscillogram. As an 
example, it will suffice to give the results obtained from one oscillogram (no. 2, 
3/6/31). The gap-width was 0-004 in., and the gap was between needle-points in 
air at atmospheric pressure. The primary current was 1:5 A., and the primary 


capacity 0:456.F. The measured amplitudes were as shown in table 2. 
The value obtained for a, is 23:9 mA., and the logarithmic decrement 


A = log (1/1) = 0°173. 
The value for the initial amplitude, corrected for damping, is therefore 28-4 mA. 
The theoretical value for the initial amplitude is given by m7, and is 30 mA. 
The oscillation-frequency was found by measurement to be 10,750 ~, the 
value calculated from the theory being 10,500 ~. 


* See also § 9. 
20-2 
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Table 2 
A,, den ei Ani | I iT 
m (mA.) (mA.) 
I 46 81 1°208 
2 35 67 | 1-175 
3 32 57 1°186 
4 25 48 1185 
5 23 40°5 1190 
6 17°5 34 L°192 
7 16°5 28°5 1-187 
8 12 24 1°200 | 
9 12 20 I°210 ) 
10 8 16°5 1178 
II 85 14 1°166 
12 bee 12 — | 
13 6°5 == = 
} 


Mean value of r/l ... 


The total duration of the discharge was found to be 1:23 msec. Now the total 

duration is given by the theory as 
t = Mi Je. = nLgio/es. 
Therefore é, = nLt,/t-. 

Inserting the values m = 0:02, L, = 11-6 H., 7, = 1-5 A., we arrive at a theoretical 
value for e, of 283 V., as compared with a steady value of 295 V. found oscillo- 
graphically. 

Similar oscillograms were taken for various gap-widths, but for similar values 
of primary capacity and current at break. The results are given in table 3. 


Table 3 
; Hei 
Gap-width oe T €, calculated 

(in.) (mm.) (msec.) (V.) 

° 56 — _- 

0'004 51's I'2 290 
0008 53 te 316 
O'O15 56 086 405 


It will be seen from the table that on opening the gap a sudden drop occurs 
in the height of the first peak of the secondary current. As the gap-width is further 
increased, however, the height of the first peak also increases. This observation is 
in accordance with the theory outlined above, since 

ly = My — egt/Ly — n (tg + I?)* e-24? cos (wt — 4). 
The amplitude of the oscillatory part of i, therefore includes the term J where 
I = {2 (me, — €) — Ryig}/2wL, (1 — x°) 


which increases with e,. 


—— 
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It is also clear from table 3 that the total duration 7 of the discharge decreases 
with increase in gap-width. This is in accordance with the expression, 
T = NiyL,/es, 
derived above. 

Case 3. We may further briefly consider the case in which the breakdown 
potential of the spark-gap is comparable with the maximum sparking potential 
afforded by the coil when supplied with a given primary current. In this case the 
theory outlined above is no longer valid. 

Figure 6 b shows the (current, time) trace obtained with a primary current of 
15 A., a primary: capacity of 1-79 uF. and a gap-width of 0-008 in. The spark is 
now seen to consist of a series of separate discharges. In this particular example, 
the series is limited to three distinct discharges, all taking place in the same 
direction, and each being extinguished before the following one starts. The change 
from the discharge under the conditions of case 2 to this type of discharge was 
always found to take place suddenly whenever the primary current was reduced 
below a certain critical value depending upon the gap-width and frequency. 

A feature of considerable interest, plainly visible in figure 6 6 and also evident 
on the first half-oscillations of figure 4 and figure 6 a, is that a harmonic of small 
amplitude, low damping and high frequency is superimposed on the main 
oscillation in each case. Under the conditions of case 2, this harmonic is invariably 
present but is usually damped out before completion of the first half-cycle. Under the 
conditions of case 3 where the whole spark in effect consists of a series of discharges, 
one corresponding with each cycle, the harmonic is invariably prominent in the 
first half of each cycle and sometimes persists throughout the whole cycle, according 
to the conditions of primary current and gap-width. We have never been able to 
observe any trace of this harmonic when the secondary has been shunted by the 
3040-Q. resistance. The frequency of the harmonic is independent of changes in 
the primary circuit, but its amplitude increases with the gap-width. From the 
above observations we conclude that these oscillations are in some manner 
intimately associated with the nature of the spark discharge itself. 

Figures 7 a, 7b and 7c show oscillograms in which the first (current, time) 
oscillations, obtained under the conditions of case 1, case 2 and case 3 respectively, 
are greatly extended in order to show the subsidiary oscillations more clearly. 
It will be seen that in case 1 no subsidiary oscillations occur and that in case 3 the 
wave-form of the subsidiary oscillations is distinctly saw-toothed. 


$6. THE CAPACITY COMPONENT 


The capacity component of the discharge has so far eluded direct. observation 
by means of the cathode-ray oscillograph employed in this investigation, on account 
of its extremely high frequency and currents. Its existence and order of magnitude 
have, however, been determined indirectly. By making use of a short-wave receiver 
we found that, in the case of one particular arrangement of secondary leads and 
spark-gap, the most prominent frequency of the capacity-component oscillations 
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~, though several disturbances of both higher and lower 


was of the order of 10’ 


frequencies could be detected. 
The oscillograms reproduced in figures 2 and 4 afford indirect evidence of the 


existence and nature of the capacity component. Thus in figures 2 a and 2b the 
secondary-voltage trace is seen to rise rapidly to a maximum value corresponding 
to the breakdown potential of the gap, whereupon it falls with such extraordinary 
rapidity to the much lower constant value é,, pertaining to the inductance com- 
ponent, that throughout this fall the trace is completely invisible. Further, it will 
be seen that in every case the (current, time) traces obtained under the conditions 
of case 2 are never seen to start from the origin. A gap invariably exists between 
the base line and the first visible part of the (current, time) trace. This gap, when 
observed visually, is seen to increase if the gap-width is increased. 

From the general orders of magnitude of the capacities and inductances in the 
secondary circuit and the extremely high frequency of the capacity-component 
oscillations, it is evident that the oscillations are set up mainly in the circuit com- 
prising the spark-gap S and the self-capacity C, of the secondary circuit including 
the leads. The initial amplitude of the current oscillations will therefore be given 
by VC,p, where V is the breakdown potential of the gap, p is the pulsatance of the 
oscillations and C, is the self-capacity of the coil and leads. Assuming values of 
10-4uF. for C,, 15,000 V. for V and 12 x 108 ~ for the frequency, we obtain 
a value of 113 A. for the initial current amplitude, a value which is far in excess 
of the peak-current values of the order of between 10 and 100 mA. character- 
istic of the inductive component of the discharge. Because of this excessive 
amplitude and the high frequency of the oscillations, no record of this part of the 


‘ discharge is seen on the oscillogram. Moreover, whilst the capacity component of 


the discharge is occurring, the inductive component of the current is steadily 
increasing from zero; and although it is swamped by the capacity component and 
so records no trace during that stage of the discharge yet, by the time when the 
capacity component has been damped out, the inductive component has grown to 
a small finite value. A gap is therefore seen between the first point in the trace and 
the base line. ‘The length of this gap is proportional to V’, the breakdown potential of 
the spark-gap, and therefore increases with the gap-width. 


§7. CONTROL OF THE CAPACITY COMPONENT 


The energy of the capacity component is determined solely by the self-capacity 
of the secondary circuit and the breakdown potential of the gap i.e. the gap-width 
and can therefore be easily varied over a wide range. Its frequenep bale, be 
controlled by the inclusion of further inductance in the secondary circuit. Practicall 
complete elimination of the capacity component can be effected by including in aa 
secondary circuit either a suitable resistance or, preferably, a diode run ened such 


conditions as virtually to block th i 
€ cap acity component whilst passi i 
component unimpaired. ; wea 


” 
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A discharge in which the capacity component alone occurs, and from which the 
inductance component is completely absent, must necessarily be obtained when 
the primary current at break has the least value capable of producing a spark at 
the gap. A further method of completely eliminating the inductance component 
without affecting the capacity component is given below. 


§8. CONTROL OF THE INDUCTANCE COMPONENT 


The inductance component of the discharge has been shown to consist of a 
damped oscillatory current superimposed upon a linearly decaying current. The 
magnitude and duration of the inductance component are, as we have already seen, 
nearly directly proportional to the primary current at break and can, therefore, 
be readily controlled by adjusting the primary current. The inductance component 
can be completely eliminated, as indicated above, by adjusting the primary current 
to the least value necessary to produce a spark. The frequency of the oscillations 
can be controlled by varying the primary capacity. The logarithmic decrement, and 
with it the amplitude of the first inductance-component oscillation, can be varied 
by varying the resistance of the primary LC circuit. 


Break M 


Ri 4 
Figure 8. 


It now remains to find a means of eliminating portions of the inductance 
component without affecting the remainder of the discharge. It might be desirable, 
for example, to examine the ignition properties of the first peak only of the discharge. 

Suppose the primary circuit be first broken, thus producing a discharge in the 
secondary, and then closed again at some instant before cessation of the secondary 
discharge. The circuit conditions are then as shown in figure 8. The circuit equations 
are 

L, di; |dt + Madi,’ dt + Ry't' — & = 9, 
and L di’ |dt + Mdt'/dt + & = ©, 
where 7,’ and i,’ are the primary and secondary currents at any time after the 
closing of the primary circuit, and R,’ is the primary circuit resistance. These 
equations may be written in the form 


(TO ter Bey) ty Ory ep ei tenes (10a), 
and — MDil + 1,Deh=— ett (105). 
Eliminating 7,’ and putting M? = «*L,L,, we obtain 
[D (D + a’) {x — (Meg + Eyes) D[Ry'eq}] ta! = — aea[La, 
where a’ = R,'/L, (1 — x). 


ae Mt 
ty > 12 


25 lo 
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The complete solution for 7,’ is, therefore, 
i = A —e,t/L, + Be™, 

where A and B are arbitrary constants. 

Similarly, eliminating 7,’ from equations (10a) and (105) and substituting 
M? for x2L,L,, we obtain 

(D + a’) iy = (eo + ney) a’/Ry!. 
The complete solution for 7’ is, therefore, 
ty’ = (€) + nea)/Ry’ + Ce", 


where C is an arbitrary constant. 
The solutions to the original differential equations are thus 


iy’ = (€) + meg)/Ry + Cet nnn (114), 
and i) = A—et/L,+ Bete = © enanane (11). 
By substituting these expressions in the original differential equations, the 
following relation between the three arbitrary constants is obtained :— 
B+n2C=]co 55 9) 7) ieee (12a). 
The remaining two relations are obtained from the initial conditions which are 
that, when ¢ = 0, 
i, = 4, and 4 = 4%, 
where 7, and 7, are the instantaneous values of primary and secondary currents at 
the moment of remake. The relations given by the initial conditions are 
C+ (eo+ me)/Ryy = j=  — awacee (125), 
and AtB=%, \° One alex (120). 
The three equations, (12a) to(12c), determine the arbitrary constants as follows :— 
A =, + mt, — n (ey + meg)/Ry’, 
B=n (ey + ne)/R,’ — ni, 
and C = i, — (€ + meg)/Ry’. 
On substitution of the above values for the arbitrary constants, equations (11a) 
and (11b) become 
4’ = (1 — et) (QQ + me)/Ry +e aaa (13a), 
and tp’ = (1 — e-t) {2, — (ey + me.)} m/R,’ + tg —egt/L, —...... (13). 
If the primary circuit be closed when the oscillations have been damped out, 


or at a moment when the primary and secondary currents are passing through 
their mean values, then i, = 0, in which case 


i,’ = (x bed e-a't) (é ae ney)/ Ry’ SAR (14a), 
and ty’ = ty — eyt/Ly — n (1 — e-*"*) (e9 + me)/Ry see (148). 
Thus the secondary current falls rapidly to zero at the moment of re-establish- 


ret of the primary circuit. The term e,t/L,, which represents the slow rate of fall 
of the secondary current obtained when the primary circuit is left open, is negligible 


a 
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in all practical cases in comparison with the exponential term, and we can write, 
therefore, 


ty = (+ mea/R)(r—e*) 2 aces (15a), 
and ty! = 1g — N (ty + me/Ry') (1 —en**)) ae (155), 
Pecause 2, = e4/R,'. 

Since 7, can never be greater than mz,, the term 7 (7) + ne,/R,’) is always greater 
than 7,. The secondary current therefore reaches zero after a finite time. Suppose 
that after interruption the primary circuit be re-established at a time equal to 
half the normal duration of the discharge, and that the oscillations have either been 
damped out before this point is reached or the primary and secondary currents 
are passing through mean values. Then, 


I 


- 1 — 2. abd 1,°= 0. 

Therefore 
1p’ = nt,/2 — n (% + ne,/R,’) (1 — e**). 

When ay —— O, 

ert = (4) + ne,/R,’)/(to/2 + ne/R,’). 


Assuming the following values, 


Nn = 0:02, 
tq = 22, 
a = 3 00.V.., 
R= 3 Os 
ie=0°008 HH: 
and K = 0°95, 


then the value deduced for ¢ is 48usec. When the primary circuit is left open 
throughout the life of the discharge, then the time taken for the secondary current 
to fall to zero is given by t = mi,L,/2e,. Assuming the value of 11-6 H. for Ly, 
the value obtained for ¢ is 650usec., a value which is 14 times that in the previous 
case where the primary circuit was closed during the life of the secondary discharge. 

When it is remembered that, in calculating the duration of the secondary current 
after re-establishment of the primary circuit, the term e,t/L, was neglected, and 
also that the decay of the secondary current occurs along an exponential curve, it 
becomes evident that an extremely rapid interruption of the secondary current 
should be obtainable. 

A similar effect may be predicted to occur if remake, i.e. closing of the primary 
circuit, takes place at any other point along the secondary-current curve. If, for 
instance, remake be effected at the peak of an oscillation in the inductance com- 
ponent, then values of 7, and 7, can be readily calculated and the equation for 2,’ 
found in the manner indicated above. In every case an equation is obtained which 
indicates that on remake the secondary current decays rapidly to zero in a time 
which is short in comparison with the total normal life of the discharge. 

The.total duration of the secondary discharge, which depends upon the value 
of i,, under normal working conditions seldom exceeds 2 msec. Thus, in order 
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to test the above conclusions, it was necessary to have some form of contact-breaker 
which could be made to close after break in such a manner that the time during 
which the primary circuit was open could be continuously varied with sufficient 
precision over the range between o and, say, 4 msec. A first attempt to obtain this 
effect, by varying the maximum opening of the breaker contacts, failed as a result of 
irregular arcing due to the extremely small opening necessary. A second attempt, 
by recutting the contact-breaker cam surfaces, likewise proved unavailing because, 
owing to the exceedingly steep cam-surface angles required, it was not found 
possible to make the contact arm follow the cam throughout its travel. 

Finally, the type of contact-breaker* described below and shown diagrammati- 
cally in figure 9 was evolved with satisfactory results. 


Figure 9. 


The two pairs of contacts are shown on opposite sides of the cam. In practice they are 
arranged one above the other on the same side of the cam. 


Two pairs of contacts in parallel were connected in the primary circuit. One 
pair of contacts was fixed in relation to the axis of an octagonal cam, about which 
the second pair could be rotated and secured in any required position. The angle 
of displacement between the pairs of contacts could be measured by means of an 
arc and vernier. ; 

The operation of this contact-breaker was as follows. On rotation of the cam, 
with the moveable contact pair set out of phase with the fixed contact pair, one pair 
of contacts opened, but the other pair remained closed. The primary circuit was 
therefore still complete. On further rotation of the cam, the first pair of contacts 
began to close, but shortly before completion of the closure the second and hitherto 
closed pair opened, thus breaking the primary circuit which was afterwards remade 
by the closing of the first contact pair. This device made it possible to obtain any 
desired time of opening within the limits stated above and proved further to be 
free from sparking. 

The results of some experiments carried out with the new contact-breaker are 
shown in figures ro a to 10 e, in which are seen the effect of various times of opening 
upon the secondary current. It will be noticed particularly that on re-establishing 
the primary circuit during the life of the discharge the secondary current drops 
with great rapidity to zero, as predicted by the theory outlined above. Simul- 


* B.P. 381,917 (1932). 
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taneously the primary current, as shown by. the electromagnetic oscillogram, 
figure 11, rises rapidly to a definite value and then continues to rise, but at a much 
slower rate the time constant of which is characteristic of the ordinary type of 
remake of the primary occurring at any time after the cessation of the secondary 
discharge. That this is completely in accordance with the theory developed above 
will be seen if the primary current equations for early remake and for build-up 
under ordinary conditions are compared. ‘The two equations are, respectively, 
f= (ty rtees| ey AL et PA}, 
and ip = 4 {1 6 Ah, 


It will be seen that the rate at which the primary current builds up has been 
greatly increased. The time constant of the circuit has been reduced from L,/R,’ 
to L, (1 — «?)/R,’, i.e. to about a tenth of its normal value, and the primary current 
builds up as if approaching a final value of (7) + me,/R,’) instead of 7). ‘The former 
value is clearly never reached in practice because the equations cease to hold as soon 
as the secondary current has fallen to zero which it does before the primary current 
has reached the value 7,. Upon complete extinction of the secondary discharge the 
primary current continues to build up towards its ultimate final value 7), but at 
a rate now corresponding to a time constant L,/Ry’, 

Further secondary-current oscillograms were taken under conditions in which 
the primary circuit was remade at points intermediate between those shown in 
figures 10 a to 10 e. In all essentials similar results were obtained, and this shows 
that remake can be effected at any point on the secondary-current curve, either 
before, upon or after attainment of the secondary-current peak values, without 
affecting the essential features outlined above. Thus the value to which the primary 
current builds up at the rapid rate is independent of the instantaneous value at the 
moment of remake of the oscillatory component of the secondary current and depends 
only upon the value of the mean secondary current at the moment of remake 

Thus complete control of the secondary discharge characteristics is possible. 
Those portions of the discharge whose igniting properties require examination can 
now be isolated. For example, the capacity component may be isolated with great 
precision by re-establishing the primary circuit at the beginning of the inductance 
component. Should it be desired to produce a discharge consisting of a single 
impulse, such as the first half-cycle of the inductance component, the break is set 
in such a manner that remake occurs at some instant after the first peak, but before 
the first trough in the inductance component oscillation, the capacity component 
being absorbed by means of a suitable resistance or diode connected in the secondary 


circuit.! 


§9. NOTE ON THE OSCILLOGRAM SHOWN IN FIGURE 5 


In this oscillogram the (current, time) trace has been reversed by reversing 
the polarity of one pair of the oscillograph deflecting plates half-way through the 
exposure. By this means increased accuracy in the measurement of the oscillogram 


is obtained. 
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In (a) remake occurs after the time 
base has executed about 33 strokes, and 
about 24 strokes in the case of (6). In 
(c), (d) and (e) the primary circuit has 
been remade after 54, 14 and between 
4°and 3 cycles of the inductance com- 
ponent respectively. 
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ABSTRACT. Simultaneous values have been published by Awbery and Griffiths of the 
dew-point, the vapour content as determined by a gravimetric method, and the reading 


of a wet-bulb thermometer, the observations covering a range of air-temperature from 
Bos to.to00" C: 


These observations have been rediscussed and it is demonstrated that August’s 


formula by which vapour-pressure is deduced from dry- and wet-bulb readings is valid 
over the experimental range of temperature. 


§1. INTRODUCTION 


HE wet-and-dry-bulb hygrometer is primarily apparatus for finding the 
humidity of the air, but it may be regarded also as apparatus for conducting 
a physical experiment demonstrating the cooling effect of evaporation. The 
recent paper* by Messrs Awbery and Griffiths, a study of observations of dry- and 
wet-bulb thermometers immersed in a stream of air and water vapour at tem- 
peratures ranging up to 100° C., meets adequately the need for tables by which 
humidities can be deduced from thermometer readings. The authors say nothing 
of the theoretical aspect of their observations, but by setting these out in detail 
they have given an opportunity, to anyone interested, to test such theories as may 
be suggested. 

My examination of the observations leads to the conclusion that, within the 
order of accuracy of the investigation, the formula originally proposed by August 
and in general use for computing humidity at ordinary atmospheric temperatures 
is valid at high temperatures. Short tables of humidities computed by this formula 
and by a slightly modified formula have been prepared. ‘These new tables may be 
compared with the final table of the paper by Awbery and Griffiths. As was to be 
anticipated, the differences between the tables are of no practical importance. 

A notable result of the investigation is that at high temperatures very good 
ventilation of the wet bulb is not essential. 


§2. AUGUST’S HYPOTHESIS AND THE RESULTING FORMULAE 
The theory of the wet-bulb thermometer depends in the first instance on the 
conditions for equilibrium of the temperature of the thermometer bulb itself. The 
bulb is cooler than its surroundings. It receives heat from the air but it is also 
* Phys. Soc. Proc, 44, 115 (1932). 
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receiving heat by radiation from objects in the neighbourhood, by conduction down 
the thermometer stem and by the supply of fresh water. To take account of all 
these factors is practically impossible. All but the first are, however, comparatively 
unimportant when the air current passing the wet bulb is strong. Under such 
circumstances the wet bulb may be regarded as merely receiving heat from the air 
and giving up that heat as the latent heat of evaporation. . 

August’s hypothesis* with regard to this exchange is that the air which gives 
up its heat to the wet bulb and thereby promotes evaporation is identical with the 
air which receives the evaporated moisture; the air becomes saturated at the wet- 
bulb temperature. The formula which will represent this hypothesis requires careful 
consideration if it is to be applied in extreme conditions with vapour pressure 
comparable with the total atmospheric pressure. 

As a preliminary some discussion of latent heat is necessary. The latent heat 
of evaporation is naturally defined as the heat required to convert so much water 
into saturated vapour at the same temperature and under the pressure of that 
vapour alone. It is therefore important to demonstrate that the heat required is the 
same when the pressure is due to a mixture of air and water vapour. 

Let the volume V be occupied by air and vapour at the pressure P. When the 
additional quantity m of water evaporates the volume is increased to V + v. Let 
mL be the latent heat under these circumstances. Further let mE, be the internal 
energy of the water to be evaporated and mE, the energy of the corresponding 
vapour. If E was the internal energy of the air and the original vapour, then the 
final value of the internal energy is E + mE,. Further, the work done by the 
expanding mixture is, in heat units, Puv/ J, ] being the mechanical equivalent of heat. 
Accordingly 

mL = [(E + mE, + Po[J| — [E+ mE}, 


so that mL = m (E, — Ey) + Pol]. 


Now if P, is, in the final state, the partial pressure of the original air and water 
vapour, then by Boyle’s Law 
P,(V + 2) = PV. 


Further, if P, is the partial pressure of the new vapour, P, + P, = P and hénce 
Pu = P,(V + v) = R'm, 


where K’ is the gas constant for water vapour and 6’ the temperature at which the 
process takes place. It follows that 


L=E,—E,+ RJ. 


Since P does not occur in this equation the value of L is not affected by the presence 
of the air. I am indebted to Mr D. Brunt for the enunciation and proof of this rule. 


* It is doubtful whether August contemplated a continuous exchange. He refers to what has 
happened in the thin layer around the wet bulb. In this layer the air has evidently yielded up its 
heat to assist in the formation of water vapour. J. D. Everett, O.F.R. Met. Soc. 18, 13 (1892). 
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We proceed with the discussion of August’s hypothesis. Let 
P be the atmospheric pressure; 


0, 0” the dry- and wet-bulb temperatures ; 
e the vapour pressure of the atmosphere; 
e’ the vapour pressure of saturated vapour at the temperature 6’; 
c the specific heat of dry air at constant pressure; 
c’ the specific heat of water vapour at constant pressure; 
the latent heat of evaporation at temperature 6’; 


n the ratio of the densities of water vapour and dry air at the same pressure 
_ and temperature. 


The hypothesis under consideration is that a certain sample of air, initially at 
temperature @ and pressure P and containing sufficient water vapour to exert a 
pressure e, is diluted with more water vapour; the mixture is at temperature 6’ and 
pressure P, and contains sufficient water vapour to exert a pressure e’. The loss of 
- heat is exactly balanced by the latent heat of evaporation of the additional vapour. 
Let M be the mass of dry air in the sample. The mass of vapour was initially 
Mne/(P — e). Inthe final state the mass of vapour associated with Mis Mne’/(P —e’). 
The additional quantity of water vapour is therefore m, where 
e P(e —e) 
t= (pg — pz) Me (ace 

The exchange of heat is equivalent to that taking place in the following stages: 
(1) the original air and water vapour are brought to the temperature 6’, the pressure 
remaining constant; (2) the additional water vapour is evaporated under the pressure 
P into the atmosphere at the temperature 6’. 

By hypothesis the heat communicated to the wet bulb by radiation, etc. is to 
be ignored. Accordingly the equation of equilibrium is 

(e’ — e) PnL 
Pav se) = 0-6) [e+ p= ne’. 


Since in c.g.s. units c = 0:24, c’ = 0-42 and n= 0-622, it follows that nc’/c = 1-09. 
As long as e is considerably less than P, the difference between this number 1-09 
and unity may be ignored without serious error. With that simplification the 
equation of equilibrium reduces to 


= BPO — 0), 


CaN 
where B= (1 i 5) Py 


“In the usual and historic statement of the theory the factor (1 — e’/P) does not 
appear, and the psychrometric equation is then 


e’ —e=B,P(0—?), 
where By = e/nL. 


Q’ 
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An expression including a factor equivalent to (1 — e’/P) is given* however by 


Apjohn, a contemporary of August’s. 
The distinction between B, and B, will become very important when the 


temperature of the wet bulb approaches the boiling-point. Numerical values of By 
and B, are given below (p. 314). 


§3. TAYLOR’S THEORY 

August’s hypothesis, at any rate in the explicit form adopted here, is obviously 
artificial. In reality the air current cannot be divided sharply into two streams, one 
of which becomes saturated whilst the other is unaffected by the presence of the 
wet bulb. A more complicated theory, proposed by G. I. Taylor, was communi- 
cated by him to Principal Skinner, who published it in the article on humidity in 
the Dictionary of Applied Physics, 111 (1923). Taylor’s hypothesis is that, whilst the 
air-flow is generally turbulent, there is a film of non-turbulent air passing slowly 
over the wet bulb. The diffusion of heat and of moisture are of different characters 
in the turbulent layer and in the non-turbulent film. 

Let @ and e be the temperature and vapour-pressure in the free air; @’ and e” 
are the values at the surface of the wet bulb; 6” and e” are the values at the boundary 
between the film and the turbulent air. Let = be the thickness of the film, & the 
conductivity of air and D the diffusivity of water vapour through air. Following 
Skinner we regard the density of air as a constant p. The density of water vapour 
at pressure e is accordingly npe/P. 

The rate at which heat is conducted inwards to the wet bulb is per unit area 

k (0” — &)/z. 
The rate at which water vapour diffuses outwards from the density npe’/P to 
th > n” . 
e density npe”/P is Dnp (e' — e") Pz. 
As the incoming heat evaporates the water, 
k (0” — 6) = Dnp (e’ — e”) L/P. 
Now let E be the rate at which eddies are replacing the cool damp air of the 


outside of the film by the warmer, drier, natural air. E is reckoned as volume per 
unit area and unit time. 


The rate at which heat is carried inwards is 
Epc (8 — 6”). 
The rate at which water vapour is carried outwards is 
Enp (e" — e)/P. 


The physical significance of E is rather vague; the essential assumption is that 
the coefficient E has the same value in both these statements. 
Since the flow of heat inwards and of water vapour outwards are both con- 


tinuous, it follows that 
“Epc (8 — 0") = Enp (e" — e) L/P. 
Thus e" —e = P (0 — 0") c/nL, 
* B.A. Report 1843, p. 36. 
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PG = OR 


whilst ips mage 
: a nL pD 


To eliminate e” and @” simultaneously between these last two equations is only 
possible if 


CRD. 
Now it so happens that k/pD = 0-22, 
whilst C= 0°24; 


The quoted values of k, p and D refer to the temperature o° C., but it is known 
that k/pD is nearly independent of temperature. We may ignore the difference 
between 0-22 and o-24 and so obtain the equation 


e —e=B,P(0— ©) 
with By = c/nL as before. 

According to Taylor dry-and-wet-bulb hygrometry is possible only because the 
diffusivity of water vapour through air and the conductivity of air are related in 
such a special way. Otherwise under varying conditions the changes in temperature 
and humidity in the eddy layer and in the non-turbulent layer would not be in 
proportion and there would not be a definite wet-bulb temperature corresponding 
with a given hygrometric state of the air. 

It is possible to analyse more closely the details of Taylor’s theory. For instance 
we can take account of the continual displacement of water from the outside of 
the non-turbulent film and regard 6” and e” as averages. We can investigate the 
diffusion of vapour through the film and allow for the fact that the gradient is not 
uniform. The gradient of temperature is also not uniform. Further we might allow 
for the fact that the density of the air is not constant. The general result of all 
these refinements is that the psychrometric formula with the constant By is not 
exact and that the formula involving B, is likely to be nearer to the truth. 

Experiments with water on the wet bulb in the ordinary atmosphere will not 
enable us to discriminate between August’s theory and Taylor’s. By the use of 
other liquids and gases it has been demonstrated that Taylor’s is the more 
satisfactory. 


§4. THE EXPERIMENTS OF AWBERY AND GRIFFITHS 


Awbery and Griffiths exposed their dry- and wet-bulb thermometers in a current 
of humidified air at atmospheric pressure. They determined the humidity in two 
ways, by the dew-point and by a gravimetric method. They give their results as 
relative humidities corresponding with given readings of the dry- and wet-bulb 
thermometers. For comparison with theory we require the vapour pressure. The 
method of reduction may be illustrated by the first entries in table 1 of the paper*. 


* The vapour pressures are taken from the Wérmetabellen of Holborn, Scheel and Henning 


(Braunschweig, 1919). 
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Dry-bulb temperature = 6@= 100°6° C. 
Wet-bulb temperature = 6’ = 75:0° C. 
Relative humidity by dew-point method == 7 = 35°3 Fags 
is Re by gravimetric method = 72 = 35°6 %- 
Saturation pressure at temperature 6 = E= 776-4 mm. 
Vapour pressure by dew-point method = ¢,=7,E = 274 mm. 
My e by gravimetric method = @ = r,E = 276 mm. 
over wet bulb = e’ = 289 mm. 


We require the coefficient B in the formula 
e' —e= BP (6-86). 
Assuming P = 760 mm. and substituting from the foregoing data, we find: 


By dew-point method B,= 8 Kis, 
By gravimetric method =F Rae, 


The estimates of B, and of B, are plotted in figures 1 and 2 respectively, the co- 
ordinates being 6’ and (6 — 6’). A few anomalous results have not been plotted. 
It will be seen that there is no very systematic distribution of the entries. B, tends 
to be small when (6 — 6’) is small and @’ is high, but there is no similar tendency 
with B,. 

The estimates exceeding g x 10~4 and less than 2 x 10~* happen to be equally 
numerous. When these are excluded the mean values of B; and B, are 6-3 x 10-* 
and 6-9 x 10~* respectively. 

It follows that the observations as a whole can be represented by the formula 


e’—e= BP (@- @’) 
with B= 66 x 10-4, 


but the question whether B is really constant must be left open. 

It is remarkable that whilst the observations of Awbery and Griffiths yield such 
good curves when plotted in their paper with relative humidity and dry-bulb 
temperature as variables, the same observations give the irregular distribution of 
numbers in figures 1 and 2. The reason is that the wet-bulb temperature and the 
dew-point differ but slightly, so that a small error in either, an error which hardly 
affects the relative humidity, has a large influence on B, the variable of the present 
paper. In the example cited above if the distinction between wet-bulb temperature 
a dew-point had been ignored the relative humidity would have been computed 
Ng hin ees balun as e’/E or 37 per cent. As the true value was 35 per cent 

purposes have been negligible. 
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Figure 2. Values of 10* B as determined by absorption method. 


§5. THEORY AND EXPERIMENT 


To sum up the results, I have set out in table 1 the values of the coefficient B 
given by theory and by observation and also those adopted in certain tables. 

The theoretical values are those given by the formulae for B, and B, in the 
present paper. The values adopted* for the latent heat are Henning’sy. ‘Lhe best 
set of outdoor experiments for deriving the coefficient B is that made by Prof. 


* The values of latent heat used by August, Apjohn and Regnault are quoted by Everett, 
O.F.R. Met. Soc. 18 (1892). All used 0:267 for c. 
+ Wérmetabellen, p. 67, quoting from Ann. d, Phys. 29, 441 (1909). 


21-2 


314 


Marvin and other observers 1 
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n the United States, some at considerable altitudes 
Prof. Ferrel. Marvin used 


and therefore with low values of P, and discussed* by 
sling thermometers and found the dew-point by Regnault’s hygrometer. Ferrel 


derived from the observations the formula 


B = 6:56 x 10-4 (1 + -0019 6”). 


This formula has been used to obtain the results against his name in table 1. 


Table 1. The psychrometric constant, in theory and in practice 


‘Temperature Gic3) Oo. . EOL}. 20 30 | 40 50 60 | 70 | 80 go 100 | 
of wet bulb (°K.) | 273 | 283 | 293 | 303 | 313 | 323 | 333 | 343 | 353 | 363 | 373 
Vapour pressure (mm.) | 4°6 | 9°2/ 17°5 318 | 55 | 93 | 149 | 234 | 355 526 | 760 
(mb.) | 6-1 | 12°3 | 23°4|42°5| 74 | 123 | 199 | 312 | 473 | 7OT [TOTS | 
Latent heat (cal./gm.) 595 | 590 | 585 | 580 | 575 | 569 | 563 | 558 | 552 | 545 | 539 | 
Values of B (c.g.s. units x 107+) 
Theory: | 
B, or c/nL | 6:49 | 6°54 | 6:60 6:66 6-72 6-79 | 6°86 6-92 | 7:00 7-08 | 7°16 
B, or (1 — e’/P) Bo | 6°45 | 6-46 | 6-45 6°38 | 6-23 5°97 | 5°52 4°79 | 3°73 | 2°19 O00 
Observation : 
Marvin-Ferrel 6°56 | 6°68 | 6:81 | 6-93 | — | — | —>¥ — | — | — | = 
Svennson <—| 645 —> | — | — | — |} — | — | — | — 1] — 
Awbery and Griffiths: / 
Dew-point } — | — | — | +! — |} 63 | ——— |] — | — | 
Gravimetric P— |) mS ee 69 —= — | — | — | = 
Tables: ) 
Smithsonian (Ferrel) | 6°60 | 6°68 | 6-75 6°83, — — = —_ _ ai = 
Assmann (Sprung) <—— |662 —+ — = = jae = = = 
Accompanying tables 2,35 — | — ea Ce ee ae a 


Note. The theoretical values of B are found on the assumptions that c = 0°24, m = 0-622. 


Accepting the theory that B ought to vary inversely as the latent heat, Ferrel 
found the alternative formula 


B = 6-60 x 10-4 (1 + -oo1r156’). 
This is the basis of the psychrometric tablest used in the United States. 

Of laboratory experiments the best known are those of Svennson} who aspirated 
air past his thermometers in a vessel in which the air-pressure was sometimes 
reduced as low as 300mm. The vapour pressure was determined by Sonden’s 
apparatus in which the actual vapour pressure of a sample of the atmosphere can 
be measured directly. Svennson’s value of B is lower than that adopted by most 
observers. He considers that this is because there are systematic errors in dew- 
point determinations and in the absorption method. These tend to give too low 


values for e. It will be noticed that Svennson’s value of B is in good agreement 
with our formula for B,. 


* Annual Report, Chief Signal Officer, Washington, App. 24 (1886). 
t+ Smithsonian Meteorological Tables, tables 82, 84 (5th Edition, 1931). 
in Met. Z. 18, 201 “1896). 
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The tables adopted* for the Assmann psychrometer are based on the simple 

formula given by Sprungt 
CIE Me ead oli 
The equivalent value of B is 6-62 x 10-4. 

There has been some tendency in the past to lay undue stress on the differences 
between the values of B given by one investigator and another and to say that 
empirical tables are better than any formula for deriving humidity from wet-bulb 
readings. As will be seen from table 1, the range of values of the coefficient B for 
ordinary temperatures is quite small. There is, it is admitted, considerable un- 
certainty about the best use to be made of the readings of wet-bulb thermometers 
which are not ‘“‘well ventilated” but that uncertainty need not affect confidence in 
the interpretation of the readings of such thermometers as ave well ventilated. 

It is satisfactory that the new determinations of B for moderate temperatures 
are in agreement with the older determinations for low temperatures. The new 
observations are not good enough, however, to discriminate between the merits of 
the formulae in which the coefficients are By and B,. 


§6. NEW TABLES 


To cover the range of observations with dry-bulb temperatures up to 100° C., 
skeleton tables of vapour pressure and relative humidity have been prepared. 

Our theoretical discussion led to the conclusion that the coefficient B should be 
variable and a function of the wet-bulb temperature, whilst the observations were 
satisfied well enough by the assumption that B was constant. Tables based on each 
of these hypotheses have been prepared. It might have been anticipated that the 
tables computed on the two assumptions would be utterly inconsistent. As a matter 
of fact, the differences are insignificant.. The reason is that at high temperatures 
the difference between the wet-bulb temperature and the dew-point is small, and 
the results of using alternative values of the factor B cannot be distinguished. 
Further, the agreement between the tables of relative humidity and that of Awbery 
and Griffiths is almost perfect. The only discrepancy is where they had extrapolated 
for wet-bulb depressions beyond the range of experiment. 

It is a practical deduction from these comparisons that in psychrometric 
observations at high temperatures strong ventilation is not a necessity. This must 
be true, since the computed humidities would be affected but slightly if Regnault’s 
moderate-wind value were used for B, instead of the strong-wind value. On the 
other hand I should like to express the hope that experiments will be made to fix 
the values of B more precisely. I would suggest for consideration the use of a 
differential thermometer to determine the interval between the dew-point and the 
wet-bulb temperature. If room air were used without the admixture of steam, the 
experiment would be comparatively easy to control, and consistent values of the 
psychrometer constant B, accurate to two significant figures, might be obtained. 


* Aspirations-Psychrometer- Tafeln (Braunschweig, 1908). + Das Wetter (1888). 
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Table 2*. Vapour pressure derived from psychrometer readings 
by the use of the empirical formula, B = 6-6 x 10 
Dry-bulb | / : | | / 
temperature BOus || 4057) ky) 50 60 qo |. Boe | go | 00 
CC.) | | 
Wet-bulb 
depression | Vapour pressure (mb.) 
°C.) ‘ 
° 42°5 73°8 | 123-3. | 709 | 35S.) era a eee 
a5 284 53°0 92° 154 | 247 | 382 | 575 | 842 
10 16°7 35°8 67°1 117 | 192 | 305. | 467 694 
15 Gok Pai | MES: 86 148 240 | 375 | 568 
20  — £O'O) le 20s 60 IIo 186 | 299 | 460 
25 fo o'4 15°0 40 79 | 141 234 368 
30 oe —_ 3°3 22 | 54 103 179 292 
35 ae = ee 8 Shs ae 134 227 
40 am =) es i) 42) | Oe ee 
45 — — — — 2 | 26 | 66 | 127 
Table 3*. Relative humidity derived from psychrometer readings 
by the use of the empirical formula, B = 6-6 x 10-4 
Dry-bulb | 
; temperature BO Ue e407) 4) SOC. he OG 70 1 So. I 66 100 
(© C.) | | / | / 
Wet-bulb 
Sg Mea Relative humidity (per cent) 
lo} 
5 
Io 
15 
20 
25 
30 
35 
40 
45 


* Tables 2 and 3 are computed for normal atmospheric pressure; P = 1013 mb. 


a ‘ 
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Table 4*. Vapour pressure derived from psychrometer readings 
by the theoretical formula, B, = (1 — e’/P) c/nL 


Dry-bulb | 
tem tu 
CC.) re 30 | 40 50 60 70 80 go 100 
Wet-bulb ; 
depression Vapour pressure (mb.) 
) vy MERE 
| ° 42°5 FSi itte3 3 199 312 473. | 7or | 1013 
) 3 eo eee 92°8 155 248 383 576 | 844 
° 16-9 | 36:0 67°5 117 193 307 469 699 
15 73 21°9 46-7 87 149 243 379 573 
| 20 == ll inepe) 29°6 61 ena 188 302 465 
) 25 eet ee Cis 15° 40 80 143 237 374 
30 ae 38 23 55 105 182 297 
= = = = 9 34 74 137 232 
: | ee eee ae 17 49 99 yf 
45 sass — —— — 2 - RS 68 egy 
Table 5*. Relative humidity derived from the values of 
vapour pressure in table 4 
Dry-bulb | s 
temperature 30 40 50 60 70 80 go 100 
(@ C.) | 
Wet-bulb 
a Relative humidity (per cent) 
° 100 100 100 100 100 100 100 100 
5 67 72, as 78 80 81 82 83 
10 40 49 55 59 62 65 67 69 
15 17 30 38 44 48 51 54 57 
20 = 14 24 31 36 40 43 46 
25 — | I 12 20 26 30 34 37 
30 = | = 3 12 18 22, 26 29 
35 == = = 5 ri 16 20 2 
40 _— _ — =: 5 10 14 by] 
45 = = = — I 6 10 13 


* Tables 4 and 5 are computed for normal atmospheric pressure; P = 1013 mb. 


DisCUnstON 


Dr Ezer Grirritus. I am gratified to hear that Dr Whipple has been able to 
verify the theory of the wet-and-dry-bulb thermometer by means of our experi- 
mental observations. It is a very interesting point that the formula holds good over 
such a wide range of temperature. Has the author considered the case of dry-bulb 
temperatures below 0° C.? We are engaged at present in a study of hygrometers 
at low temperatures. In this investigation the wet bulb is covered with a sheath 
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of ice. We use various forms of the wet-and-dry-bulb hygrometer. In some the 
wet-and-dry bulbs take the form of a differential thermo-element with 33 wet and 
dry junctions. In others differential resistance thermometers are used. The wet- 
and-dry-bulb method is compared with the gravimetric and dew-point methods, 
both of which present considerable experimental difficulties at low temperatures. 


Mr J. H. Awsery. I think Dr Griffiths agrees with me in that the wet-and-dry- 
bulb formula has never seemed to us to be based on a satisfactory theory. Even 
now, with the improved derivation given by the author of this paper, its basisincludes 
the equality of 0-22 with 0:24; and we have no investigation of the errors which 
arise by ignoring the difference between these two quantities. Whatever may be the 
basis of the formula, its practical utility cannot really be denied. I had never 
compared direct observation with the formula until recently, but the present paper 
led me to analyse our own results in the light of the equation. I am now completely 
converted to the view that for smoothing observations it is perfectly satisfactory; 
but my adherence to orthodoxy is on account of empirical evidence, and is not due 
to an inward realization of truth. 

That my conversion is real, may be inferred from the fact that the detailed table 
which Dr Griffiths and I have prepared * was constructed in part with the assistance 
of the formula. 


Mr C. S. Wricut. I should like to ask Dr Whipple whether meteorologists 
place any reliance on the readings of wet-and-dry-bulb thermometers in moderately 
low temperatures? The last Scott Expedition observed a condensation in the winter 
on ice surfaces, when the wind velocity was low. Kidston in his analysis of the 
results of Shackleton’s first expedition explains the numerous occasions of a higher 
wet-bulb than dry-bulb temperature as due to a similar condensation on the ice 
surrounding the ‘‘ wet” bulb. May not condensation also occur above freezing-point? 


AUTHOR’s reply. My answer to Dr Griffith’s question is that I see no reason to 
doubt that a formula of August’s type should be valid for the case in which the 
wet bulb is covered with ice. Meteorologists use different formulae for ice- 
covered and water-covered bulbs (allowing for the greater latent heat of evaporation 
from ice) and also recognize the distinction between the vapour pressure of air 
saturated with respect to ice and to water. 

In Observatory practice we find that the wet-bulb thermometer is frequently 
below the freezing-point for many hours before the water on the muslin freezes. 
Moreover freezing takes a considerable time, and so does thawing. On account of 
uncertainties as to the state of the covering of the wet bulb, it is found better to 
trust to the hair hygrograph for finding humidity of air near the freezing-point. 

For finding humidities at the low temperatures encountered in aeroplane ascents 
the Meteorological Office provides observers with warm water in a thermos flask. 


Between observations the wet bulb is dipped into the water and a new coating of 
ice 18 soon formed. 


* National Physical Laboratory, Annual Report for 1932. 
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No satisfactory method has been evolved for determining the humidity at great 
heights—for example, in the stratosphere, where temperature is comparable with 
220° K. Saturation pressure at that temperature is only 0-027 mb. as compared 
with 6:1 mb. at the freezing-point. I hope that Messrs Awbery and Griffiths will 
be able to make some practical suggestion. We want to know more about humidity 
in the stratosphere because we believe that the absorption of long-wave radiation 
by this water vapour plays a very important part in meteorology. 

In reply to Mr C. S. Wright: I am rather sceptical about wet-bulb readings 
higher than the dry-bulb readings. I wonder whether there is any evidence that 
the thermometers used in Shackleton’s expedition had been recalibrated before the 
paradoxical observations. 

Condensation on ice surfaces in the open is a common enough phenomenon, 
the ice surface being cooled below air temperature. One can sometimes discriminate 
on a frosty morning between frozen dew and the crystalline ice deposited on the 
dew. I do not see how this explains the rise of wet-bulb temperature above dry- 
bulb temperature, both temperatures being taken, presumably, with screened 
thermometers. 

The standard hygrometric tables* in use in Sweden are based on experiments 
by Ekholm, who attributed high wet-bulb readings to the hygroscopic qualities of 
muslin. According to these tables the equality of dry- and wet-bulb readings 
connotes a relative humidity of 97 per cent. I hope that Ekholm’s work will be 
critically examined before the final results of the N.P.L. investigation are published. 

One reader of the proof of my paper has raised the question whether the cooling 
of the water fed to the wet bulb should not be allowed for in the theory. One answer 
to this question is that the well-ventilated psychrometer in its best known form, 
that due to Assmann, has not a continuous feed, while in other cases the feed 
is along a wick which is exposed to the air so that the water is brought very nearly 
to wet-bulb temperature before reaching the muslin. The more fundamental 
answer is that even if the water reached the wet bulb at dry-bulb temperature and 
gave up heat as it spread over the muslin, the allowance for this heat would not 
seriously affect our analysis. The amendment would be equivalent to a reduction 
‘n the value of L, the latent heat, by an amount equal numerically to the difference 
between the dry- and wet-bulb temperatures. It would not be profitable to attempt 
to introduce such an amendment. 


* B. Rolf. Tables psychrométriques portatives. Calculées selon la formule Svensson-Ekholm (Stock- 


holm, 1919). 
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ABSTRACT. The experiments here described have arisen from preliminary work con- 
ducted with the ultimate object of testing the late Prof. Callendar’s formula* for the 
distribution of energy in the spectrum. The latter experiments, not yet completed, involved 
radiation-pressure determinations made with a vane suspended in a vacuum sufficiently 
high for radiometer action to be completely eliminated. While the manner in which radio- 
meter action diminishes as the vacuum improves was being investigated, the series of radio- 
meter effects recorded in the first part of this paper was observed. Radiation was directed 
upon a light vane suspended by means of a fine quartz fibre in a flask, and the deflections 
produced when the radiation was incident in turn upon the two sides of the vane were 
observed for a series of vacuum conditions. The vanes employed included platinized or 
silvered glass and mica, and also an aluminium vane. The range of air pressure used 
extended down to about 10-§ mm. of mercury. 

In the case of the platinized glass vane, at a pressure of a few mm. of mercury the 
deflections on both the glass and the platinized sides were of the order of those registered 
at the highest vacua obtained. At pressures of about 1o-? mm. gas effects developed which 
were very large in the case of the glass and mica vanes but much less marked with the 
aluminium vane. With all the vanes, gas action had practically vanished at a pressure 
of 10-§ mm. of mercury. Under these conditions, measurements of radiation pressure, 
using glass and mica vanes, were found to give results in agreement with the energy- 
density of the radiation to within + 7 per cent. 

While the above preliminary experiments were in progress the errors of calculation 
occurring in Nichols and Hull’s paper} on radiation pressure were noticed. Although their 
work, carried out at a gas pressure of 16mm. of mercury, has been widely quoted as 
conclusively establishing, to within about 1 per cent, the numerical equivalence between 
the pressure and energy-density of radiation, it is found that their results, when correctly 
evaluated, show a divergence between these quantities of some ro per cent. Hence Nichols 
and Hull’s investigation cannot be regarded as furnishing a quantitative experimental 
verification of the equality relationship deducible from theory. 

It was therefore thought worth while, using the working experience gained, to attempt 
more accurate measurements of radiation pressure by the direct method of using metal 
vanes and a vacuum so high that radiometer action was eliminated. In the second part of 
the paper the observations and results for all the radiation-pressure measurements are 
given. With each vane a considerable range of radiation-intensities was employed, the 
maximum deflections of the suspensions under the influence of the radiation-pressure 
being up to To or 15 times those obtained by Nichols and Hull. The corresponding energy- 
densities of the radiation were measured by the use of a Callendar cup radio-balance. The 


eas 
Phil. Mag. 27, 870 (1914). +. Proc. Amer. Acad 88, 68q (igaeh 
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results for an alloy vane, probably the most reliable of those derived, show that for a number 
of radiation-intensities the difference between pressure and energy-density varies from 
+ 4 to— 3 percent. The present experiments are considered in the light of those conducted 
by other observers. Errors of calculation arising in Nichols and Hull’s results are examined 
in the appendix. 


§1. PRELIMINARY 


rNTRODUCTION. Ir is well known that when radiation falls upon a vane sus- 
pended in an exhausted vessel the true radiation pressure is obscured, even when 

is the vacuum is of the order of 10-4 mm. of mercury, by gas action produced by the 
heating of the residual air in the neighbourhood of the vane. 

This so-called radiometer action has caused difficulty in verifying experimentally 
the theoretical relationship, originally deduced by Maxwell, between the pressure 

-and the energy-density of the beam, viz. that these two quantities are numerically 
equal. Of the various attempts which have been made to circumvent gas action, the 
best known are those of Lebedew* and of Nichols and Hull}. The former made an 
effort to eliminate it by a suitable construction of the vanes, and the latter by the use 
of a ballistic method to which reference is made later in this paper. In only two 
investigations, those of Poynting and Barlow] and of Miss Golsen§, has the direct 
method of obtaining so high a vacuum that gas action becomes negligible been 
attempted. 

Poynting obtained qualitative agreement between pressure and energy-density 
in the case of absorbing and reflecting surfaces; but, at the highest vacuum used by 
him, gas action was not entirely eliminated, nor did he investigate the changes in 
radiometer action at various stages of the vacuum. In 1924, when the work described 
in the present paper was in progress, Miss Golsen published her results for metal 
vanes, and showed that with these vanes a vacuum could be obtained at which gas 
action disappeared. Theagreement she deduced between pressure and energy-density 
of radiation varied from + 6 per cent to — 4 per cent. N ichols and Hull state that 
their results agree to 1 per cent, but they make errors which are discussed at the end 
of this paper. Their results for pressure and energy-density, when properly 
calculated, differ by about 10 per cent. 

The work described below was originally undertaken as a preliminary to a more 
delicate experiment, devised by the late Prof. H. L. Callendar, to test his formula 
for the distribution of energy in the spectrum of a black body||. This experiment, 
which involves the measurement of the radiation pressure produced by different 
portions of the spectrum, and in which it is most important that radiometer action 
should be entirely eliminated, has not yet been completed. It has, however, been 
felt that the preliminary observations may be of interest in view of the fact that the 
investigation of radiometer action is more complete than that conducted by Miss 
Golsen; and also because, by a direct method, good agreement between pressure and 

* Ann. d. Physik, (4), 8, 433 (1901). + Proc. Amer. Acad. 38, 559 (1903). 


+ Poynting’s Collected Works, p. 381; also Proc. R. S.A, 88, 534 (1910). 
§ Ann. d. Physik. 73, 624 (1924). \| Phil. Mag. 27, 870 (1914). 
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ned over a wide range of radiation-intensities, 


energy-density values has been obtai 
both with a platinized glass and with a metal suspension. 
Oscillation of a vane suspended in a vacuum. In a large number of experiments on 
radiation pressure, including those described in this paper, the pressure is deter- 
mined by allowing the radiation to deflect a light delicately suspended vane. Since 
in the present investigations the damping was so small that the vane was perpetually 
in oscillation, it is apposite to consider the mode of vibration of such a suspension. 
The equation of free motion of a vane suspended in a perfect vacuum can, on the 


assumption that any damping due to the suspending fibre itself is negligible, be 
written 

078 

rer 


- + c0=0, 
(6) 


where « represents the moment of inertia of the suspension and c the torsional 
constant of the fibre, while 6 denotes the angular position at any instant and is given 
by the solution 


@= Acos(,/£.1~a) me (1). 


If radiation falling upon the vane exerts a total force P at an arm 7, and the product 
Pr be written L, then the motion satisfies the equation 


K = + ch=L, 
of 
of which the solution is 
g=% 4. Beast y&: t— B) (2) 
i ly) =—t=~) => (a 2), 


the constants B and 6 being determined by the values of the displacement @ and 
velocity c0/dt obtaining at the moment of application of the radiation. Denoting 
these values by ¢ and z respectively, and taking the instant of application of the 
light as the new zero of time, we find that 


B= {((6 — Lio? + a2 xc 


tm 


?. _1 MV (k/c) 

and B= tan aD FT 

Relation (2) shows undamped harmonic motion about the mean displaced 
position L/c, the position at which the couple due to the fibre balances the moment 
due to radiation pressure. The amplitude B of vibration about this mean position 
is reduced to zero only when the relations 6 = L/c and v% = 0 are together satisfied, 
1.€. when the amplitude of the initial free vibration of the suspension is Lc, and the 
radiation is applied when the vane is at the extremity of its swing. The vane then 
remains steadily displaced in this position. 

Thus, with a perfect vacuum, the vibration is perfectly regular about the mean 
displacement L/c, the turning-points are invariable, and the periodic time is constant. 
When the light is removed, the vane immediately oscillates about its zero position 
with constant turning-points and time of swing, the amplitude of the motiodl 
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depending on the position and velocity of the vane that obtained when the force 
Was removed. 
When the vacuum is imperfect, damping will arise owing to the presence of the 


residual air. If 2¢ is the damping-factor, the equation of motion of the vane swinging 
freely is 


) 


D> 


2 20 
+ 265, + ch = 0, 


) 


5 


ot? 
with the solution 

Gee ea cos (ont —y) Ss Gy: 
while when the radiation pressure is applied 


06 a] 


giving the solution 
GO] Liese De cos (ant/T — 6) ae (4). 


Thus in both cases the time of swing T is 277/4/(c/K — €/x?), while the amplitude of 
the oscillations decays exponentially, the logarithmic decrement of the motion being 
em/\/(ck — €*). In practice, however, conditions are more complicated, since damping 
is not the only effect produced by residual air in the vacuum chamber. Experiments 
described later showed that, when on application of the light one surface of the vane 
was raised to a higher temperature than the other, pressures many times greater 
than the true radiation-pressure were generated. In this case the vane would suffer 
a mean displacement @ given by (P+ R)r=cé, where R represents the pressure 
produced by the heating of the residual air. Such pressures took time to develop 
and made the time of swing irregular. They also masked the regular decrease of 
amplitude of motion which would be expected from equation (4). A similar pheno- 
menon was observed on removal of the light from the vane. In this case residual 
gas effects, which died away slowly, prevented the vane from vibrating about 
its true zero. These extraneous pressures, usually referred to as radiometer effects, 
were observed practically to disappear at a vacuum of about 10-* mm. of mercury. 

The objects of the experiments here described were firstly to study the variation 
of radiometer action as the vacuum improved; and secondly to investigate radiation 
pressure by obtaining so high a vacuum that the only forces acting on the suspensions 

employed were the true radiation pressure and the restoring elastic forces of the 
fibre. 

As has already been indicated, in such a vacuum the vane will vibrate quite 
regularly about a mean angular displacement, and the turning-points and period of 
swing will be quite constant. When the light is removed the suspension will at once 
oscillate about its zero position, with constant turning-points and time of swing. 

On attainment of these conditions it may safely be assumed that the true 
radiation pressure is being investigated. If, on the other hand, the turning points and 
time of swing of the vane vary and if, on removal of the light, the vane shows a lag 
in taking up its oscillation about the true zero, radiometer forces as well as the true 


radiation pressure are present. 
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The vanes used in the work to be described were, under experimental conditions, 
in continual vibration. For brevity, therefore, the term “ deflection” is employed 
to denote the mean position about which the suspension is in oscillation. 


§2. AN EXPERIMENTAL INVESTIGATION OF RADIOMETER ACTION 


The apparatus employed is indicated in plan in figure 1. The optical system p 
ght from the lamp / on to a vane v suspended 


was used to project a beam of li 
ted through suitable 


within the flask f. This flask, 17 cm. in diameter, was connec 
apparatus, shown in figure 2, to the exhausting-system comprising a Gaede mercury- 


pump outfit. 


Figure 2. Flask and auxiliary apparatus: C, carbon tube; G, Geissler tube; P, pentoxide tube; 
T,, Tz, Ts, taps; U, U-tube surrounded by liquid air. 


Figure 3. The optical projection system. 


When a very low pressure was required, both the flask and the carbon-filled 
i one in a furnace to 360° C. during pumping. Figure 3 shows in ene 
ae pat Seca of the source of light and of the lenses composing the projection 
See : ee Was a 500-candle-power pointolite lamp. An image of the 
aie ai p otographic lens B was focused on the vane by the achromatic 

: the wooden carrier, EFG, the portion FG, to which the lamp and lens 


a A i.e 
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were attached, turned about a pivot P so that an image could be thrown on either 
end of the vane. As is indicated in figure 1, an appropriate baseboard was fitted on 
each side of the flask. By transfer of the lamp and projection system from one board 
to the other the radiation could be made to fall upon either surface of the vane as 
required. 

The vanes were all rectangular in shape as shown in figure 4. In the case of glass 
vanes the centre piece AB was also of glass, fused to the vane. When a metal vane 
was used the vane and stem were cut as one piece from the sheet. The vanes were 
suspended by means of a fine quartz fibre attached at its upper end to a collar which 
fitted into the neck of the flask. The collar was of gas-free molybdenum supplied by 
the Vactite Company. The fibre was attached at each end by means of collodion. 
When this collodion had been gently heated by means of a very small gas flame a 
deposit of carbon remained which held the fibre well and did not affect the vacuum. 
Deflections of the vane were read by the lamp-and-scale method, the concave 
mirror c, figure 4, being used. By means of fine wire this mirror was bound to the 
stem of the suspension so as to lie at right angles to the vane. Throughout the 
experiments the scale-distance was of the order of 1 metre. 

Details of the suspensions employed are given in table 1. 


Table 1 


Vane (a) Glass, platinized on one side 
Vane (6) Glass, blackened on one side 
Vane (c) Aluminium 


Moment of Time of 
Vane Length | Mass inertia swing 
(cm.) (gm.) (gm.-cm?2) (sec.) 
(a) 3°49 0°340 0°196 52°6 
(b) Bis o'108 0'047 50°5 
| (c) 3°60 0207 0'047 57°5 


The thickness of the glass vanes was of the order of 0:25 mm. The aluminium vane 
was cut from a piece of foil about o-o5 mm. thick*. 

Experiments with the glass vane platinized on one side. (1) 'Yo obtain some idea 
of the degree of vacuum reached in these and subsequent experiments, a McLeod 
gauge was attached, through a U-tube surrounded by liquid air, to the exhausting 
apparatus; and at various stages of the pumping the logarithmic decrements of the 
suspension and the corresponding pressures were noted. 

Figure 5 shows the variation of logarithmic decrement with pressure. ‘The values 
of the logarithmic decrement are given to the base 10. A decrement of 2 x 107% 
corresponded to the lowest pressure read on the gauge, i.e. 4 x 10-4 mm. of mercury. 

(2) The McLeod gauge was disconnected from the apparatus and the pumping 
restarted. At various intervals tap 7,, figure 2, was turned, and the deflections 


* It is to be emphasized that the effects described in this paper apply only to the case of flat 
rectangular vanes of the sizes indicated, suspended by means of a quartz fibre, centrally within a 
glass sphere about 17 cm. in diameter. 
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eam of constant intensity was incident in turn upon the glass —_ 
the platinized surfaces of the vane were observed. A ee oie mena 
making the edge of the vane a tangent to the circular image. In every ca: > 
of the deflections for the two ends of the vane was taken. The pressures pie 
ing to the various deflections were derived from the curve in figure 5. = e pe 
pressure obtained corresponded to a logarithmic decrement of 6 x a a 
thus probably of the order of 10° mm. of mercury. In this experiment the aa Ww “s 
heated only to about 200° C., while in later work on radiation pressure the flask- 
temperature was raised to 360° and this, with the further use of a diffusion pump, 
makes it highly probable that still lower pressures were reached. op 2 
Experiments made with the radiation incident upon the platinized surface 
of the vane showed that all the deflections produced were in the direction of 
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produced when ab 


Logarithmic decrement 


Figure 4. 
Pressure (mm. x 107) 


Figure 5. Variation of logarithmic decrement 
of the suspension with gas pressure. 


pressure. At a vacuum of 10-? mm. of mercury the deflection was very large, the 
spot of light which registered the movement of the suspension passing right off the 
scale. At 10-*mm. of mercury the deflection had noticeably diminished. At a 
pressure of 10“? mm. the deflection was reduced to about 30 mm. The deflection 
remained constant at this value during prolonged application of liquid air to the 
charcoal tube. It was found that the radiation pressure, calculated from this deflec- 
tion, was in approximate agreement with the energy-density value. Since the 
logarithmic decrement of the motion of the vane was only 6 x 10~®, damping was 
obviously negligible. The time of swing of the suspension under the radiation 
pressure was the same as during free oscillation, and the vibration was perfectly 
regular about the mean position. 

With the radiation incident upon the glass surface of the vane, the deflections, 
which were originally in the pressure direction, became increasingly antipressure as 
the vacuum improved. This antipressure effect was very large when the gas pressure 
was roughly 10mm, At about 2 x 10-?mm., on application of the radiation, a pause 
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occurred before the suction effect began, while at 7 x 10-4 mm. there was a jump in 
the pressure direction and subsequently a suction effect. With a gas pressure of 
approximately 10-> mm. of mercury the deflection was found to have changed sign; 
and it finally acquired a constant positive value (1.e. in the pressure direction) of about 
3° mm. at a vacuum in the vicinity of ro~® mm. of mercury. F igure 6 indicates in a 
general manner, for various gas pressures, the motion of the mean position of the 
suspension when the radiation was made incident upon the two sides of the vane 


in turn. 


Similar experiments to those described above were conducted with mica vanes. 
The behaviour already indicated was found to be quite general for all cases in which 
glass or mica vanes, platinized or silvered on one side, were used. 
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Fig. 6. Variation of deflection of platinized glass vane with gas pressure: (a) Radiation on 
platinized surface; (b) Radiation on glass surface*. 
Notes. (A) Off the scale. (B) Off the scale, but with slight arrest before first movement. 


Further experiments showing growth and decay of radiometer action at a vacuum of 
10-* mm. Hg, and the disappearance of this action in the neighbourhood of 10~* mm. 
(1) After pumping to a vacuum of 10-4mm. of mercury, tap 7;, figure 2, was 
turned, and the beam was allowed to fall on the glass side and kept there con- 
tinuously. There was a jump of 25 mm. in the pressure direction, then a suction 
effect showing the growth of radiometer action (see figure 7). ‘This radiometer effect 
reached a maximum fairly quickly and then decreased very slowly with time—see 
portion MP of the curve. This gradual decay of radiometer action with time when 


* In this figure deflections in the suction direction are shown by dotted lines. At the pressures 
of 30, 18 and 1 mm. of mercury, the actual movements of the vane, before coming to rest, are given. 
? ; : 2 
The high degree of damping at these pressures is thus illustrated. At the lower pressures only the 
; ; cee 
final mean position of the vane is indicated. ‘The damping decreased rapidly after about 1o-! mm. 
and was negligible at 10-° mm. 
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uum was constant occurred whether 
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light was continually on the vane and the vac 
the radiation was directed on the glass or on the platinized side; that is to say, the 
deflection apparently tended ultimately to become the true pressure deflection. 
This rate of decay was so extremely slow at pressures of 10-3 to r1o-* mm. that the 
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Figure 7. Illustrating radiometer action with light on glass surface, 
at gas pressures 1074 to 10-* mm. Hg. 
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igure 8. Illustrating radiometer action with light on platinized side at 
gas pressures from 107‘ to 107 mm, 


beeen earn: of radiometer action, which might be inferred 
r actua S Wi i 
vie cee observed. As will be seen later, the effect at higher vacua was 
eae the a being removed from the vane the vacuum was now brought 

out 10™ mm. by applying liquid air to the carbon-filled tube. Following 
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the change of vacuum the deflection quickly became a pressure effect, and the vane 
eventually oscillated regularly about a fixed mean position during prolonged applica- 
tion of liquid air. This is shown in the inset figure, where the new time scale is such 
that the distance between successive maxima is the period of the suspension (about 
53 sec.). Although denoted by straight lines for convenience, the oscillations were 
in fact simple harmonic, and the vibration is of the exact type given by equation 2, 
page 322. 

_ (2) A similar experiment was carried out with radiation incident upon the 
platinized side of the vane (see figure 8). In this case an initial deflection of 170 mm., 
produced by applying the radiation at a vacuum of ro-* mm., was reduced in 
25 minutes to a steady deflection of 80 mm. on the application of liquid air to the 
carbon-filled tube. The turning-points at this highest vacuum were regular during 
prolonged application of liquid air, as shown in inset figure 8, where all con- 
siderations mentioned above regarding inset figure 7 again apply. 

Radiation was next directed upon the glass and platinized sides respectively at a 
vacuum of 10-* mm. ‘Table 2 shows the observed deflections in millimetres of scale. 


Table 2 
Radiation on platinized side Radiation on glass side 
é ; | Deflection ; : Deflection 
Turning-points eran Zero Turning-points Frorarere 
| 

L. RL IU. IR 
54 203 75 228 87 70'5 
57 195 69 236 83°5 76 
56 195 69°5 237 82°5 77 
56 193°5 68-5 238 82:5 77°5 
56°5 193°5 68:5 


A study of the deflections shows that even at this high vacuum radiometer action 
existed initially to some extent. The quick growth (see page 327, line 18) is not here 
apparent, as it is masked by the relatively long period of the suspension, but the 
presence and the decay of radiometer action can be detected. On the platinized side 
the deflections diminish until they reach a steady value, i.e. on the platinized side the 
gas action exists initially as a pressure and gradually disappears. On the glass side 
the deflections rise until they reach a steady value, i.e. the radiometer action is an 
anti-pressure effect and gradually disappears. Ultimately the deflections have 
constant turning-points, the time of swing is constant, and the logarithmic decrement 
is negligible, i.e. in every way the oscillations conform to equation (2). 

It may be objected that even in these circumstances the entire absence of radio- 
meter action is not proved. Some constant gas action might conceivably be present 
in conjunction with the true radiation pressure. From radiation-pressure experi- 
ments with an aluminium vane, strong additional evidence was, however, forth- 
coming that when the vibrations of this aluminium vane conformed exactly to 
equation (2), radiometer action was entirely absent. It seems therefore reasonable to 
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he case of the glass suspension, gas 


oe 
assume that if the same equation is satisfied in t 


action has been completely eliminated. Ls. 
One further effect was observed. The final deflections on the platinized and 


glass sides were not equal, but the former were always less than the latter as 
illustrated in table 3. Incidentally this table also illustrates for various radiation- 
intensities the decay of radiometer action just described. 

The difference between the final deflections on the two sides is thus of the 
order of 16 per cent. The data given in the table were obtained during experiments 
upon the pressure of radiation described later*. The mean reflecting power (see 
table 8) on the platinized side of the vane was 67 per cent and upon the glass side 
6s per cent. It is therefore impossible to explain the recorded divergence between 
the final deflections on the basis of a divergence in the reflecting power on the 
two sides. Again, radiometer action, as has been shown, always tends to increase 
the deflection on the platinized side and to decrease that on the glass side. The 
divergence between the final deflections cannot, then, be put down to residual 
radiometer action unless, as seems very improbable, this changes sign at very low 
pressure. Incidentally there seems to be here further support for the view that 
radiometer action has vanished at these very low pressures. 


Table 3 

Platinized side Glass side 

Beam Deflections i Deflections 
First Final First Final 
I 48:0 | 37°6 34°1 44°2 
2 781 | 65°4 72°9 772 
3 96°1 88-2 Q3°2 102°7 
4 118-0 112°6 123°2 126°6 
5 T3210 116°7 132°2 I140°2 
6 155°5 | 150°6 160-2 170°6 


The suggestion is put forward that the effect may be due to the fact that the 

radiation absorbed by the film (some 35 per cent of the incident radiation) is re- 
radiated on one side through glass and on the other through a vacuum. 
Assuming that this absorbed energy is reradiated on the glass and vacuum sides 
in the ratio of «?: 1, taking a tentative value of mu as 15, and assuming also that 
this reradiated energy is not absorbed by the glass, we find that the correction for 
the reaction on the vane due to reradiation reduces the disparity between the de- 
flections from some 16 per cent to about 5 per cent, while leaving the final mean 
value unaltered. 

Figure 9 shows in a very general manner, and not to scale, the deflections of 
the Suspension when the radiation was kept permanently on the vane as pumpin 
continued. It will be noticed that at a pressure of a few millimetres of sel 


A second at e € vane W se for these later experiments. Data relatin to this 
pla INn1Z d glass an as u d h g 
Suspension are given, im connection with the radiation pressure work, on p. 338. 
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the deflections for both the glass and the platinized surfaces are approximately 
equal to the true radiation deflection. These curves were taken for three different 
radiation-intensities and are of interest in that they appear to corroborate Nichols 
and Hull’s observation that, with a gas pressure in the vicinity of a few millimetres 
of mercury, the resultant of combined gas actions has so small a value that the 
deflection of the vane is of the same order as the true radiation deflection. Owing 
to the rapid change of vacuum obtaining in these experiments, it must be emphasized 
that no deductions other than that just mentioned can be made with regard to 
gas action. 
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Figure 9. (a) Platinized surface. (b) Glass surface. Variation of deflections with 
‘ the light continuously on the vane as pumping continued. 


Summary. The experiments already described are typical of a large number 
conducted with silvered and platinized glass vanes. In every case the following 
general results were established : 

(a) At a pressure of a few millimetres of mercury the deflections on both the 
glass and the platinized sides were of the order of those registered at the highest 
vacuum obtained. (5) At pressures of about ro-? mm. large gas effects developed 
and were apparent as a suction on the glass side and as a pressure on the platinized 
side. If D, denote the deflection due to radiation pressure, D,, the deflection due 
to gas action and D the resultant deflection, then Dp; + Dp = D where Dz is 
negative for the glass surface and positive for the platinized surface. (c) Dp took 
time to develop, reached a maximum and then tended to die away very slowly. 
(d) The higher the vacuum the less was the gas action, and Dz eventually became 
less than Dp. When this occurred D was positive on both surfaces. (e) Ata vacuum 
of the order of 10-* mm., when D, was very small no initial growth of gas action 
was apparent, but the much slower decay was easily observed. ‘The mean value of 
the final steady deflections was now taken to give the true radiation pressure. 
(f) The final steady deflection on the glass side was always greater than that on 
the platinized side. 

Experiments with the glass vane blackened on one side. In the case of this vane the 
flask was heated to 360° C. during pumping, and the carbon tube was immersed 
in liquid air for a long time prior to the application of the radiation. Even with 
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these precautions there was a large amount of residual gas action, shown by the 
fact that the initial deflection on the glass side was very much smaller than that 
on the blackened side, and the deflections only became equal after an appreciable 


time interval. Typical data are as follows: 


Table 4. (Light continuously on the vane) 


| Initial deflections Final deflections 
Glass side 27 42 
Blackened side 64 42 


The state of steady vibration about the final mean position 42 was reached 
after 10 oscillations in each case. 

It was further noticed in this experiment that if the light was removed after a 
steady deflection had been attained the vane did not at once take up its zero 
position, There always appeared to be a slight residual suction effect when the 
light had been incident upon the blackened side and a slight residual pressure 
effect when the radiation had been falling upon the glass surface. These deflections 
gradually died away as is shown in the following typical table. 


Table 5 
Steady-pressure / Residual deflections after 
deflection removals of light ! 
Glass surface a5 (Pressure) 5°5, 2°5, I°5, 170 
Blackened surface 42 (Suction) 9:0, 5°5, 3°5 


The above table shows that with residual radiometer action the vane does not 
at once take up the original zero when the radiation is removed. 

The time interval separating the consecutive deflections given in the third 
column was about 51 sec., the period of the suspension. It may be said that, 
with this vane, gas action was in every way similar to, but very much larger than, 
that with the platinized vane. ; 

Experiments with the aluminium vane. When the vacuum was of the order of 
T o~* mm. the vane assumed its final condition of steady vibration directly the beam of 
light was allowed to fall upon it (compare the residual gas effects with glass vanes 
already mentioned) and fell to vibration about its original zero immediately the 
light was removed. 

In Table 6 are given deflectional observations in millimetres of scale with 
beams of different intensities with a vacuum of about ro-® mm. pressure. 


; These observations illustrate the steadiness of the zero and also of the turning- 
points. 
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: When the vacuum was inferior the deflection of the vane did not at once assume 
its final value, and the zero wandered. 


Table 6 
Zeros 
Seree : 
Beam Before After Wiscee ee Deflection 
deflection deflection ; 
Left Left Left Right To the right 
I 43°5 44 79:5 ORR 5o:5 33°2 
79°5 58:5 
II 43°7 43°7 85 0 80 40°8 
‘ 86°5 80 
III 43°7 43°7 TOO ROS 49°4 
69:6 81 
Lv 43°7 43°4 775.00 110 59°9 
TTA IIO 
Mu 43°4 43°4 75 sO aero hee 
o75 43°4 
17°5 43°2 


General remarks on the observed effects. Since the platinum film reflected 
65 per cent only of the incident light while producing practically no scattering, it 
absorbed 35 per cent of the radiation falling upon it. The glass plate was found 
experimentally to absorb about 4 per cent of the incident light. ‘The mass of the 
platinum film was roughly one-fifth of that of the glass plate. ‘The specific heat of 
the film (assuming this constant to be the same for the sputtered material as for 
the substance in bulk) was 0-03, that of the glass 0-2. Hence the thermal capacity 
of the platinum film was much less than that of the glass plate. It follows that the 
film always rose to a higher temperature than the glass plate, whether the light 
fell upon the glass or upon the platinized surface of the vane. Calculation showed 
that the temperature-difference between the surfaces was of the order Oly O- Ty Gs 
In accordance with the usual explanation* the velocity of recoil of the molecules 
meeting the hotter surface must be greater than the velocity of approach. This 
gives rise to a pressure on the heated surface, and strictly speaking this pressure 
only is referred to as ‘radiometer action.” ‘Thus, radiometer action will always 
be a pressure on the platinized surface of the vane, whether the radiation is incident 
upon the platinized surface or upon the glass surface. Consequently the radiometer 
effect will be in the same direction as the radiation pressure when the light is 
incident upon the platinum film, and in the opposite direction when it falls on 
the glass side; i.e. there will apparently be a pressure effect in the former case 
and a suction effect in the latter. 

At the higher gas pressures it is probable that convection is an important factor. 
Reference to figure 6 shows that the total gas action reaches a maximum at pressures 
of ro-2 to 10-2 mm., and from the directions of the deflections it looks as though 


* Poynting, Heat, pp. 150, 151 (1922). 


334 Mary Bell and S. E. Green 


radjometer action had now become the only gas effect. The very large value at 
these pressures may possibly be connected with the fact that the mean free path 
of the residual gas molecules is now of the same order as the dimensions of the 
vane. Obviously radiometer action must become negligible at a sufficiently high 
vacuum. 

In his discussion of radiometer action, Poynting* states that over the surface 
of the vane the extra pressure produced by the heated molecules would be quickly 
compensated by an adjustment of density of the gas, but that the compensation 
is not complete at the edge of the vane, so that persistent radiometer action is really 
an edge effect. Experiment showed that at pressures of 10-* to 1o-* mm. radio- 
meter action died away extremely slowly, though it decayed quickly at lower 
pressures, possibly owing to the greater mobility of the gas. All the experiments 
recorded, however, were performed with vanes not materially differing in size or 
shape and with air or oxygen as the residual gas. Thus the results given apply 
only to these particular conditions and throw no light on the existence of a possible 
edge effect, or on the influence of the nature of the residual gas. If it were possible 
to assume that the density compensation at the surface of the vane mentioned by 
Poynting proceeded very slowly at 10-? to 10-4 mm. and more quickly at 1o-* mm., 
the gradual fall in deflections on the platinized side and the gradual rise on the 
glass side until the steady state was attained, and also the lag in returning to the 
true zero, when the radiation was removed, could be explained without reference 
to an edge effect. In any case it is probable that the lag effects observed are con- 
nected with the time taken for the entire system to acquire the thermal steady state. 

There was found to be an absence of regular gas effects with the aluminium 
vane. Such effects as were present were very small, had a maximum value at about 
10- mm., and had entirely ceased at a pressure of 10-* mm. This was to be antici- 
pated in view of the high thermal conductivity and thinness of the vane. The two 
surfaces of the latter would be at practically the same temperature, so that no 
perceptible gas action could arise. Miss Golsen also found maximum radiometer 
effects at a pressure of about ro-? mm. and states that at a pressure of 1o-§ mm. 
radiometer action ceased with a metal vane. 

All the vanes were heated to 300° C. in a vacuum before being mounted in 
the flask. For this reason, and also because the radiometer effects were extremely 
regular, it is unlikely that they can have been in any way due to escape of gas 
from the surfaces of the vanes during the experiments. All the results mentioned 
were perfectly definite and reproducible. 


§3. DETERMINATION OF THE PRESSURE OF RADIATION AND THE 
COMPARISON OF THIS PRESSURE WITH THE ENERGY-DENSITY 


Apparatus and general procedure. For these measurements the apparatus em- 
ployed consisted of the following: (1) a light vane of glass or metal suspended in 
an exhausted flask; (2) an optical system comprising a gas-filled Osram lamp and 


* Poynting, Heat, 150, 151 (1922). 
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suitable lenses so arranged that the radiation from the lamp could be directed upon 
either of the surfaces of the vane; and (3) a Callendar cup radio-balance* to measure 
the intensity of the beam and the reflection coefficient of the vane. 

The arrangement of the apparatus and the procedure followed in the evacuation 
of the system were the same as in the investigation of radiometer action (see figures 
I, 2 and 3) with the two exceptions that the Gaede mercury pump was eventually 
replaced by a mercury diffusion pump backed by the Gaede pump, and that, with 
the object of improving the vacuum, the carbon tube and flask were heated to 
higher temperatures during evacuation. A good vacuum was obtained when flask 
and tube were heated to 360° C. for eight hours or more during pumping; the 
temperature of flask and carbon tube were then slowly reduced to normal while 
pumping continued. Taps 7,, T, and 73, figure 2, were then closed in order, and 
the furnace was removed. An asbestos case was placed round the flask, and when 
the vane had lost the extraneous motions produced by these operations the carbon 
tube was surrounded by liquid air and observations were taken. In the earlier 
experiments the flask was sealed off from the exhausting apparatus by means of 
an electric furnace surrounding the arm M, figure 2. This operation appeared, 
however, to be unsatisfactory, for two reasons. In the first place gas was emitted 
from the red-hot glass and thus the vacuum was impaired, and secondly great risk 
was involved of spoiling the experiment by some accident. Specially prepared 
tap grease was used for T,, figure 2. From the excellence of the vacua obtained 
after the carbon tube had been surrounded by liquid air, it was obvious that the 
vapour pressure of the grease had a negligible effect. A further great advantage 
of this arrangement was that a series of evacuations could be performed without 
disturbing the flask and the suspended system within it. The vanes used were 
heated to 360° C. in a vacuum before being mounted in the flask. 

In adjusting the position of the suspension within the flask two conditions 
had to be satisfied. The vane had to lie at right angles to the direction of the beam, 
and at an elevation within the flask such that no radiation was reflected back from 
the flask surface to the vane. The image produced by the flask of the focused spot 
on the vane was readily seen within the flask, and the vane was so adjusted that 
this image fell just below it. After the necessary adjustments had been carried 
out by means of the collar in the neck of the flask the latter was sealed to the 
exhausting apparatus. 

For some experiments the quartz fibres employed were made by the bow-and- 
arrow method; but the more delicate ones were drawn out by means of an oxy- 
hydrogen blowpipe by a method shown to the authors by Dr W. F. G. Swann. 
These very delicate fibres showed colour in sunlight. The finest ones, of a blue 
colour, were not strong enough to support the suspension. ‘Those exhibiting a red 
colour were used. The fibres were attached to suspension and collar by a fine 
carbon layer by the method already described. 

The 1000-watt filament lamp used as the source of light was connected to a 
steady 110-volt supply, the potential-drop across the lamp being maintained con- 


* Proc. Phys. Soc. 23, 15 (1910). 
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stant by means of a resistance in circul 


steady over long periods. : 
Calculation of the radiation pressure. ‘The following system of symbols is em- 


ployed: 
m is the reflecting power of the vane; 


t. The lamp was found to remain very 


P the required pressure of the radiation; 

A the area of the spot of light on the vane; 

y the arm at which the radiation pressure acts ; 

c the fibre constant, i.e. the couple necessary to turn the suspension through 
unit angle ; 

@ the mean angular deflection of the vane; 

T the periodic time of the suspended system; and 

I the moment of inertia of the suspension (vane and concave mirror). 


The pressure of the beam was deduced from the relations 
(1-+m)PAr=cé and T=27 J: cae (5) and (6), 


_ a 4n*Id 
(1+m)rA  TxA(1+m)2D 7" 


which give 


(7) and (8), 


where d and D denote respectively the scale deflection and the distance between 
the scale and the mirror on the stem of the suspension. Correction of the value 
of d/2D to give the true angular displacement of the suspension was in most cases 
too small to justify application. For the same reason, correction for the fact that, 
in the displaced orientations of the vanes, the radiation was not quite normally 
incident could in general be disregarded. 
The lens system was so arranged that the ends and two edges of the vane could 
be made tangents (see figure 4) to the focused image of the aperture of lens B, 
figure 3. Thus from the known dimensions of the vane the area of the image 
(A above) and the arm r at which the light-pressure acts could be calculated from 
the relations 
A = w ($b)? and r=3(1—b) —.w.... (9) and (10), 

where / and 6 denote respectively the length and depth of the vane. 
In some cases the area of the spot was deduced from the aperture of the photo- 
vine lens B, figure 3; and the appropriate constants of the optical system. The 
oe oe vane i well as for both surfaces. 
flection coefficient of the veers f ety ; Liat Seon ey. 
incident and reflected intensities beta eeen ; eee puree a 
The optical arrangement employed for the Lays ee i ‘ shag cs 
was similar to that adopted by Nichols ie Hull i i Fs : ae ce. a 
in figure ro, In this diagram M is ac y pete FE eR 
: oncave mirror, RB the radio-balance and 


“ie Moi: : 
The method of deriving the radiation-intensities is indicated on p. 338. 
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V the vane fixed in an upright at the centre of the turntable 7, The full line 
indicates the path of the radiation when directly incident upon the concave mirror 
and radio-balance, and the dotted line the direction of the beam when reflection 
takes place at the surface of the vane. 


Figure 10. Indicating the method of measuring the reflecting powers of the vanes. 


The procedure was first of all to cast a sharply focused spot of light on to the 
vane by means of the projection system used in the deflectional observations. An 
image of this spot of light was cast on to the radio-balance by placing the concave 
mirror and balance in position a, figure 10. In this position reflected radiation- 
intensities were measured. The incident intensities were determined after removal 
of the vane and rotation of the turntable into position b. The diameter of the spot 
of light used was varied, as required, by the use of a series of different apertures 
for the photographic lens B, figure 3. In preliminary experiments on reflecting 
power a number of types of thermopile were tried. Owing to the large uncer- 
tainties in the results arising from parasitic effects in the thermocouple circuits, 
it was necessary eventually to abandon the thermopile as the measuring instrument 
in favour of the radio-balance, which gave unambiguous and_ reproducible 
readings. 

Since the vane was used in a vacuum, while the reflecting power was measured 
in the air of the laboratory, the assumption is involved that the reflection co- 
efficient would not be substantially different in the two cases. 

Measurement of the energy-density of the radiation. In determining the energy- 
density of the beam, previous investigators have had recourse to the indirect method 
of measuring the heat absorbed when the radiation was incident upon a given mass 
of a substance of known specific heat. Over such methods, which involved long 
experiments and complicated apparatus, the use of a Callendar radio-balance carried 
the great advantage that measurements could thereby be rapidly made to give the 
intensity of the radiation directly in watts per square centimetre. ‘The latter was 


deduced from the relation 

aH =2PC+(D-—D)/s weve (11); 
in which a is the area of the balance cups, H the intensity of the beam, P the 
Peltier coefficient of the thermocouple junctions at the temperature indicated by 
a thermometer mounted in the instrument, C the neutralizing current and s the 
sensitivity of the galvanometer. D and D’ denote the small deflections of the 
galvanometer obtaining when the radiation falls into the balance cups in turn. 
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The term containing these deflections in the above expression constitutes a small 


correction. 


If al be the value in watts of the energy received per second by the balance, | 


the energy-density of the radiation is 
1H x 10- erg/cm? 


The spot of light focused on the radio-balance, being of the same size as that 
on the vane during the deflectional observations, was considerably larger in dia- 
meter than the balance apertures. The mean was therefore taken of a number of 
readings for different portions of the spot. Similar considerations applied to the 
determinations of the reflection coefficient of the vane. 

For the evaluation of the intensity of the radiation falling upon the vane the 
radio-balance results required correction to allow for the energy loss due to the 
flask. The determination of this correction is considered later. 

Measurements with a platinized glass vane. A series of determinations were 
made with a glass vane platinized on one side. The vane was exactly similar to 
that used in the later parts of the investigation of radiometer action (see page 329). 

Specimen data and calculations involved in one typical determination of the 
radiation pressure with this vane are as shown in tables 7 and 8, and below. 

When measuring the reflecting power of the vane, a large number of readings 
were taken, as the results varied to a considerable extent and the reflection co- 
efficient constituted a large correction in evaluating the radiation pressure. A rather 
small spot of light was used in these determinations. The data given below show 
that the reflecting power was fairly constant over the right-hand side of the platinized 
surface and both sides of the glass surface, but varied over the remaining part of 


the platinized surface. Some of the figures given in table 8 were mean values taken 
from several readings. 


Table 7. Deflections (mm.) of vane under the influence of the radiation 
(Scale distance D = 110-7 cm.) 


ie Left-hand-side Right-hand-side ) 
Beam incident turning-points | Deflection turning-points Deflection 
upon - ——— | from zero - —— - from zero 
i Left Right Left Right ) 
Platinized 181'5 x ey haa § Sry ee aera 
§ Sa. 7 G4 203 : 
surface 154 24°5 64°7 57 195 a 
150 26°5. |<) -Garqromfieegteg 195 60°5 
ie 255 | So 56°5 1935 G85 
: 27 2°2 56:5 193° 68: 
% I51°5 27 ' 62:2 2 : 
ass 228'5 o 8% 70°7 18 o 168: : 
5 2 
surface 236°5 83°5 76°5 18-5 169°5 75-5 
237°5 82°5 77°5 17°5 170°5 76°5 
af Eb | eles aoe 
ae 125 Te) 6: . . 
238 82. Lee es an Lie 
Mean deflection on platinized side 65°4 
Mean deflection on glass side i ae 
Final mean 713 


EE Se ee re 
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Table 8. Reflecting power (per cent) 


Platinized surface Glass surface 
Left-hand side Right-hand side | Left-hand side | Right-hand side 

68-0 726 64:2 63°8 

62:2 71°4 64°2 67°7 | 
BS 70°6 63:2 66:6 

58:0 70°0 62°1 65°6 

63°7 69°6 65°4 67°3 

67°5 69-0 

64°3 70'8 

62:2 414 

aa 134 

Mean values: poe 

62:9 70°7 63°8 66:2 | 


Final mean value of reflecting power 65:9 


Calculation of the light-pressure: 
. 2 
Area of the spot, 7 (732°7 ) cm? 


Period of the suspension, 67:2 sec. 
Deflection, 71-3 mm. 

Arm, 0-933 cm. 

Moment of inertia of suspension, 0:1485 cm? 
Scale distance, 1107 mm. 

Reflecting power of vane, 659 per cent. 

Hence from relation (8) on p. 336, 

P=2o0'1 10° dyne/em? 

Measurement of the energy-density of the beam. After each deflectional observa- 
tion the optical system was turned so as to direct the radiation upon the radio- 
balance, and a series of energy-determinations were carried out. On the completion 
of these sets of experiments the reflection coefficient of the vane and the energy- 
loss due to the glass of the flask were measured. The latter was found by allowing 
the radiation to fall upon the radio-balance (a) directly and (6) through the flask. 
A number of readings for the energy received by the balance were taken, and it 
was found that the mean value of the loss due to the two sides of the flask was 
21°8 per cent, giving for one side 11-6 per cent*. 

The mean value of the energy falling per second upon the radio-balance 
apertures of area a when the radiation was directly incident was 2213 pW. Re- 
ducing this by 11-6 per cent we have 1956.W. as the value of the energy falling 

* Tests conducted with the flask (a) exhausted to about o°1 mm. and () containing air at 
atmospheric pressure gave no systematic divergence in results. Thus any effect due to the 
presence of air between the flask surfaces must, if existent at all, have been small. This justified 


the later adoption of the more direct method of determining the energy density subsequently 
described. 
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34° 
cm? Thus the energy-density of the beam 


on the vane per second per 0:03467 
fie 
exerting a pressure of 20-1 x ro ® dyne/cm«, Le. 


18-8 « 10-8 erg./cm? 


Since the flask was large and the light entered practically normally at the 
equator, no appreciable distortion effect due to the transmission through the flask 
could be observed. In later experiments any possible distortion was automatically 
corrected by taking all the energy-determinations after the pressure-deflections. 
The piece of glass through which the light had passed was cut from the flask and 
placed in front of the radio-balance at exactly the same distance as it had been from 
the vane. Thus the optical conditions obtaining during the energy-determinations 
reproduced exactly those of the deflectional observations. All subsequent deter- 
minations by this more accurate method with flasks similar to the one referred to 
above gave an energy-loss due to the flask of about g per cent. It therefore seems 
reasonable to suppose that the result, 11-6 per cent, was about 3 per cent too high. 
This may in part account for the fact that in this experiment (see figure 11) the 
energy-density was always less than the pressure. 

Further determinations with the platinized glass vane. A series of similar measure- 
ments were made with this suspension. Various values of light-pressure and corre- 
sponding energy-density of beam were obtained by placing the lamp in different 
positions relative to the rest of the optical system. The mean values of the deflections 
on the platinized and glass surfaces are given in table g. 


Table 9. Deflections (mm.) of the vane under the influence of the radiation 


Beam Platinized surface Glass surface Mean 
I 37°6 44°2 40°9 
2 65°4 772 rh aK: 
3 88-2 ) 102°7 95°5 
4 112°6 126°6 119°6 
5 150°6 170°6 160°6 


— ——_—— 


Corresponding energy determinations are as follows: 


Table 10. Radiation-intensities (W. x 10-5 per 0:03467* cm?) 
with beam directly incident upon balance 


Beam I 2 3 4 5 | 
Intensity 124 231 309 i } 363 ve Sol | 
121 221 305 t 374 | $15 . 
126 207 | 295 365 / 487 | 

133 221 299 368 | 496 

—) as | 226 912 376 501 

Mean 126 221 304 369 | 500 
Less 11°6 % 1 195 / 269 | 326 442 i 


* Aperture of radio-balance cups. 
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The value (11-6 per cent) of the correction for the loss due to the flask which 
is mentioned both in the above table and in the earlier specimen calculation was 
the mean figure deduced from experiments with a variety of radiation-intensities. 
Experiments with a mica vane. A set of similar experiments were conducted 
with a mica vane platinized on one side. 
The final results deduced with the glass and mica vanes are plotted in figure 11. 
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Figure 11. Results obtained using glass and mica vanes. 
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Later determinations with metal vanes. For various reasons the results given 
above for the platinized vanes were not considered to show the highest degree of 
accuracy obtainable by this direct method. 'They did however demonstrate that 
radiation pressure could be measured by it, and that therefore the experiment 
devised by Prof. Callendar could be proceeded with. ‘This had been originally the 
fundamental issue. In the meantime, however, the errors occurring in Nichols 
and Hull’s calculations had been noticed; it therefore seemed worth while to use 
the experience already gained to attempt more accurate measurements of pressure 
and energy values. 

In this new experiment the material of the vane was aluminium. This metal 
was selected for its lightness and high thermal conductivity, and for the fact that 
it was already known that with a vane of this material radiometer action had entirely 
disappeared at a vacuum of 10~* mm. of mercury. Various further points had to 
be considered. Since the pressure to be measured was extremely small, it was 
essential that a delicate fibre be used. Again, an important point was to find a 
workable value for the period of the suspension. If the period is too long, not 
only do the observations become tedious but the source of light may vary during 
the experiment. It was found that the end points could be accurately read and 
other conditions satisfied when the period was about one minute. The sensitivity 
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of the suspension could not profitably be raised by increasing the length of the 
vane, and with it the arm 7, since to do so would unduly increase the moment of 
snertia and hence the time of swing. The experimental setting of the spot into the 
correct position might appear to be one of the most doubtful features of the work, 
but an examination of tables 11 and 13, which give readings by different observers, 
will show that this setting can be made with an accuracy not inferior to that 
obtained in other parts of the experiment. 

Determinations with an aluminium vane. The series of observations conducted 
with an aluminium vane were carried out in a manner similar to that adopted in 
the cases of the non-metallic vanes previously described. Typical readings for the 
deflection of the suspension under the action of the radiation pressure are given 


in table 11. 


Table 11. Deflection of the suspension (mm.) 


Zero positions *Turning-points with radiation on 
Before After left-hand side right-hand side | Deflection 
deflection | deflection of vane of vane ) 
Radiation-intensity I ) 
6:0 AD 5635 Ais Oo 37°0 © 195°0 68-9 
75°55 40°0 © 36°5 0 19775 / 
754 39°8 o 37°95 © 197°5 | | 
ee oie) 800 39°70 oO ea5 G S075 69°1 
yiokis. (gtaus. Ke 38:0 0 198-0 
78:0 38:0 o 38:0 0 1980 / 
78:8 38:5 0 
7:0 a5 69:0 50°0 o 46-0 0 203°0 67-0 
68-0 49-0 46-0 202°0 
67-8 48:5 o 46-0 202°0 / 
7°5 75 78:0 40°5 0 © 60:0 965 | 68-8 
780 41°0 6070 = 970 ) 
7-0 — tipie Este ie" © 50°O 103°4 68-1 
© 50°O 10374 
Radiation-intensity 2 | 
6°5 om 106'0 37°5 0 o 63:5 Ira 78:8 
LO5°5. 3775 64:0 11370 | 
208'0 0 67:0 © 46:0 132°0 | 80-0 / 
208°5 67-0 46°0 1323 / 
130°5 12°0 0 © JOO 106°5 79°7 
, 130°5 1250 G 7O°O 1070 ) 
Te 6-7 LSS OP TESS © 67:0 I10‘0 | 8o-2 
132°O II's 67-0 I10°0 / 


For the above and other intensities of radiation employed, the steadiness of 


the zeros of the suspension and the constancy of the amplitude of swing showed 
that gas action had been eliminated. 


It Bt be remembered, that, with a fixed incident beam, while the mean deflection is 
constant, the amplitude of swing about this mean position varies with the velocity and position of 


the vane obtaining when the light was applied (see page 322). The amplitude, when once assumed, 
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With this vane two experiments were performed by evacuating the system 


twice, all conditions with the exception of the distance of the scale from the mirror 
being exactly reproduced. 


A summary of the deflections and the energy-density values is given in table 12. 


Table 12 


Energy-density Deflection of vane 
(erg/cm3) (mm.) 


Evacuation 1. Scale distance 102 cm. 


1222 TOme 68-4 
14°5 79°6 
21°6 116-2 
30°! | 166°3 


Evacuation 2. Scale distance 123 cm. 


10°8 X 10-8 720 
15°4 102°I 
24°0 | 160°7 
36:2 | 243'8 


Unfortunately the surface of the aluminium changed during the determinations 
of the deflections of the vane, owing perhaps to the high temperature to which 
the metal was subjected or to the presence of a trace of mercury during the evacua- 
tion. Light on leaving the vane was found to be so scattered that the reflection 
coefhcient could not be measured accurately. As nearly as could be estimated the 
value came to 42 per cent. With this value it was found that the calculated values 
for pressure and energy-density of radiation differed consistently by about 12 per 
cent. ‘he pressures plotted against the energy values are given in figure 12. It 
will be seen that the results for the two evacuations lie closely on the same straight 
line, which on production passes through the origin. The fact that the ratio of 
calculated pressure to energy-density of radiation, while differing appreciably from 
unity, was thus constant both for varying intensities of radiation and for two 
independent evacuations, may be regarded as affording conclusive evidence of the 
absence of radiometer action. This is further supported by the regularity of the 
turning-points and zeros of the suspension illustrated in table 11*. It may 
be remarked here that with the platinized glass surface there was practically no 
scattering, so that as far as optical properties were concerned it was found to be 
greatly superior to all metal vanes—with the possible exception of the alloy vane 
used later. 

Determinations with an alloy vane. Since the surface of the aluminium vane was 
found to be unsatisfactory, tests were made as to the suitability of other metals 
for the vane material. The metal finally adopted was an alloy consisting largely of 

* Thus while it was not possible to deduce the absolute value of the pressure of radiation, the 
observations taken with the aluminium vane were of great interest for two reasons. They showed 


conclusively that radiation pressure is proportional to the energy-density, and also that radiometer 
action can be completely eliminated with a metal vane. 
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copper and nickel. Tests using high magnetic field-strengths showed that the 
magnetic properties of this material were no more pronounced than those of such 
substances as glass and copper. Further, after the erection of the apparatus had 
been completed the periodic time of the suspension was found to be unaffected 
by a strong magnetic field. It was therefore justifiable to assume that the deflec- 
tions of the vane would be unaffected by a slight variation in the magnetic field of 


the laboratory, if such occurred. 
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Figure. 12. Results obtained with aluminium vane. 


Observations (1): evaluation of radiation pressure. Data relating to the sus- 
_ pension: 


Linear dimensions of the vane: length 21-93 mm., depth 11-02 mm. 
Moment of inertia of suspension, 0-0903 gm.-cm? 

Periodic time of suspension, 67-6 sec. 

Scale distance, 104°3 cm. 


Determinations were made of the deflections produced with the radiation in- 
cident upon all four end faces of the vane in turn. In this experiment there was 
found to be a slight regular drift of zero having a period of about 40 minutes. 
This was very persistent, lasting over several days, and probably arose from 
pendulum motions of the suspension. By taking the deflectional readings durin 
iv intervals of maximum displacement of the zero, i.e. when the rate of “ie 
i Koay oe a minimum, the effect of the periodic wandering was practically 

In the case of the majority of the observations given in table 13 the beam was 
quickly turned from one end of the vane to the other without an intermediate 
checking of the zero. The double deflection was thus directly observed. 


ee 
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Table 13. Deflectional data (mm.) 


Deflections when beam was directed on Z 
Beam left-hand surface right-hand surface Final mean 
of vane of vane 

t 442 46°9 
45°5 45°7 
448 45°6 
44°3 45°7 
44°6 — 
44°1 = 

Mean 44°4 46:0 45°2 
2 64°7 64:8 
64:6 66:0 
65°1 63°4 
62°4 65°0 
64°8 66-7 
66:2 65°8 

Mean 64:6 65°3 65:0 
3 84:4 [op axe) 
85°6 85:6 
| 82°7 — 

Mean 84:2 88-4 86°3 


There is a rather large discrepancy in the results for the last series. This is 
probably due to the fact that with a beam of such a high intensity the accurate 
setting of the spot presented some difficulty. 

Reflecting power of the vane. ‘Two of the reasons for using this material were 
that it took a high polish and that it possessed considerable rigidity in thin layers, 
so that when once flattened the vane surfaces were not easily impaired. Moreover 
the material reflected light regularly with very little scattering, and was unaffected 
by the preliminary heating of the flask. Determinations of the reflection coefficient 
of the vane, made after the main experiment by means of the radio-balance, gave 
the results shown in table 14. 


Table 14. Reflecting power of the vane (per cent) 


Left-hand side Right-hand side 

Front end Rear end Front end Rear end Mean 
76°77; 66°3 62:2 62°8 65°5 
65°4 66-6 62°7 64°4 64'8 
67°3 64°4. 63°0 67:6 65°6 
67°7 65°3 616 63°9 64°6 
69°1 65°5 61°4 63°1 64'8 

Final mean 65:0 


23-2 
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Observations (2): measurement of the intensity of the radiation. ‘These determina- 
tions were carried out on the completion of the deflectional observations in the 
manner which obviated the necessity for a separate evaluation of the energy loss due 
to the flask. In dismantling the latter the two portions of the flask surface, one on each 
side which had been traversed by the radiation, were cut out. These pieces were in 
turn placed in front of the radio-balance, at a distance approximately equal to the 
radius of the flask, while the intensity of the radiation was being measured. 


Table 15. Intensity of radiation: radio-balance readings (uW. per 0°03467* cm*) 


| Portion of flask interposed 
Beam | ; Mean 
Left-hand side Right-hand side 

I 2128 2099 2118 

2UEF 2126 | 

ZI 37 2104 | 
2 3135 3130 3139 

3150 3164 

3125 3128 . 
3 4375 4308 4332 

4374 4273 


* Aperture of radio-balance cups. 


Some difficulty was generally experienced in setting the vane at right angles 
to the axis of the optical system. When the fibre was delicate the ultimate position 
of equilibrium of the suspension could be ascertained only after evacuation of the 
flask. Moreover a slight displacement was apt to occur when the flask was fused 
on to the exhausting-apparatus. Sometimes this could be corrected by letting in 
air, softening one of the connecting tubes, and turning the flask. In this particular 
experiment the vane was found to set ultimately in a plane deviating by about 15° 
from the required position. The obliquity of the light converts the relation (12), 
giving the radiation pressure, into the form 


(1 +m) PAr’ cos d = c6, 


in which if l and 6 represent the length and depth respectively of the vane, the 
arm 7’ at which the resultant force operates is given by 


$ (1 — bsec ¢), 


where 4 is the angle of incidence of the radiation. The cross-sectional area of the 
beam is calculated as before from relation (9). The value of cos ¢ derived from the 
directions of the optic axis of the system and the normal to the concave mirror 
was found to be 0-962. The total correction involved raised the pressure by 
8 per cent.t It should be pointed out that this value is a little ambiguous in that 
it would have been modified by any slight deviation from parallelism between the 


+ These figures correspond to the zero orientation of the vane. The total correction factor for 


this position agrees with the 
mean of the factors for the displ iti i i 
placed positions, in the ca 
beam, to about one or two parts in a thousand. Pp ee ee 
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plane of the vane and the normal to the concave mirror, the adjustment of which 
was only done by eye estimation. Any such deviation would not however have 
affected previous measurements with the other vanes, in which cases the light was 
incident normally. 


The results finally derived by the use of the alloy vane are as in table 16. 


Table 16 
Beam Pressure Energy-density : | Difference 
(dyne/cm?) (erg/cm?) | (per cent) 
I 21°2 x 107-8 20°4 X 1078 | - hie 
II 30°5 30°2 | Spal 
Hil 40°6 Al; | = 3 


Distribution of energy in the spectrum. The distribution of energy in the spectrum 
of the radiation falling upon the various vanes is indicated in figure 13, in which 
the energy is given in arbitrary units. The curve was derived by means of a 
Hilger constant-deviation infra-red spectrometer provided with a rock-salt prism. 
A sharply focused image of suitable size was cast upon the slit by means of the 
optical projection system used for observation of the radiation pressure. To allow 
for any selective absorption due to the glass of the flask a piece of the flask used 


20 i 


Energy (arbitrary units) 


1-0 20 3:0 4:0 
Wave-length (w) 


Figure 13. Distribution of energy in the spectrum of the radiation employed. 


in the case of the alloy vane was inserted in the path of the beam in front of the 
spectrometer slit. The filament-brilliancy was the same as in the pressure experi- 
ments with the alloy vane. Since the lamp voltage adopted in the case of each of 
the vanes used was in the vicinity of 100, the curve given may be taken as repre- 
sentative of the quality of the radiation obtaining throughout the whole series of 
measurements. It will be seen that the wave-length for which the energy is a 
maximum is in the neighbourhood of 1-2, while the bulk of the incident energy 
arises from the wave band 0:5 to 2:2. 

The method of varying the intensity of the radiation as required by altering 
the position of the lamp relatively to the rest of the optical system while main- 
taining the filament at constant brilliancy preserved the distribution of energy in 
the spectrum during the pressure and energy-measurements with any given sus- 


348 Mary Bell and S. E. Green 


pension. Similarly the determination of the reflecting power of the vanes eee 
the lamp voltages at the values obtaining during the deflectional readings avoide 
errors which might arise from the possible variation of reflection coefficients with 
the quality of the radiation. ; 

Comparison of present experiments with those of previous observers. In comparing 
the experiments described with those conducted by earlier investigators, we must 
first direct attention to the work carried out by Nichols and Hull, whose results have 
hitherto been regarded as conclusive. The methods of measurement which they 
followed were in general considerably more complicated than those adopted in the 
present experiments. For example their calorimetric method of determining the 
radiation-intensity by measuring the rise of temperature produced in a metal disc 
entailed experiments which were indirect and lengthy in comparison with the use of 
a Callendar radio-balance for the same purpose. A further complication arose from 
the fact that Nichols and Hull’s source of light was an arc lamp, difficult to keep 
steady for any length of time. This involved the introduction of an auxiliary 
bolometer by means of which the displacements of the suspension could be reduced 
to those which would be given by a lamp of standard intensity. Incidentally this 
correction, which in some cases was of the order of 50 per cent, involved the 
assumption that the radiation pressure was directly proportional to the intensity 
of the beam. 

Since the radiation was directed upon the vane for only six seconds, it was 
necessary to reduce both the apparent intensity of the beam, as determined by the 
bolometer, and the deflection of the vane to the values which would obtain under 
static conditions. The reduction necessary in the former case was determined 
experimentally and involved a correction factor of some 50 per cent. The latter 
correction was wrongly evaluated and is discussed later. 

It may be pointed out that Nichols and Hull used an extremely small deflection, 
~ namely 16 mm. ona scale distant 105 cm. from the suspension. Angular deflections 
up to about fifteen times this value have been employed in the present work. 

In attempting to establish experimentally a relation between the pressure and 
energy-density of radiation it is of fundamental importance to derive a series of 
measurements covering as wide a range of radiation-intensities as possible. It is 
noteworthy that Nichols and Hull used what amounts practically to one intensity 
only. ‘They give one final value for each of three different qualities of radiation, 
but the two extreme intensities involved differed by only some 8 per cent. Experi- 
ments we have conducted with the infra-red spectrometer lead us to doubt whether 
the quality of radiation obtained by Nichols and Hull by passing full radiation 
through red glass differed very greatly from the quality of the full radiation itself, 
unless the glass they used had special properties. 

It is to be borne in mind that, when Nichols and Hull undertook their investi- 
gation, three modern advantages were not available to them, namely (@) exhaustion 
apparatus capable of producing a vacuum high enough to eliminate radiometer 
action ; (5) a steady and powerful source of radiation; and (c) a quick and reliable 
instrument for use in connection with the energy-measurements. Nichols and Hull 
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employed very elaborate and ingenious methods in the attempt to surmount these 
difficulties, but it is not to be expected that their indirect methods could give 
results so satisfactory as those obtained with more modern facilities. , 

Miss Golsen’s work has not received much attention, possibly owing to the 
fact that Nichols and Hull’s results have been generally accepted as quite con- 
clusive. She worked only with metal vanes, whereas Nichols and Hull used silvered 
glass suspensions. Miss Golsen made an investigation of radiometer action with 
these metal vanes, and her general conclusions are in agreement with those given 
in this paper. For her radiation-pressure determinations she used balanced sus- 
pensions with the working surface on one side only of the stem. A range of 
radiation-intensities was, however, employed. The methods Miss Golsen adopted 
for the determinations of the energy of the beams, and for the measurement of 
the reflection coefficient of the vanes, were less direct than those in which a radio- 
balance is used. The possibility of errors of the order of +6 per cent in the experi- 
mental work are admitted. 

A comparison of the torsional constants of the fibres used in the investigations 
mentioned are given in table 17. 


Table 17 


Couple required to turn suspension 
Observers through one radian 


(dyne-cm. x 107%) 
| : 
Nichols and Hull 76 
Miss Golsen I'r to 4:0 
M. B. Glass suspension 1} 
Mica suspension 1°25 
Aluminium suspension 0°22 
NISBSand Ss E.G. Alloy suspension o8 
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APPENDIX 


Errors of calculation occurring in Nichols and Hull's work 


In view of the great importance in modern physical theory of the relation of 
numerical equality between the pressure and energy-density of radiation, attention 
is directed to the experimental verification attempted by Nichols and Hull whose 
work has been widely quoted as the standard investigation in this connection. 
Stated by these observers as indicating agreement to 1 per cent between the 
pressure and energy-density, Nichols and Hull’s results have hitherto been generally 
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accepted as experimentally affording conclusive quantitative evidence of the validity 
of Maxwell’s relation. Examination of the methods adopted by these investigators 
in deducing their results from their observations shows, however, the presence of 
considerable errors, inasmuch as corresponding values of pressure and energy- 
density for radiation of given intensity exhibit, when correctly evaluated, a diverg- 
ence of some Io per cent. 

Working with a gas pressure of 16 mm. of mercury, Nichols and Hull did not 
directly observe the angle of displacement of their suspended system at which the 
couple due to the radiation pressure balanced that due to the supporting fibre. 
Nichols and Hull assumed that it was impossible to obtain a vacuum good enough 
to eliminate the disturbing influence of the residual gas surrounding their sus- 
pension. They therefore determined experimentally the pressure at which this 
radiometer action was a minimum, and made their observations at this pressure 
(16 mm.). Since gas action takes time to develop, whereas radiation pressure acts 
instantaneously, Nichols and Hull assumed that by keeping the radiation on the 
vane for six seconds (one quarter of the period of oscillation of the suspended 
system) gas action was eliminated, although at this pressure the gas caused the 
motion of the suspension to be heavily damped. 

The procedure adopted was as follows. The suspension being initially at rest, 
the radiation was directed on the vane for one quarter of the periodic time of the 
suspension. On the removal of the beam, the vane continued to move towards a 
maximum displacement, which was observed. From this observed amplitude of 
the first swing of the suspension, the angle of displacement at which the couple 
due to radiation pressure would balance that arising from the torsion of the fibre 
could, assuming radiometer action to be negligible, be derived in the following way. 

Throughout the interval during which the radiation is incident upon the vane 
the equation of motion of the suspension may be written 


Ss ee, ae 
Kya t eq, + GO=L sane (1), 


where K and G represent respectively the moment of inertia of the suspension and 
the fibre constant, while 2¢ is the damping factor, the assumption being made that 
the sole effect of the residual gas is to damp the vibrations. Since the constant L 
represents the torque due to the radiation, the angular displacement of the sus- 
pension, at which the couples arising from the radiation and the torsion of the 
fibre are equal, is given by L/G. The solution of the above equation of motion is 


6= L [x — e~(€/E)t y/(7 + x? / 
GC (1 + x*) cos (gwi/T—S)] sas (2), 
where »=eT/amK =tan8S and T= 2m/4/(G/K — e/K®), 


the values of the constants being determined by the initial conditions that @ and 
06/0t both vanish when t = o. 


Hence the values of the displacement and the velocity of the suspension ob- 
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taining on the removal of the radiation, after the lapse of time interval }7' from 
_the commencement of the application, are given by the relations 


L 
Ore = Gln— en STME we] tte (3); 
00 L —€ 277 277 9 Ve, AT. - S 
9 Niece ti bec at a (4). 


On the removal of the radiation pressure the equation of motion of the suspended 
system becomes 


noo 00 
) Ke YD -- Ze aE | Gé —— iil C1 me a gerse irs (5), 
with the solution Ge Ae Pte (cos arti l ay 9 ease (6), 


in which the period T has the same value as before (24 sec. in the practical case), 
while the new zero of time is the instant of removal of the light. If 7 denotes the 
ratio of successive amplitudes of the damped vibrations of the suspension, then 


Slee (*) - 
Kean og A = 7X. 


The values of displacement and angular velocity given in relations (3) and (4) 
may be expressed 


(Fa = Aste E ! = log 6a ee (8). 


These values determine the magnitude of the constants A and « in (6). Putting 
this relation in the form 


O=e-lE)t(Xcosant/T+ Ysinanrt/T] ————weeeee (9), 
so that 
OO” ne 2% € ant _ amt\ 20/(x, amt 4. aut 
Tinka oak E x ( Xeos a + Y sin 7) + mR (3 COS “Fp X sin - )| 
ae (10) 


Hence A= V(X? + Y?) ake +7) ; +. ‘log ()t" Ns (11). 
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On insertion of the experimentally determined value of r, namely 0-783, derived 
by Nichols and Hull in the case of their suspension 


A =1'339L/G; and since X/A = cosa, *= 0-695 radian. 


From relation (10) the displacement @ has its maximum value when t = 2°77 sec. 
Hence 
LIG = Ong fi 200. 
The angle at which the couple due to torsion of the fibre would, in the absence 
of radiometer forces, balance that due to radiation pressure is thus given as a fraction 
of the first amplitude of swing of the suspension. 


Errors made by Nichols and Hull in (a) the evaluation of the radiation pressure 


Adopting the general method of the analysis given, Nichols and Hull took the 
differential equation (1) as defining the motion of their suspension while radiation 
was incident upon it. Instead, however, of using the proper solution of this 
equation to obtain the position of the vane at any instant, they assumed the dis- 
placement @ to follow the relation 


fox ant 
i 5 (1 — eI cos r) Facases (12). 


On this assumption the values of displacement and velocity respectively at time $7, 
the instant of removal of the radiation, are given by 


f1p = L/G 
la i? 2a 
d ea ee Seen 
an (rs, G: Te ne 
Under these circumstances 


Vf, me ay I I 
—— a fee coe 3 — a 
xX G and ¥ Al + log (%) | 
and hence 


A = /(X? + Y? =oA [3 +r+ 21" jog (*) oe {log (F)f "I. 


. . . a 
In their paper Nichols and Hull omit i term = log (=) as being negligibly 
: ets 2r I 
small and i the value of / E ee log (*)| as 1°357. Correctly calculated 
on the basis r = 0-783, the figure given by Nichols and Hull, the value is 1386. 
see that they have erroneously taken log (1/r) to the base ro instead of to 
the base e. 


Having assumed the equation of motion of the suspension subsequent to the 
removal of the radiation to be 


@= 1357 Ge (€/K)t eos (F- x) : 
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Nichols and Hull make a further error in their deduction from this equation of | 
the value of the first maximum amplitude of swing. Instead of deducing this 
from the time at which the angular velocity of the suspension has its first zero 
value, they have assumed that 
Goan SS sg L/G, 

which is clearly incorrect since the heavy damping of the motion is ignored. Thus, 
_ while the true relation, giving the angle for which the couples due to the radiation 
and torsion of the fibre would balance, is 


DiGi eit 200, 
_ Nichols and Hull used the equation 


LiG = One e387:. 
Being proportional to L/G, their stated values of the pressure of the radiation are 
- about 7:5 per cent too low. 

It is to be noticed that the error would have been about to per cent if A had 
been correctly evaluated. The arithmetical miscalculation diminished to some 
extent the effects of the errors of analysis, namely, the adoption of an inaccurate 
equation (12) instead of (2) for the initial motion of the suspension, and the 
erroneous derivation of Omax. in the last stage. 


Errors made by Nichols and Hull in (b) the evaluation of the energy-density. 


A further inaccuracy occurs in the estimation of the energy-density of the 
radiation. The method employed by Nichols and Hull to measure the intensity of 
the radiation involved the measurement of the rise in temperature produced in a 
metal disc by the incidence of the radiation. For the value of the mechanical 
equivalent of heat occurring in the calculation reference was made to Griffith’s 
paper*. From this paper the value of J is wrongly quoted as being 4:27 x 107 ergs 
per gram calorie, whereas the stated value is 427 gram-metres per gram calorie. 
Nichols and Hull have thus omitted to make the necessary conversion from gravi- 
tational to absolute units. The radiation-intensity values being proportional to the 
value of the mechanical equivalent, taking J to be 4:18 joules per calorie, have the 
effect of making Nichols and Hull’s figures for the energy-density some 2 per cent 
too high. 

Nichols and Hull’s results as finally stated showed the values for the radiation 
pressure to be slightly greater than those for the energy-density by an amount of 
the order of 1 per cent. Allowance for the errors mentioned above in each case 
enhances the divergence, since an increase in the pressure is involved in con- 
junction with a decrease in the energy-density. It is thus seen that Nichols and 
Hull’s results, when correctly calculated, show the pressure of radiation to be in 
excess of the energy density by some ro per cent. Hence they cannot be regarded 
as furnishing conclusive quantitative evidence of the validity of the relationship of 
equality deducible from theory. 

* Phil. Trans. A. 184, 496 (1893). 
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It should be mentioned that in addition to the above there is considerable 
ambiguity in Nichols and Hull’s paper regarding their use of galvanometers. In 
the course of their experiments they used two galvanometers G, and G,. G, was 
in the auxiliary bolometer circuit which, as mentioned on page 348, was used to 
correct for variations of the intensity of the incident beam. G, was in circuit 
with the silver disc whose rise in temperature was employed to determine the 
energy density. The sensitivities of these galvanometers varied from time to time 
during the experiments, and therefore it was necessary to reduce all deflections 
of each galvanometer to those corresponding to the standard sensitivity of each 
instrument concerned. Nichols and Hull have nowhere defined what they mean 
by the sensitivity of a galvanometer, but in the following illustration* they have 
used an inverse definition in the case of G,, i.e. they take the sensitivity to be the 
current required to produce unit deflection. 

Example. The deflection of G, was 393°8 scale divisions for a temperature- 
range of 39:11 degrees when the sensitivity of galvanometer G, was 996. Nichols 
and Hull state that for a temperature range of 1 degree and with sensitivity of G, 
equal to 1000 a deflection of 10-03 divisions would be produced, i.e. 


393°8 « 996 
39°II < 1000 


= 10°03. 


Thus they have used an inverse definition of sensitivity. 

Nichols and Hull defined a standard light-beam as one, a constant fraction of 
which, when reflected into the auxiliary bolometer, would produce a deflection of 
100 divisions on the scale of G,, presumably, though they do not expressly state 
this, at a standard sensitivity of G,. ‘The example in table 6 on p. 588+ shows that 
in the case of G, they have used the direct definition of sensitivity, i.e. the de- 
flection per unit current. Thus when the energy was being measured, a beam 
which produced a deflection of 92-4 on the scale of G, (sensitivity 667) gave an 
observed rate of change of deflection on the scale of G, (sensitivity 996) of 
1307 mm./sec. ‘The deflection which would be produced by the lamp on the 
scale of G, when at standard sensitivity, the direct definition being assumed, is 
92°4 x 1000/667 divisions. The rate of change of deflection on the scale of G, at 
standard sensitivity, the inverse definition being assumed, is 1-307 x 996/1000 
mm./sec. Hence the rate of change of deflection of G, produced by the standard 
beam would be 1-307 x 996 x 667 x 100/1000 x 1000 x 92"4, or 0-94 mm./sec. 

The above expression is given by Nichols and Hull. All the results on table VII, 
p. 589f are similarly deduced. (A decimal point has evidently been omitted all 
through column 3, table VII.) Thus their results are only consistent if we suppose 
that in this set of calculations they have used two different definitions of the term 
“galvanometer-sensitivity.”” 

Again the pressure values finally obtained on p. 581+ are consistent with the 
direct definition of galvanometer sensitivity in the case of G,, though the order in 


* Proc. Amer. Acad. 88, 587 (1903). 
t Nichols and Hull’s paper. 
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which these values are worked out on pp. 580-581* might at first lead the reader 
to think that these results were obtained by the use of an inverse definition but 
were miscalculated. 

Thus throughout their work Nichols and Hull’s results are only consistent 
with the adoption of an indirect definition of galvanometer sensitivity in the case 
of G, and a direct definition in the case of G,. The use, without explanation, of 
the same term with two different meanings, particularly when occurring in the 
Same numerical expression, introduces complexity into a paper already rather 
difficult to follow. 

It is of interest to observe that if Nichols and Hull had intended to use the 
usual direct definition throughout, their results would not have been very seriously 
affected, as the stated sensitivity of galvanometer G, was almost of standard value. 
If, on the other hand, they meant to use always the inverse definition of sensitivity, 
_ their stated values of pressure and energy-density would in each case be increased 
by more than too per cent. 

At the same time, owing to the fact that the sensitivity of G, varied somewhat 
in the two parts of the experiment, the energy-density values would be increased 
by about 8 per cent more than the pressure values. This would offset to some 
extent the divergence between the pressure and energy figures consequent upon the 
errors of calculation mentioned earlier. However, the absence of precise informa- 


tion regarding the galvanometer-sensitivities renders suppositions such as the 
above no more than speculative. 


DISCUSSION 


Dr G. D. West. ‘This paper has been of much interest to me. First, it has 
administered a mild mental shock. The pressure of light is involved in many 
physical and astronomical calculations, and hitherto one imagined that it was 
measurable to 1 per cent. To learn that a quantity so important has, up to now, 
been measured only to 10 per cent is disquieting. Nichols and Hull did their 
experiments when our modern vacuum technique was unknown. The pressure of 
light certainly needs remeasuring with modern apparatus, and I am glad that the 
authors have taken the matter in hand. 

Reading through the paper, one forms the impression that the disturbing gas- 
action effects are as troublesome as ever. How troublesome they can be I found 
out some years ago when I made approximate measurements of the pressure of 
light by allowing a beam to fall on a strip of gold leaf in a test tube. The gold leaf 
is very light and thin and is deflected by an easily observable amount. There is no 
appreciable temperature-difference between the surfaces, and one might expect 
only a negligible radiometer effect. Gas-action effects of an entirely different kind 
appear, however, and these I subjected to a considerable investigation}. I think 
the authors would do well to study radiometer effects more generally, and apart 
from the vagaries of a particular instrument. 


* Nichols and Hull’s paper. + Proc. Phys. Soc. 31, 32, 33. 
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The question of the evolution of adsorbed gas might perhaps be i more 
prominence. Each molecule as it is emitted gives a reactive kick, and this o cones 
disturbs the measurements. I should like to ask the authors if they are entirely 
satisfied with the explanation, based on reradiation, that they give of the results 
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in table 3? 

Mr G. G. Biake (communicated). On page 323 the authors give 1o-® mm. as 
the pressure at which gas action vanished. Would it not be well to make it quite . 
clear that these figures only apply in the case of a radiometric vane the two faces - 
which are equidistant from the walls of a spherical containing vessel? DrG. D. West 
has shown that if a strip of aluminium foil is suspended near to one side of an 
evacuated vessel, instead of centrally, it is, when irradiated, deflected away from 
that side of the vessel independently of the side of the strip upon which the 
radiation falls. 

In June last year whilst conducting some experiments with a ‘radiometric 
condensert” I employed a thin leaf of aluminium foil to act as the variable plate 
of a condenser. Both this leaf and a rigid back plate in close proximity thereto 
were enclosed in an evacuated vessel and employed to control the frequencies of 
a zero-shunt thermionic valve circuit ; the movements of the leaf were then magnified 
and registered with aid of a galvanometer in the plate circuit of the valve. The glass 
vessel containing the condenser was exhausted for me by the courtesy of the 
G.E.C. Research Laboratories to 10-7 mm. Incident radiations caused very good 
excursions of the leaf (when thus magnified) away from its back plate towards the 
source of radiation. Exhaustion was not carried beyond this value, but certainly 
we had not nearly reached the limit for this particular radiometric arrangement. 

The illustrations of the apparatus employed by the authors do not show any 
heat-filters between the source of radiation and the radiometer. Is it not possible 
that the reluctance of the vane to return to zero, mentioned on page 332, may be 
due (at any rate partially) to increased temperature of the wall of the radiometer 
flask, on its side nearest to the incident radiation? A repetition of a few of the 
observations with the radiometer flask protected from the heated atmosphere by 
means of a Dewar flask might yield different results. In any case the protection 
of the walls from changes in atmospheric temperature would appear to be advisable. 
On page 333 it is interesting to compare the figures given by the authors with those 
given by G. D. West for maximum thermokinetic effects. The authors give 107° 
to 1o0-* mm., and West gives 2 x 10-* mm. for his radiometric aluminium leaf. 


. 


AvutTuors’ reply. It is to be strongly emphasized that the observed gas effects, 
which were perfectly definite and reproducible, apply only to flat rectangular vanes 
suspended by means of a quartz fibre, centrally, within a spherical glass vessel. 
The experiments weré repeated several times with flasks of different diameters, and 
the results were always as indicated. The dimensions of the flask were, however, 
purposely always made great compared with those of the vane, in order to minimize 
any possible effect due to the proximity of vane and walls. The experiments of 

* Proc. Phys. Soc, 28 (1916). t Elec, Rev, 112, Jan, 13 (1933). 
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Mr Blake and Dr West appear to have been widely different: for instance Dr West 
used gold leaf in a test tube. Divergences in observed effects were therefore to be 
expected. 

In reply to Dr West: The impression that disturbing gas effects were as trouble- 

some as ever is erroneous. One of the purposes of the present paper is to show that 
with thin metal vanes, at a pressure of 10-6 mm., radiometer action was entirely 
eliminated. 
_ In tables 6 and 11 it is seen that, with these vanes, the conditions of vibration 
conform exactly to those stipulated in the last two paragraphs on page 323 of the 
paper. We consider that we have here clear experimental evidence that radiometer 
action is absent. ‘This evidence is rendered complete when the results given in figure 
12 and discussed on page 343 are considered. The question of adsorbed gas is dealt 
with on page 334. In the course of a long series of observations we recollect only 
one occasion when a sudden jerk in the deflection implied the emission of gas from 
the surface of the vane. With regard to the point about reradiation, as is indicated 
in the paper (page 330) this is merely a suggestion, but reradiation appears to 
operate in the right direction. We hope to undertake some more work in this 
connexion, as further experimental data are required. 

The first part of Mr Blake’s criticism has already been dealt with. It should 
have been mentioned in the paper that, throughout the observations, the flask was 
protected from draughts and extraneous radiation by a thick asbestos jacket with 
suitable openings for admitting the radiation and studying the deflections. It is 
not easy to see how the slightly increased temperature of the wall of the flask, 
adjacent to the source of radiation, could produce the regular zero-lags observed. 
These lag effects and also the initial variation of the deflections with glass vanes 
(tables 2 and 4) can be explained if it is assumed that the pressure due to true 
radiometer action (page 333) is gradually counterbalanced by a lowering of the 
density on the hotter side of the vane; and that similarly, when the radiation is 
removed, the radiometer action dies away before the density again becomes uniform. 
If it is remembered that the blackened or platinized film is always the hotter 
side of the vane, the initial variation of the deflections (tables 2 and 4) when the 
radiation is first applied, and the direction of the residual deflections (zero lag) 
when the radiation is removed (table 5), can be readily understood. 
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REVIEWS OF BOOKS 


Faraday’s Diary: being the Various Philosophical Notes of Experimental I nvestigation 
made by Michael Faraday, D.C.L., F.R.S., during the years 1820-1862. Vol. 1 
(Sept., 1820-June 11, 1832), pp. xxlii+430; vol. 2 (Aug. 25, 1832-Feb, 29, 
1836), pp. xvii+467. (London: G. Bell and Sons. To be completed in seven 
volumes.) Price twelve guineas the set. 


The Diary, which was bequeathed by Faraday to the Royal Institution, is published 
under the editorial supervision of Mr T. Martin. The Foreword is by Sir William Bragg, 
who has already published—some months ago—an admirable summary of the chief 
features of the Diary. 

There are diaries of many kinds, and it would be difficult to imagine anything sharper 
than the contrast between this of Faraday and that—also posthumously published—of one 
of his remotest predecessors in the Fellowship of the Royal Society. Faraday’s Diary is 
above all else a record of his day-to-day work in the laboratory of the Royal Institution 
and—what is vastly more important—of the ideas which were continuously inspiring him 
to this work. Read in conjunction with the perfected accounts in the volumes of Experi- 
mental Researches, it tells us of Faraday as a scientist everything that can well be conveyed 
by the printed word. But of Faraday the man, his personal affairs and his personal 
relations, it tells practically nothing at all. 

We do find, it is true (para. 1503) a reference to a visit by Daniell to the laboratory, 
coupled with a cordial appreciation of Daniell’s generosity in a matter of scientific priority 
—but personal references of this or any sort are extremely rare. This is not, however, to 
say that the Diary lacks human interest. It would be difficult for anyone, however slight 
his familiarity with the normal routine of life in the laboratory, to read these pages without 
forming a vivid picture of Faraday at work, of his attitude in the face of difficulties and 
his reactions to a success or a temporary check. The Diary is illuminating in minor details 
of Faraday’s work as well as in the main lines of his researches; take, for example, this 
almost trivial detail (para. 1941) with reference to the design of a new voltaic battery 
which was to replace the one already in use: ‘‘ Must have a plug at the corner of trough 
to withdraw the acid by.” It is by such notes as this that we realize some of the difficulties 
under which experimental work was prosecuted a century ago—namely, how many types 
of apparatus, now accepted as commonplace furnishings of even the worst-equipped 
laboratory, had then to be specially designed for the work in hand. When it is remembered 
in addition—and this point is not brought out in the Diary—how much of Faraday’s time 
was absorbed in routine duties and in Government work on optical glasses, it becomes 
even more difficult to express in finite terms a proper appreciation of his intense scientific 
activity during the period covered by these two volumes (1820-1836). 

The Diary will necessarily and strongly appeal to all—and not only to chemists and 
physicists—who would like to know more of the processes by which a great experimental 
philosopher arrived at the results which have had such far-reaching importance, not only 
in the history of scientific thought, but in the whole of our social and industrial life. 
These volumes should do much to stimulate a greater interest in the history of scientific 
discovery—a service particularly necessary at a time like the present, when, in Physics 
. ee so much of the older work, in spite of its beauty and elegance, is sadly out of 

ashion, 
Mr Martin’s editing has been both pious and scholarly. There has been a minimum 
of interference with Faraday’s wording and punctuation, and the placing of the diagrams 
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in relation to the text follows the original as far as is practicable on the printed page. 
The cross references which have been inserted (from the Diary to the Experimental 
Researches) are a particularly useful piece of editorial work. ; 

, The reproductions of Faraday’s line drawings, which form an essential part of the 
Diary, deserve a word to themselves. It is conceivable that a professional art critic could 
trace in the drawings some indication of the teachings of J. J. Masquerier, but to the 
untrained eye—if this may be said, with all due reverence—they do not differ appreciably 
in conception or execution from the pictures which most of us draw on blackboards, 
in rough note-books, and on the blotting-paper provided at meetings. They are all the 
more delightful on this account, for at least in this one insignificant respect they bring 
Faraday into closer fellowship with the humblest of his followers. hey have been slightly 
reduced in size for printing, and the reproduction and placing have been performed with 
conspicuous skill and taste. 

‘Faraday’s services to the Royal Institution are matters of old and well-known history. 
The many demands for his professional services gave him opportunities for acquiring 
wealth on a scale which might have tempted even men who were far less familiar than 
he was with poverty. It was not solely his passion for unfettered research which determined 
his refusal of these demands—it is certain that his conception of his duty to the Institution 
which sheltered his researches was a very important factor. It is proper to recall here 
also his possibly over-sensitive pride in the special position of the scientific pioneer—a 
feeling which made him averse to such forms of public or official recognition as were the 
common rewards of success or eminence in other spheres. 

It follows therefore that perhaps the most fitting of all memorials to Faraday and 
to the survival of his ideals is to be found in the continued activity of the Royal Insti- 
tution and its Davy-Faraday Laboratory in the winning and dissemination of new 
knowledge. In ordering the publication of his Diary, the Managers of the Royal 
Institution have paid to his memory a very appropriate and a more definitely personal 
tribute. If, in so doing, they have liquidated some part of the Institution’s debt to Faraday, 
they have at the same time done a service to science and scientific history which we are 


glad to acknowledge here. 
H. R. ROBINSON 


Wave Mechanics: Elementary Theory, by J. FRENKEL. Pp. viii +278. (Oxford: 
Clarendon Press.) 20s. 


This volume, although intended to be the first of three, is complete in itself. It takes 
the form of a survey of the subject, leaving advanced mathematical methods for the second 
volume, and details of the applications to the third. 

Its scope, then, is practically identical with that of a number of one-volume accounts 
of wave mechanics recently pyblished, in that they all consist of an introduction, but only 
an introduction, to the whole subject. It is in the early part of these books, the justification 
for assuming a wave-corpuscle parallelism both for light and for matter, that the main 
divergencies in treatment occur as between different authors. 

Frenkel’s outlook has returned more closely to the original one of de Broglie than is 
now usual, although he goes even further in some ways than de Broglie himself. After 
an illuminating investigation of Newton’s corpuscular theory of light, in which appeal 
is madé in a distinctly un-Newtonian manner to the principle of conservation of energy, 
he proceeds to sketch the underlying ideas of the modern relativity theory, and from this 
develops Einstein’s theory of light darts. _ 

The argument for wave mechanics, summarized, is based on the relativity relations 
(1) momentum g of a particle=mv and (2) its energy E=mc*, where m 1s the mass and 
= m)|(1 —v?/c?)2, v is the velocity of the particle, and c is the velocity of light. Now if 
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v=c, and the mass is not infinite, then m) must vanish, so that particles * zero coer: 
could only exist when moving with the speed of light. Consequently, if t ee na 
they must be corpuscles of light, as 1s indeed suggested by certain yee of lig F 
For them, the general relation g= Eu/c? reduces to g=Ec. Now from inte ed “er 
other experiments we are convinced that a wave-length A is associated with any beam o. 

light, and we are in the habit of defining a frequency v by the relation c=vd. If, now, 
the energy E depends only on the frequency or wave-length, then the relativity condition 
of covariance shows that the relation between them must be E =hy. 

We may profitably examine this argument in closer detail. E is the energy of an 
individual corpuscle—photon, let us say—and it cannot depend either on the velocity 
or on the rest-mass, since each of these is the same for all photons. Consequently it can 
only be a function of 4, or (what is essentially the same thing) of v. This is the statement 
in the book under review, and it has the merit of appearing rigorous, and of showing that 
the relation E=hy is inevitable on logical grounds, without any need for an appeal to 
experiment. It is easy to see, however, that there is a lacuna which, according to taste, 
may be either supplied by the reader or regarded by him as one loophole which will 
remain open for the construction of yet a new theory when, if ever, wave mechanics 
comes to need a successor. The possibility which is overlooked is that the energy per 
corpuscle might depend on the number present. This would be the case, for example, 
if photons were able to influence each other gravitationally or magnetically. 

To return to Frenkel’s argument. It is pointed out that the equations E=/hy and its 
companion g=h/A remain formally true even for particles with a finite rest-mass if a 
quantity A and a quantity v are associated with them, so that it is justifiable to take the 
step of associating a wave, not indeed with a single particle, but, as in the case of light, 
with a whole stream of identical particles all having the same momentum and the same 
energy. If it is assumed that the square of the amplitude of the wave so introduced is 
proportional to the particle density, then the only step which remains is to assign a 
physical reality to the wave which already has full mathematical justification. The relations 
previously quoted are sufficient to find the wave velocity, and to show that there is disper- 
sion and hence a group velocity, which is identified with the particle velocity. 

This part of the book has been treated in considerable detail, because it puts the 

matter in a neater form than most accounts have been able to do. It is, in fact, concerned 
to show that the fundamental ideas of wave-mechanics are inevitable, whereas writers 
have generally been concerned (or at any rate able) to make them plausible. 
Its to be noted, moreover, that the train of reasoning used imposes a principle of 
indeterminism, in the sense that the exact position of discrete particles cannot be deduced 
if only their mean number per unit volume is specified by a continuously distributed 
quantity, the wave amplitude. 

After the development of these ideas, the experiments which have shown the “wave” 
aspect of electrons and of atoms are briefly described, but the outlook is not that of the 
experimentalist and but little weight seems to be attached to these mere verifications 
of a theory which has been established on quite other grounds, and really requires no 
verification. 

As has been mentioned above, the principle of indeterminism is based here, in the 
first place, on the necessity of allowing a simple harmonic wave to represent a whole 
ie He ihiearaal eerpcs rather, copies of one particle, since there is no interaction 
er : en the motion of a single electron is to be studied, it is natural to 
replace the average number per unit volume by the probability of finding the single one 
in the volume element concerned. 
= agioerone sa eee of partial reflection and partial transmission of a beam of a light 
another arekik ibis, eee media, requining Some photons to move one way and some 

) ikewise well explained by a probability interpretation. The analogy between 


ee eee 
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this behaviour and the “‘fits of easy reflection” and “‘fits of easy refraction” to which 
Newton’s corpuscles were subject is striking and is well brought out by Frenkel. 

The point of view from which Heisenberg approaches the uncertainty principle is set 
forth in detail, but the author is unsympathetic to it, considering that the part played by 
the experimenter is stressed too much. He maintains that since all measurements must 
alter the quantity observed (e.g. in the case of temperature-measurement, conduction by 
the thermometer or thermocouple enters into the question), therefore the imaginary 
y-ray and other measurements cited by Heisenberg do not undermine our faith in 
determinism by the mere fact that they alter the quantities to be measured. In his view, 
Heisenberg’s argument merely brings out the indeterminacy already fundamentally 
accepted in the course of the discussion. The difference between these and “classical” 
experiments is that in the latter the alterations caused by the observation itself can be 
corrected for; in wave-mechanics they cannot, and this is because of the underlying lack 
of determination. In his own words “‘the application of this principle to the phenomena 
of the motion of elementary particles does not lead to indeterminism. . . but simply reveals 
the indeterminism which ts pre-existing in these phenomena....” 

It is interesting to notice that one of the arguments which has been much used by 
some writers as a reason for our belief in indeterminacy is hardly even mentioned by 
Frenkel, viz. the argument that since a wave-packet of finite dimensions must (by ordinary 
mathematical reasoning) spread as time goes on, therefore the position of the particle 
which it represents becomes more and more indefinite with the passing of time. 

The following section introduces the quantum conditions, illustrated by the motion 
of an electron in a closed space, so that its associated wave is a stationary one with nodes 
at the boundaries of the space. This leads up to the formulation of Schrédinger’s wave 
equation, with a further dissertation—an interesting one—on the probability interpretation. 

Roughly half the book is devoted to the problems of the single particle in various 
fields of force, together with the discussion of the philosophical basis of the whole theory. 
This first half contains, in addition to what has already been discussed, a development, 
mainly on orthodox mathematical lines, of the theory and its applications to the hydrogen- 
like atom, the linear and spacial oscillators, the rotator, a very simplified type of crystal 
lattice and other problems. The “leakage” of particles past a barrier or valley of potential, 
first discovered in connexion with radioactivity, is applied also to explain the Ramsauer 
effect and the extraction of electrons from a cold metal by an electric field. Incidentally, 
the method of replacing the graph of a complicated potential function by an approximation 
consisting of straight lines is dignified by the name of the Potential Staircase Method. 

An important matter is the case where two frequencies are present in the wave 
function of an electron in an atom. As is well known, these ‘‘beat”’ with the frequency 
of the light emitted in a Bohr transition from the state associated with one of them to 
the state associated with the other. In 1924 or 1925, Schrédinger believed that this 
indicated a fluctuation of a physical charge-density, leading by classical electrodynamics 
to the emission of light with the frequency of the fluctuations. It is pointed out that this 
conception cannot be incorporated into wave mechanics with a probability interpretation, 
because the fluctuations are then definitely debarred from being pictured as movements 
in a physically real charge-distribution. The author reaches the conclusion that “the 
important point is not to mix corpuscular conceptions with wave conceptions... . If 
matter is to be described in corpuscular terms. ..then light must also be described in 
corpuscular terms, and light-emission visualized as the emission of a photon. If, on the 
other hand, we wish to describe light-emission as the spreading of electromagnetic waves, 
then the electron must likewise be described as a wave system.” Actually the author makes 
no secret of the fact that he regards the wave picture as definitely superior, both for light 
and for matter. 

No space has been left to discuss the second half of the book, which deals first with the 
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nics of asystem of particles, and then, proceeding via P neh 
ea : ke functions, with that form of statistical 


i i i- tric 

and the properties of symmetric and anti-symmetric ; | 
mechanics which is found to be appropriate to wave mechanics. It will be found interesting 
to read a very lucid paper by Brillouin* in connexion with this chapter, since they are 


i e respects mutually complementary. 
‘y "The he chapter differs us the rest of the book not only in subject-matter but in 
style. It was written after the proofs of the rest were completed, and is in a sense a fore- 
taste of the third volume. It deals with the applications of quantum statistics, chiefly 
to the properties of metals, and contains a certain amount of original matter but no 


answer to Fowler’s question t “‘ Why is a metal?” 
J. H.A. 


Short Wave Wireless Communication, by A. W. LADNER, A.M.Inst.C.E., and C. R. 
Sroner, B.Sc., A.M.LE.E. Pp. xii +348, with 13 plates and 2o1 text figures. 
(London: Chapman and Hall, 1932.) 15s. 


This is a very useful general review of the methods and problems of radio communica- 
tions using wave-lengths less than 150 metres. That it is mainly concerned with the 
Marconi systems is natural in view of the experience of the authors and, although this 
does not lead to the exclusion of some reference to other systems, the fact might in the 
next edition be recognized in some such sub-title as “‘ with special reference to the Marconi 
systems.” It has all the merits and some of the defects of a text-book which has grown 
from lecture notes; the diagrams are blackboard diagrams, and the authors sometimes 
forget that they are no longer beside the blackboard to lighten its darkness. Figures 54, 
58, 60, 85 and 120 are typical of the cases in which exposition is inadequate or misleading, 
labels of ordinates and scale values are missing, and so on. The authors have learned that 
repetition is a virtue in teaching, and have not been afraid of it, but it is doubtful whether 
the degree of colloquialism and anthropomorphism which is permissible in the lecture 
room is appropriate to the printed page. It is, for example, hardly fair to the reader to 
say (p. 94): “Actually no intelligence can be conveyed by a single side-band system 
unless (a) The receiver knows what intelligence it is to expect....”’ There is, too, a 
certain carelessness about proper names (“‘Delinger,” p. 67, and “ Vigoreaux,” p. 173, 
for example), about units (microvolts per metre are not the appropriate units for internal 
noise-levels, kilocycles are not units of frequency), and about good English (“flick im- 
pulsing,” p. 118, is an unhappy addition to technical vocabulary, and “parasites” tout 
court, p. 146, are irritating. ..). As a last item in this critical paragraph we would protest 
against this statement: “‘’The name ‘push-pull’ is given to those circuits impulsed by 
two valves arranged differentially. Of course it is not necessary to employ two valves 
to obtain a push-pull action... .”” This may be true, but in this shape it is not good for 
students. 

But when all this has been said we must repeat that we like the book, and we may 
cite the chapters on high frequency feeders, aerial arrays, commercial receivers, commercial 
transmitters, and ultra short-waves, and the paragraphs on Eckersley-Tremellen Charts 
as especially interesting sources of data not conveniently available elsewhere. 


Optische Abbildung : Einfiihrung in die Wellen- und Beugungstheorie optischer Systeme, 


von Dr JOHANNES Picut. Pp, x-+243, with 65 figures. (F. Vieweg und Sohn, 
Brunswick, 1931.) Paper covers, RM. 20; bound, RM. 22.40. 


_ Dr Picht has been engaged in recent years in carrying out an extensive detailed 
investigation of the properties of images formed by optical systems according to the wave 


* Annales de Physique, 7, 315 (1927). t Proc. Phys. Soc. 42, 458 (1930). 
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theory of light. Although the physical principles to be employed are simple, the examina- 
tion of the light-distribution in the image space in the presence of aberrations inevitably 
involves somewhat elaborate mathematical expressions. ‘Those who are interested in the 
subject should certainly consult this book, which summarizes much of the work already 
done. The fact that some numerical results are presented in graphical form will be par- 
ticularly appreciated by those who do not care to follow the more general investigations. 
We miss references to somewhat similar work published in this country. 


Grundlagen der praktischen Optik: Analyse und Synthese, optische Systeme, von 
Dr M. Berek. Pp. vii+152, with 63 figures including one plate. (Walter 
de Gruyter und Co., Berlin, 1930.) RM. 13. 


A large part of this book is devoted to the exposition of general optical laws and of 
methods of calculation such as form an important feature of a number of German optical 
books. It differs from some others in presenting and applying the convenient thin-lens 
formulae obtained by Airy and others which became widely known through such books 
as Coddington’s and Dennis Taylor’s. In addition a system of equations is given for the 
direct solution of triple photographic lenses, which is claimed to be simpler than the 
systems of some other German writers. These equations only cover the first-order aberra- 
tions of thin lenses, and no guidance is given for systems of more than three lenses. 
Numerical examples are included, but the discussions throughout are confined to well 
ee AS The book is reasonably indexed and a table of symbols and their meanings 
is included. 


Atomic Energy States, by R. F. Bacuer, Ph.D., and S. Goupsmit, Ph.D. Pp. xiv 
+562. (New York and London: McGraw-Hill Publishing Co., Ltd.) 36s. net. 


Since the appearance of A. Fowler’s Report on Series in Line Spectra and Paschen 
and Gétze’s Seriengesetze der Linienspektren in 1922, great progress has been made in 
the theory and analysis of atomic line spectra, and several important books on certain 
aspects of the subject have been published, such as Hund’s Linienspektren und Periodisches 
System der Elemente (an English translation of which should certainly have been published 
in 1926 or 1927), Grotrian’s Graphische Darstellung der Spektren in two volumes, Pauling 
and Goudsmit’s The Structure of Line Spectra, and Ruark and Urey’s Atoms, Molecules 
and Quanta. The last two of these belong to the International Series to which has recently 
been added the volume now reviewed. An adequate idea of the enormous output of papers 
on atomic spectra in this period can only be obtained by perusal of the extensive biblio- 
graphy accompanying Gibbs’s review, Line Spectra of the Elements, the first part of which 
appeared last year in Reviews of Modern Physics. 

Of the works mentioned, none but Bacher and Goudsmit’s supplements the 1922 
tables of Fowler and Paschen-Gétze with a new compilation of complete numerical data. 
In the present work we find extensive tables giving the classifications (symbols, electron 
configurations, etc.) and numerical values of the known terms for all the atomic emitters, 
neutral and ionized, arranged in alphabetical order, from neutral A to trebly-ionized Zr. 
These tables, with brief notes at the head of each, occupy no fewer than 519 of the 562 
pages; many pages, it is true, are less than half-filled, thus allowing useful space for the 
reader to add new data as they appear in the journals. In an introduction of 21 pages an 
adequate account is given of such results of atomic spectrum theory (e.g. electron con- 
figurations, couplings, selection rules, etc.) as are necessary for the understanding of the 
notation and the construction of the tables. The tables, unlike those of Fowler and 
Paschen-Gétze, do not include wave numbers of observed lines; to obtain an idea of the 
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spectrum of a given emitter from the relevant table of term values, the reader must apply 
results summarized in the introduction. A very welcome and useful inclusion near the 
end of the book is Paschen’s 1928 tables of Rydberg terms xR../(m-+ a), with x equal to 
I, 4, 9 and 16. 

The compilers have wisely avoided mention of any notation but the one now in general 
use for atomic spectra. This is in pleasing contrast to the rather unnecessary inclusion 
in some other recent spectroscopic works of detailed discussions of the two notations and 
empirical systems of numeration which served adequately ten years ago but have now 
given place to those used in this volume. 

The printing work is excellent throughout. It may be pointed out, however, that 
a rs 2 appear on page 6 for $, 14, 24. Again, English readers are hardly accustomed 
to the placing of the decimal point at a lower, rather than a higher, level than a dot used 


as a sign of multiplication; thus the familiar form “h=6-547.10-*”” or “6°547 x rT Sah 
appears as “h=6.547:10-*”,” and so on throughout the book. 

The tables are very well arranged, and the introductory chapter is clear and logical 
apart from the fact that the expressions “equivalent electrons,” “dipole radiation” and 
‘quadrupole radiation ” are used without explanation or definition. Many of the sentences 
are unnecessarily involved and inelegant on account of the excessive use of the word 
“one” (apart, of course, from its necessary occurrence as a numeral) as in the following 
passages: 

p- 5: “one places the electrons in order of their m, and for the same m in order of /. 
For many electrons one usually gives the symbols for only the outermost ones... . When 
the arithmetical sum of all the ’s of the electrons is even, one obtains even energy levels; 
and, in the other case, odd ones.” ; 

Pei 5 . . .if one considers two electrons, one in a low energy state and the other ina 
highly excited state, the spin-orbit interaction of the first may be larger than its interaction 
with the second one. If one now brings the second electron... .In such a case low states 
will show Russell-Saunders coupling; higher ones will not.” 

Similarly, on pages 3 and 6 “‘each one of” and “the ones” are used for 
and “those” respectively. 

These minor blemishes, however, will in no measure detract from the very great 
value of the work to the active spectroscopist; to him, indeed, it is well-nigh indispensable. 
It will be used to best advantage in connexion with other works, such as Grotrian’s second 
volume, Pauling and Goudsmit’s book and Gibbs’s bibliography. 


< 


‘each of” 


W. J. 


Annual Tables of Constants (A.T.C. and Numerical Data). (Paris: Gauthier-Villars 
et Cie.) Vol. 8, part 2, 1927-1928. Pp. xxi+1604. 500 fr. Parts 1 and 2. 
Vol. 9, 1929. Pp. 1+ 1607. 400 fr. Index to vol. 9. 


Physicists need no introduction to the volumes which mark the progress of Dr Marie’s 
great enterprise. With the increase in output of scientific research has come a corresponding 
ae in the dimensions of the Annual Volumes, and now the data of vol. 8, part 2 
( or ee 928) and vol. g (for 1929) are contained in two massive volumes which together 
ee - scale at nearly 18 pounds’ weight. But the editor, realizing that a guide to 
ae i ae ‘s very necessary, has provided an admirably arranged table des matiéres 
ae fa ich considerably reduces the time and trouble of running down a particu- 
Peek - a ohne eee to give a detailed review of the contents of these 
bacon Vere sufficient to say that the reviewer has tested this immense mass of 

ical, physical and biological data at various points, and has nowhere found the 
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desired information wanting, or over-difficult of access. The tables are indispensable to 
all serious researchers, and it is by no means one of their least merits that the publication 
is produced at a price which brings them within the reach of individual workers. 

AGE 


Photograms of the Year 1932, edited by F. J. Mortimer, Hon.F.R.P.S. (London: 


Iliffe and Sons, Ltd.) Paper covers, 5s.; cloth bound, 7s. 6d.; half-bound 
leather, ros. 6d. 


Photograms of the Year provides a very useful standard by which the amateur in 
photographic art may learn to assess his work. A series of more than eighty beautifully 
reproduced photographs affords ample practice for the study of grouping, of balance, of 
chiaroscuro and of choice of subject. 

‘The value of the book is enhanced by an article from Mr C. J. Symes commenting 
critically on the pictures reproduced in the volume, and by a summary of the year’s 
work written by the editor. 


A. F. 
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